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Preface 


This edition, in common with the previous editions, is intended as a text for a 
first course in abstract algebra. The goal has continued to be that of making 
the exposition as simple and clear as possible, but sufficiently precise and 
thorough to furnish an honest introduction to the methods and results of 
abstract algebra. j 

In the present undergraduate curriculum, the first course in abstract 
algebra often serves several purposes. The student is expected to learn a 
collection of facts, to learn some methods and ideas, and, in addition, to learn 
to read and write correct mathematical proofs. All of these requirements have 
been carefully considered in the preparation of the text. The material in 
Chapter 4, for example, begins with the discussion of polynomial rings over a 
field, where certain basic facts are proved. The essential ideas are abstracted 
from this discussion and used to motivate the definition of a Euclidean ring. 
Some results are then proved in this more general context and then the 
application to the ring of integers is made. Along the way, the student is asked 
to provide proofs of some results, at first, by imitation of corresponding results 
for polynomial rings. 

The important concept of factor rings is motivated by the desire to 
solve polynomial equations. The idea of finding a field extension in which a 
given equation has a solution is presented, the essential ideas are abstracted, 
and then applied to general rings. When this is applied to the special case of the 
ring of integers, we begin the study of finite fields. This study is carried far 
enough to prove the existence and uniqueness of fields of prime power order. 
This then provides the opportunity to introduce the student to Galois Theory 
in the setting of finite fields which is much less complicated than in the setting 
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of general fields. It should be pointed out that this introduction of field theory 
is self-contained in that no linear algebra is used. 

The three chapters on group theory carry the student through Sylow's 
Theorem and the structure theorem for finite abelian groups. Recognizing that 
there is far more material in this text than can reasonably be covered in many 
courses, we have made the final two chapters independent of each other. 
Either Chapter 7 or Chapter 8 may be covered after Chapter 6. Of course, 
there are other sections that may be treated as optionalif time is short. A few of 
the final sections from Chapters 3, 4, 5, 7, or 8 could be omitted, depending on 
the needs of the class. 

There is a considerable body of information contained in the examples 
and exercises. In particular, the reader will find frequent reference to rings and 
groups of two-by-two matrices which are introduced early as examples of 
noncommutative rings and groups. Even though no formal theory of matrices 
is presented in the text, the student should not have serious difficulty with this 
series of problems if the exercises on this topic are worked from the beginning. 
We have also included a number of topics that may be regarded as 
"enrichment" material. These topics would not ordinarily be covered but may 
be used for special projects, or as reading assignments for unusually motivated 
students. These sections are marked (*) in the Contents. The Fundamental 
Theorem of Algebra is one such topic; the proof given here can be read and 
understood by students with a good calculus background. 

We are indebted to a considerable number of people in deciding what 
revisions would be desirable in this edition. In addition to a number of fairly 
Short, but valuable, comments, rather extensive and constructive suggestions 
were made by Professors Donald Plank, Stockton State College; L. E. Sigler, 
Bucknell University; Henry Frandsen, University of Tennessee at K noxville; 
James Dowdy, West Virginia University; F. D. Alexander, Stephen F. Austin 
State University; James R. Smith, Appalachian State University, for reading 
an essentially final version of the manuscript. Each of them made fairly de- 
tailed suggestions and also caught some slips, thus helping to improve the 
quality of the exposition at various points. Although not all suggestions 
were followed, they were all seriously considered and were of great value. 
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Introduction 


The Logical Structure of Mathematics 


The outstanding characteristic of modern abstract algebra, and indeed also of 
many other branches of modern mathematics, is its extensive use of what is 
known as the postulational or axiomatic method. The method itself is not new, 
since it was used by Euclid (about 300 B.c.) in his construction of geometry as a 
deductive science. However, in many ways the modern viewpoint is quite 
different from Euclid's, and the power of the method did not become apparent 
until the twentieth century. 

At the present time, most students of mathematics have had some 
introduction to the postulational method before taking a course such as the 
onefor which this book is designed as a text. However, in this brief preliminary 
chapter we present, primarily for review purposes, a brief outline of the basic 
ideas. Many illustrations will occur throughout this book. 


Undefined Terms and Postulates 

Ifone uses a dictionary to try to find the meaning of an unkown word, 
the definition is necessarily given in terms of another word (or words). If this 
word is also unknown, one must then try to find its meaning. A little thought 
will convince one that it is impossible for a dictionary to define all words; that 
is, a person must already know the meanings of some words or the dictionary 
is of no help. I 

In a mathematical system we avoid this problem by starting with a few 
undefined terms and make no attempt to define them. We then list some 
postulates or axioms (we shall use these words interchangeably) involving the 
undefined terms. The important fact is that the postulates tell us all that we 
need to know about the undefined terms. 
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As an example, in a study of plane geometry we might take point, line, 
set, and between as undefined terms.* Then among the postulates might be 
such as the following: 


(1) A line is a set of points. 

(2) There is exactly one line which contains two given distinct points. 

(3) Given two distinct points ona line, there is another point on the line which 
is between them. 


The first precise and modern treatment of plane geometry was due to 
Hilbert (1862-1943). In his approach, there were five undefined terms and 
fifteen postulates. We shall not pursue this example any further except to 
emphasize that it does not matter at all what one thinks of when the undefined 
terms are used — the important thing is that they have the properties given in 
the postulates. 


Definitions 

After one has the undefined terms, the postulates may be presented; in 
general, they describe assumed relationships between the undefined terms. 
Later on, it may be useful to define some additional terms. Of course, these 
definitions must depend only on the undefined terms and the postulates (or 
something which may have already been proved by use of the postulates). By 
‘way of illustration, in the above example of plane geometry we might define a 
new term segment as follows: 

If A and B are distinct points on a line, the set of points consisting of 
the points A and B and all the points of the line between A and B is called a 
segment AB. 

Note that postulates (1) and (3) assure us that there are some points on 
a segment. Observe, also, that this definition uses all the undefined terms 
mentioned above, namely, point, line; set, between. 


Statements and Theorems 


By a statement we shall mean a declaratory statement for which it is 
meaningful to say that it is either "true" or "false." We explicitly deny that a 
statement may be both true and false. Euclid considered the postulates to be 
statements which were obviously true in the physical world. The modern point 
of view is to consider the postulates of a System as statements to which the 
label true is assigned; that is, we are not directly concerned with physical 
reality, but the postulates are taken as true by the “rules of the game.” 

A statement which has been proved to be true in a given system is 
usually called a theorem (or à proposition). However, if the truth of a statement 


*'The word set may not be used explicitly in some treatments of geometry, but the concept 
underlies most of mathematics and we shall use it whenever we wish. This concept will be 
discussed briefly in the first section of the following chapter. 
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follows almost immediately from some theorem, the statement is usually called 
a corollary of the theorem. A result which is primarily obtained as an aid to the 
proof of a later theorem, and which may otherwise not be of great interest in 
itself, is often called a lemma. 


Implications 
As an example of the next concept to be introduced, let ABC be a 
triangle in a given plane and let us consider the following statements: 


(p) Triangle ABC is an equilateral triangle. 
(q) Triangle ABC is an isosceles triangle. 


Now consider the statement, “If p is true, then qis true.” A statement of this 
form is called an implication. If it is a true implication, as in this example, we 
often say that p implies q. Many of the theorems in mathematics assert the 
truth of some implication. In proving a theorem of the form, “If p is true, then 
q is true,” we call the statement p the hypothesis and the statement q the 
conclusion. 

Suppose that p and q are given statements and that we are interested in 
the implication, "If p is true, then q is true." Associated with this implication in 
a natural way are three other implications as follows: 


(Converse) If q is true, then p is true. 
(Inverse) If p is false, then a is false. 
(Contrapositive) If q is false, then p is false. 


We must emphasize that we arc not asserting anything about whether these 
are true implications. In the example in which p and qare the statements made 
above about a triangle, the implication "If p is true, then q is true" is true. 
Neither the converse nor the inverse of this implication is true, but the 
contrapositive is readily seen to be true. This illustrates an important logical 
point as follows. It is always true that an implication and its contrapositive are 
either both true or both false. A little thought will prove this. Suppose that the 
implication “If p is true, then q is true" is true. Assume, now, that q is false. Then 
we must have that p is false, for if p were true, the given implication would show 
that q is true. Since q cannot be both true and false, we conclude that p must be 
false. A similar argument shows that if the contrapositive of a given 
implication is true, so is the given implication. 

If rand s are statements such that both of the implications “If r is true, 
then s is true” and “If sis true, then r is true" are true, it is convenient to say that 
the statements r and s are equivalent. We have observed above that an 
implication and its contrapositive are equivalent. Thus; in order to prove some 
specified implication, we may just as well prove its contrapositive. 
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It may be observed that the contrapositive of the contrapositive of a 
given implication is the given implication. Moreover, the converse and the 
inverse of a given implication are contrapositives of each other. 


Hypothesis and Conclusion 
As we have indicated, a theorem is often of the form: 


Theorem A. If p is true, then q is true. 


Here we start with the truth of p as hypothesis, and prove the 
conclusion that q is true. However, we could equally well prove the 
contrapositive equivalent theorem: 


Theorem A’. If q is false, then p is false. 


In this case, we would take as hypothesis the fact that q is false, and the 
conclusion would be that p is false. 

It may happen in a given situation that a proof of one of these 
theorems seems more natural than a proof of the other, In that case, we should 
of course always choose the more convenient form since the two theorems are 
equivalent. 


Indirect Proofs 


Sometimes an indirect proof is convenient. To give an indirect proof 
of Theorem A above, we would take as hypothesis that p is true and that q is 
false. The goal would then be to show that this hypothesis leads to a 
contradiction of one of the postulates or of something which has already been 
proved from the postulates. This contradiction would show that we cannot ` 
have simultaneously p true and q false, and this establishes the desired result. | 


ap and Only If? 
It is not unusual to find a theorem which takes the following form: 


Theorem B. Statement p is true if and only if statement q is true. 
“If and only if” means that both of the following implications are true: 


If q is true, then p is true. 
If q is false, then p is false. 


It will be observed that the contrapositive form of the second of these is 


If pis true, then q is true. 
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Thus Theorem B asserts that p and q are equivalent statements. A theorem 
involving the words "if and only if" therefore always requires the proof of two 
implications. 

Although we have here been speaking of implications, we may remark 
that a definition is always to be interpreted as an "if and only if" statement, 
although this particular grammatical construction is frequently. not used in 
formulating a definition. Thus, the postulate 


(1) A line is a set of points, 


mentioned above, is by no means a definition of a line since it is not true that a 
set of points is necessarily a line. This postulate simply states one of the 
properties of a line. We have, in fact, suggested that line is frequently taken 
as one of the undefined terms in plane geometry. 

This concludes our quick survey. Illustrations of all of the concepts 
introduced above will occur frequently in later chapters of this book. 


Chapter l 


Some Fundamental Concepts 


In this chapter we present a few basic concepts to be used repeatedly and 
introduce some convenient notation. Although the reader may very well have 
previously met some, or even all, of these concepts, they are so fundamen tal for 
our purposes that it seems desirable to present them here in some detail. 


1.1 SETS 


The concept of ser (class, collection, aggregate) is fundamental in 
mathematics as it is in everyday life. A related concept is that of element of a 
set. We make no attempt to define these terms; that is, we shall consider them 
to be undefined terms in our system, However, we shall presently give some 
examples that will illustrate the sense in which they are being used. 

First of all, we may say that a set is made up of elements. In order to 
give an example of a set we need, therefore, to exhibit its elements or to give 
some rule that will specify its elements. We shall often find it convenient to 


denote sets by capital letters and elements of sets by lower-case letters. If ais 
an element of the set 4, we may indicate this fact by writing a € A (read, “ais an 
element of A”). Also, a ¢ A will mean that a is not an element of the set A. If 
both a and b are elements of the set A, we may write a,beA. 

If P is the set of all Positive integers, a € P means merely that a is a 
positive integer. Certainly, then; it is true that 1 € P,2 € P, and so on. If Bis the 
Set of all triangles in a given plane, a € B means that a is one of the triangles in 


this plane. If C is the set of all books in the Library of Congress, then a e C 
means that a is onc of these books, We shall presently give other examples of 
sets, 
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If a,b e Aand wewritea = b, it is always to be understood that these are 
identical elements of. A. In other words, a and b are merely different symbols 
designating the same element of A. If a, b e A and it is not true that a = b, we 
may indicate this fact by writing a 4 b and may say that a and b are distinct 
elements of A. 

If A and B are sets with the property that every element of A is also an 
element of B, we call A a subset of B and write A c B (read, *A is contained in 
B"). An alternative way of expressing the fact that A c B is to write B 2 A 
(read, “B contains A”). If it is not true that A € B, we may indicate this fact by 
writing A ¢ B. We should point out that for every set A it is true that A c A 
and hence, according to our definition, one of the subsets of A is A itself. 

If A € Band also B € A, then A and B have exactly the same elements 
and we say that these sets are equal and indicate this by writing A = B. If it is 
not true that A = B, we may write A # B. If A c B and. A + B, then we say 
that Aisa proper subset of Band indicate this fact by the notation A c B (read, 
“A is properly contained in B"). Clearly, A œ B means that every element of A 
is an element of B and, moreover, B contains at least one element which is not 
an element of A. $ 

Sometimes, as has been the case so far, we may specify a set by stating in 
words just what its elements are. Another way of specifying a set is to exhibit 
its elements, usually enclosed between braces. Thus, (x) indicates the set which 
consists of the single element x, (x, y} the set consisting of the two elements x 
and y, and so on. We may write A = {1,2,3,4} to mean that A is the set whose 
elements are the positive integers 1, 2, 3, and 4. If P is the set of all positive 
integers, by writing 


K = {alae P, a divisible by 2} 


we mean that K consists of all elements a having the properties indicated after 
the vertical bar. That is, a is a positive integer and is divisible by 2. Hence, K is 
just the set of all even positive integers. We may also write 


K = {2,4,6,8,...}, 


the dots indicating that all even positive integers are included in this set. As 
another example, if 


D = {alaeP,a < 6), 


then D = {1,2,3,4, 5}. 

Whenever we specify a set by exhibiting its elements, it is to be 
understood that the indicated elements are distinct. Thus, for example, if we 
write B = (x, y, z), we mean to imply that x 4 px +z, and y # z. 

For many purposes, we allow for the possibility that a set may have no 
elements. This set with no elements we shall call the empty set. According to the 
definition of subset given above, the empty set is a subset of every set. 
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“Moreover; it is à proper subset of every set except the empty set itself. The 
empty set is often designated by Ø, and thus we have @ € A for every set A. 
© | M A and B are sets, the elements that are in both A and B form a set 

called the intersection of A and B, denoted by A ^ B. Of course, if A and B 
“share no elements, A ^ B= Ø. 

If A and B are sets, the set consisting of those elements which are 

elements either of A or of B (or of both) is a set called the union of A and B, 

denoted by A u B. 

i As examples of the concepts of intersection and union, let A = 

0652,35,.8 —(2,4,5), and C= (1,56). Then we have An B = {2}, 
Aa C= {1,3}, BO C=, AU B= {1,2,3,4,5}, Au C = {1,2,3,6}, and 
BUC = {1,2,3,4, 5,6}. 

- Although we have defined the intersection and the union of only two 
sets, it is easy to extend these definitions to any number of sets, as follows. The 
.. intersection of any number of given sets is the set consisting of those elements 
which are in all the given sets and the union is the set consisting of those 
_ elements which are in at least one of the given sets. 

If A, B, and C are sets, each of the following is an almost immediate 
consequence of the various definitions which we have made: 


AnQBSA and An Be B. 

ASAUB and BC AU B. 

AQB=A ifandonlyif Ac B. 

AUB-A ifandonlyif Bc A. 

IBCC, thn 4UBCAUC and An BcAnC. 


j In two of these Statements, we have used the expression “if and only if." 
^. Thus, in accordance with the explanation given in the preceding chapter, we 
have to establish two different implications. For example, to show that 


“AQ Bz4 if and only if Ac B? we need t i i 
aioe ; n o verify the following 


I An B-4, then Ac B. 
IfACB, then An Bc- A. 


Naturally, we could just as well use the contrapositive form of either or both of 


hese implications OF exa! i 
ie en . mple, the second i 
n F e, O; one is equivalent to the 


If ANB#A, then AZ B. 

We leave to the reader 
above. - 

ENS In working with sets, 

. Bivea purely symbolic, but 

; ships involved. Suppose, fo 


the simple verification of all the implications stated 


So-called Venn diagrams are sometimes used to 
Convenient, geometric indication of the relation- 
t the moment, that all sets being considered are 
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U 


AANB AUB 


Figure 1 Figure 2 


subsets of some fixed set U. In Figures 1 and 2, the points within the square 
represent elements of U. If A and B are subsets of U, then the elements of A 
and B may be represented by the points within indicated circles (or any other 
closed regions). The intersection and the union of the sets A and B are then 
represented by the shaded regions in Figures 1 and 2, respectively. 

Of course, the use of a Venn diagram is not meant to imply anything 
about the nature of the sets being considered (whether or not indicated 
intersections are nonempty, and so on). Moreover, such a diagram cannot in 
itself constitute a proof of any fact, but it may be quite helpful in suggesting a 
proof. 

Let us make the following remarks by way of emphasis. A frequent 
problem is that of proving the equality of two sets. Suppose that C and D are 
given sets and it is required to prove that C = D. By definition of equality of 
sets, we need to show that C € D and D € C. Sometimes one or both of these 
conditions follow easily from given facts. If not, the standard procedure is to 
start with an arbitrary element of C and show that it is an clement of D, and 
then do the same thing with C and D interchanged. When we write "let x e C" 
or “if x € C,” we mean that x is to represent a completely arbitrary element of 
the set C. Hence, to show that C € D, we only need to show that "if x € C, then 
x € D." Of course, any other symbol could be used in place of x. Let us now 
give an example by way 'of illustration. 


Example: If A, B, and C are sets, prove that 
Au(BnC)-(AuB)o(AuC) 
Solution: First, let us take advantage of the opportunity to give another illustra- 
tion of a Venn diagram. If we think of the meaning of A u (B ^ C)as consisting of 


all elements of A together with all elements that are in both B and C, we see that the 
set A u (B ^ C) may be represented by the shaded portion of the Venn diagram in 
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Figure 3 


Figure 3. We leave it to the reader to verify that this same shaded region also 
represents the set (Au B) n (4 U C). 

We now Proceed to give a formal proof of the required formula. Clearly, 
BOCSB, so AU(BO C)S A u B. Similarly, Bo. Cc C, and hence Au 
(BA C)& Au C.It follows that 


AV(BNC)S(AUB) (AUC), 


and we have obtained inclusion one way. To obtain inclusion the other way, let 
X'€ (4 U B) o (AUC) and let us show that xe A u (B AC): Now xe Au B 
and also x € A U C. If x € A, then surely x e AU (Bo C). If XA, then xe B 
and xe C, so that xe Ba C, and again we have that xe A vu (B ^ C). This 


shows that (4 u B)N(AUC)SAY (B ^ C), and the proof is therefore com- 
plete. 


minus” symbol. For example, 
if A = {1,2,3} and B = {2,4}, then ANB = (1,3). 

Another important concept is illustrated by the familiar idea of 
Coordinates of a point in a plane. À point is determined by an ordered pair 
(x, y) of real numbers. The word ordered is meant to 4mply that the order of 
writing the two numbers x and y is important, that is, that (x, y) is to be 
considered as a different pair than ( y, x) unless, of course, x and y happen to be 

notes the set of all rea] numbers, the set of all 

R is frequently called the Cartesian product of R 
- More generally, if A and B are any sets, the set 
of all ordered pairs (a, b), where a € A and be B, is the Cartesian product of A 
by B, designated by 4 x B. It may happen, of course, that A and Bare identical 
sets, as in the illustration given above. It is Obvious how to define the Cartesian 


ordered pairs of elements of 
by R and designated byR x 
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product of more than two sets. Thus, for example, the set A x B x C isthe set 
of all ordered triples (a, b, c), where a e A, b e B, and c eC. 

As another example of a product set, if A = {1,2,3} and B= {u,v}, 
then 


Ax B= {(1,u), (150), (2, u), (2, v), (3, u), (3, v). 


The final concept to be introduced in this section is a set whose 
elements are themselves sets; more specifically, the elements are the subsets of 
some given set. If A is a given set, the set of all subsets of A is often called the 
power set of A and designated by Z(A). For example, if A = {1,2}, then the 
elements of the power set of A are the subsets of A; that is, 


P(A) = {Ø (0. {2}, (5,27. 


EXERCISES 


1, If A — [a,b,c), B = (cx, y], and C = (x, y}, determine each of the following sets: 
AAB,ANC,AUB AUC,AxC,Cx A, ANB, AA), C x AC). 


2. Let P be the set of all positive integers, and define subsets of P as follows: 
F= {alae P, a « 10}, 
G= {alae P,a > 5). 
H = (a|a e P, a divisible by 3}. 
Determineeach of the following sets: F ^ G, F & H,G n H, F 0 G,F 0 H,G o H. 
3. If A, B, and Care sets, draw Venn diagrams to illustrate and then give a formal proof 
that An (BU C) - (An B u (An C) 
4. If A, B, and C are subsets of some set U, prove each of the following: 
(i) AN(B U C) = (AVB) ^ (AC), 
(ii) A\(B ^ C) = (AB) v (ANC). 


5. If k is a positive integer, show that a set with k + 1 elements has twice as many 
subsets as a set with k elements. 


6. Use the result of the preceding exercise to give a plausible reason (not necessarily a 
formal proof) why the following statement is true: If A isa set with nelements, where 
nis a positive integer, then the set P(A) has 2" elements. 


7. The coefficient of x*y'" (0 € r € n) in the binomial expansion of (x + y)" is the 
number of ways in which r objects can be chosen from a set of n objects. Use this fact, 
applied to (1 + 1)", to give a proof of the result stated in the preceding exercise. 


8. If the set A has n elements, how many elements are there in the set P{A(A))? 


9. If the set A has n elements, n a positive integer, prove that A has as many subsets 
with an even number of elements as it has subsets with an odd number of elements. 
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1.2 MAPPINGS 


Asa first illustration of the concept to be introduced in this section, let 
C be the set of all books in the Library of Congress and P the set of all positive 
integers. Corresponding to each book there is a unique positive integer, 
namely, the number of pages in the book. That is, to each element of C there 
corresponds in this way a unique element of P. This is an example of a 
mapping of the set C into the set P, As another illustration, let N be the set of © 
all names occurring ina given telephone directory, and L the set of the twenty- 
six letters of the alphabet. We may then associate with each name the first 
letter of the surname, and this then defines a mapping of N into L. Additional 
examples will be given after the following definition. 


1.1 Definition. A mapping of a set A intoa set Bisa correspondence 
that associates with each element a of A a unique element b of B. The 
notation a + b is sometimes used to indicate that b is the element of B 
that is associated with the element a of A under a given mapping. We 
may say that a maps into b or that b is the image of a under this mapping. 


j In order to avoid some trivial special cases, whenever we consider a 
mapping of a set A into a set B we shall always assume that the sets A and B are 
not empty. 

Let us now givean example of a mapping of the set § = (1,2, 3,4} into 


the set T = (x, y, z}. To specify such a mapping, we select an element of T to be 
the image of each element of S. Thus 


1.2 E SRE 33x) ay 
defines a mapping of S into T in which xis the image of 1, 
so on. Note that although every element of Sis re 


it need not be true that every element of T occu 
element of S, 


y the image of 2, and 
quired to have an image in T, _ 
rs as the image of at least one 


f all real numbers (or of some subset of R 
into the same set R. For example, the function f defined by f(x) = x? ^ an 


His PE Xx? py 1 which associates with each real number x the 
T X^ +x 4- 1. In this setting, the mapping is denoted by f and the 
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Then, instead of writing 1.2, we may write 


1.3 B()e-x BQ)=y, B3-x BA) = y. 
Another mapping y of S into T is defined by 
1.4 11) = x, 99» 3-2» »4-z 
We shall presently use these mappings to illustrate certain additional 
concepts. 


Itis customary to write a; A > B to indicate that « is a mapping of the 
set A into the set B. We may also sometimes write a — a(a), a e A, to indicate 
this mapping, it being understood that for each a e A, a(a) is a uniquely 
determined element of B. If we have mappings x: A — B and B:A — B, we 
naturally consider these mappings to be equal and write x = f, if and only if 
a(a) = B(a) for every ae A. Thus, for the mappings f:$ > T and 7:S— T 
exhibited above, we have $ # y since, for example, f(3) = x and ?(3) = y. 

We may point out that associated with the mapping 1.3 in a natural 
way is a unique subset of the product set $ x T— namely, the set {(1, x), (2. y), 
(3. x), (4, y)). in which we use, as the second element of a pair, the image of the 
first element under the mapping fl. More generally, if 4: A > B is a mapping of 
A into B, we may associate with the mapping « the subset of A x B whose 
elements are the pairs (a, «(a)), a € A. Conversely, suppose that T is a subset of 
A x B with the following two properties: 


(1) For each element a of A, there exists an element of Tof the form (a, by that 
is, each element a of A is the first element of some ordered pair in T. 
(2) If (a,b) € T and (a, c) € T, then b = c. 


These two properties merely assure us that if a e A, there exists exactly 
one element b of B such that (a, b) € T. Since the element b'of B is uniquely 
determined in this way by a, we may define a mapping 4:4 — B by defining 
a(a) — b. For this reason, a mapping of A into B is sometimes defined to be a 
subset of A x B with the two properties stated above. Although we shall not 
take this viewpoint, note that this approach makes it possible to define a 
mapping without using the undefined word correspondence which was used in 
Definition 1.1. 

In studying mappings it is sometimes suggestive to make use of a 
geometrical diagram. Figure 4 suggests that x is a mapping of A into B and 
that under this mapping each element a of A has image a(a) in B. 

In the particular mapping B:S > T given by 1.3, the element z of T 
does not occur as the image of any element of S. However, in the mapping 
y:S — T, defined in 1.4, every element of T is the image of at least one element 
of S. The language for stating this essential difference between these mappings 
is given in the following definition. 
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Figure 4 


1.5 Definition. A mapping « of A into Bis said to be a mapping of A 
onto B if and only if every element of B is the image of at least one 
element of A under the mapping a. 


Thus, y is a mapping of S onto T, whereas fl isnot a mapping of S onto 
T. It is important to observe that "into" is not the opposite of “onto.” 
According to our language, every mapping is a mapping of some set into some 
set. That is, “onto” is a special case of “into,” and if a: A — Bis a mapping of A 
onto B, it is perfectly correct to say that it is a mapping of A into B (although 
this doesn't give the maximum amount of available information). 

If «:4 + Bis a mapping of A into B, let us denote by «(A) or «A the set 
of all elements of B that occur as images of elements of A under the mapping x, 
that is, 


a(A) = (a(a) |a e A}. 


Thus x isa mapping of A onto B if and only if «A = B. In any case, an arbitrary 
mapping a: A — B may be considered as defining a mapping of A onto the 
subset a(4) of B. Thus, associated with each mapping is an onto mapping if we 
suitably restrict the set in which the images lie. 

One additional concept plays an important role in the study of 
mappings. In the mapping B:S — T, defined by 1.3, we see that both 1 and 3 
have x as image. Similarly, y:$ > T, defined by 1.4, is such that both 2 and 3 
have y as image. Now let T = (x, y, z) as above, and let U = {r,s,t,u}. Then 
the mapping 0: T > U defined by 


1.6 Ax) 2t Ay)=r, 0(z) =u 


is such that every element of U which occurs as an image of some element of T 


is the image of exactly one element of T. This property has a name which we 
proceed to introduce. 


1.7 Definition. A mapping a: A > Bis said to be a one-one mapping 
of Ainto Bif and only if distinct elements of A have distinct images in B; 
equivalently, if a), a; € A such that a(a,) = a(a;), then 4, = a. 


f The mapping 0:T —U defined by 1.6 is an example of a one-one — 
mapping. Note, however, that it is not an onto mapping. Hence a one-one 
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mapping may or may not be an onto mapping. Clearly, also, an onto mapping 


need not be a one-one mapping.* 
We now give some additional examples to illustrate these concepts. 


Example i: Let C be a nonempty subset of the set D. The mapping ¢:C >D 
defined by ó(c) = c for each c e C is a one-one mapping of C into D. It is an onto 
mapping if and only if C = D. 


Example 2: Leta:4 x B— A be defined by (a,b) — a for each (a, b)e A x B. 
This is certainly an onto mapping. However, if b,, b, € B with b, # b;, then 
ala, b,) = z(a, bz) with (a, b,) # (a, b;), so the mapping is not a one-one mapping. 
It will be a one-one mapping if and only if B has exactly one element. The map- 
ping « of this example is called the projection of A x B onto A. Similarly, one 
can define the projection of A x B onto B. 


Example 3: | Let Z be the set of all integers and x:Z.— Z be defined by ali) = 
2i + 1, i €Z. In contrast to most of our previous examples, this is an example of a 
mapping of the set Z into the same set Z. To determine whether « is an onto 
mapping, let j be an arbitrary element of Z and let us find whether j is the image of 
some element. That is, we need to determine whether there exists an integer i such 
that a(i) = 2i + 1 = j. Clearly, there will be no such integer iif j is even since 2i + 1 
is odd for every integer i. Thus, « is not an onto mapping. Is it a one-one mapping? 
To answer this question, suppose that ij, i; € Z such that a(i,) = a(i;), that is, such 
that 2i, + 1 = 2i; + 1. It follows that i, = i; and « is therefore a one-one mapping. 


Identity Map 

The mapping of a set A into itself in which each element is its own 
image is often called the identity mapping on the set A. If we denote this identity 
mapping by €,, we see that the identity mapping e, on A is defined bye,(a) =a 
foreacha e A. Thus, the mapping ¢ of Example 1 is the identity mapping on C 
if and only if C = D. It is clear that an identity mapping is always one-one and 
onto. 


Inverse Map k 

Suppose that a: A + B is a one-one mapping of A onto B, that is, it has 
both the “one-one” and “onto” properties. Then each element of B can be 
expressed in the form a(a) for exactly one element a of A. We can therefore 
define in a natural way a mapping of B onto A by making a the image of a(a) 
for each a e A. This particular mapping of B onto A is often denoted by a! 
since it reverses the effect of «. That is, the mapping a7! :B — A is defined by 
a (xa) = a, a e A. Clearly, «^! isa one-one mapping of B onto A. The simple 
relationship between the mappings a and a~ may possibly be suggested by the 


= Some other terms will be found in the literature as follows. An onto mapping is also called a 
Surjection; a one-one mapping may be called an injection. A mapping which is both one-one and 
onto is also called a bijection, 
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diagram of Figure 5. The reader should carefully observe that the mapping a 
g^! 


Figure 5 


, as here defined, exists if and only if à is a one-one mapping of A onto B. 


Clearly, a one-one mapping of A onto B may be thought of asa pairing 1 


of the elements of A and the elements of B. In view of the mutual relationship . 
between A and B, a one-one mapping of A onto B (or of B onto A) is | 
sometimes called a one-to-one correspondence between A and B. 


It will probably seem reasonable (and it is indeed true although we shall 1 


not discuss this fact here) that if set C has n elements for some positive integer 
n, then there will exist a one-one mapping of C onto D if and only if D also 1 
has n elements. 


EXERCISES 


. Let Z be the set of all integers, and i € Z. Determine in each case whether the 


indicated mapping a of Z into Z is an onto mapping and whether it is a one-one 
mapping. 


(a) a(i) — i 3, (b) ai) =i? +i, 
(c) ali) = i’, (d) ali) = 2i — 1, 
(c) afi) = —i +5, (D) ai) =i-4, 


. Let R be the set of all real numbers, and x € R. Determine in each case whether the 


indicated mapping a of R into R is an onto mapping and whether it is a one-one — 
mapping. 1 


in rule A +1, “A a(x) = aa x, 
x) 2 x4, y a(x) = x?, 
(e) a(x) = x? us (f) a(x) = 4x, 
(ud s if. x is rational, 
2x if x is irrational. 


Let P be the set of all positive integers, and n € P. Determine in each case whether 
the indicated mapping of P into P is an onto mapping and whetlier it is a one-one 
mapping. 

(a) a(n) = 2 (b) a(n) 2 n + 1. 

(c) a(n) = »?. (d) a(n) = 1, a(n) =n — 1 forn > 1. 


. Givean example of a mapping of the set P of all positive integers into the set Psuch | 


that every element of P is the image of exactly two elements. 
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5. If P is as in the preceding exercise, give several examples of mappings a: P — P, 
other than the identity mapping on P, such that a is a one-one and onto mapping. 


6. If R is the set of all real numbers, use the fact that every cubic equation with real 
coefficients has a real root to show that the mapping x of R into R defined by x(x) 
= x° — x, x € R, is a mapping of R onto R. Is it a one-one mapping? 


If R is the set of all real numbers, why doesn't the formula a(x) = 1/x, x e R, define 
a mapping of R into R? 

. If A = {1,2,3} and B = (x, y}, verify that there exist eight mappings of A into B 
and nine mappings of B into A. How many mappings of A onto B are there? 


2 


9. Let A be a set with m elements and B a set with n elements (m and n positive 
integers). Formal proofs are not required, but in each of the following give some 
indication why you believe your conclusion to be correct. 


(a) Determine the number of mappings of A into B. 
(b) If n = m, determine the number of one-one mappings of A into B. 
(c) If m= n, determine the number of one-one mappings of A onto B. 


10. Let R be the set of all real numbers, and let x € R. Use any calculus methods which 
you know to determine whether each of the following mappings « of R into Ris an 
onto mapping and whether it is a one-one mapping: 

(a) a(x) = e^, (b) a(x) = sin x, 
(c) a(x) = x + sinx, (d) a(x) = 1x + sin x. 


1.3 EQUIVALENCE RELATIONS 


As a simple illustration of the next concept to be introduced, let the 
"less than" symbol “<” have the usual meaning as applied to integers. Since 
for every ordered pair (i, j) of integers, i < j is either true or false, we say that 
“<” is a relation defined on the set Z of integers. 

In general, let A be a given set. We then say that a relation R is defined 
on A if for each ordered pair (a, b) of elements of A it is true or false that a is in 
the relation R to b. It is to be understood that if a and b are given, enough 
information is available to determine whether or not a is in the relation R to b. 
It is customary to write aRb to indicate that a is in the relation R to b. If, for 
example, we let R be the relation < on Z, then iRj merely means that i < j. 

If R is a given relation on a set A, associated with this relation in a 
uniquely determined manner is a subset of the product set A x A, namely, the 
subset consisting of all ordered pairs (a, b) such that aRb. Conversely, given a 
subset R of A x A, we can use it to determine a relation R on A by simply 
defining aRb to mean that the ordered pair (a, b) is an element of R. For this 
reason, a relation on a set A is sometimes defined to be a subset of A x A. 

We shall usually not be concerned with relations in general, but 
primarily with those relations having the particular properties stated in the’ 
following defiuition. X 
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1.8 Definition. A relation R defined on a set A is called an 
equivalence relation if it has the following three properties, where a, b, 
and care arbitrary elements of A: 


(1) aRa (reflexive property). 
(2) If aRb, then bRa (symmetric property). 
(3) If aRb and bRc, then aRc (transitive property). 


In the future, we shall usually use “~” to denote an equivalence 
relation. It may then be convenient to read a ~ b as "ais equivalent to b.” We. 
shall sometimes write a ~ b to indicate that a is not equivalent to b. 

Let us emphasize how property (1) above differs in an essential way 
from the other two properties. If we have an equivalence relation “~” defined 
ona set A, then property (1) asserts that a — a for every element a of A. On the 
other hand, if a and b are given, property (2) says nothing about whether it is 
true that a — b, only that if it is true, then we must also have b — a. A similar 
remark holds for the transitive property. In other words, both the symmetric 
property and the transitive property assert the truth of an implication. 

The relation “<” on the set Z of all integers is not an equivalence 
relation since it has neither the reflexive property nor the symmetric property. 
The relation “<” has the reflexive property and the transitive property, but 
not the symmetric property. Of course, “=” is an equivalence relation on Z (or 
on any other set), as is perhaps suggested by the word "equivalence." 

We shall now give a few examples of equivalence relations, but many 
more will occur in later chapters of this book. Let T be the set of all triangles in 
a fixed plane, and let a and b be arbitrary elements of T. Then “~” is an 
equivalence relation on T if we agree to define“ ~” in any one of the following © 
ways: 


(i) a ~ b to mean “a is congruent to b,” 

(ii) a ~ b to mean “a is similar to b,” 

(iii) a ~ b to mean "a has the same area as b," 

(iv). a ~ b to mean “a has the same perimeter as b." 


| As another example of an equivalence relation, let Z be the set of all 
integers, and let us define a = b to mean that a — b has 3 as a factor, that is, 
that there exists an integer n such that a — b — 3n. It is then readily verified 
that “=” has the three defining properties of an equivalence relation. 
Furthermore, every integer is equivalent to one of the three integers 0, 1, 2. In 
this connection, consider the following three subsets of Z: 


Hz {...,—9, — 6, —3,0;3,6,9, ...}, 
K —1...,—8, -5,72,1,4,7,10,...), 
D-07174, 7525811 eye 
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It will be observed that every integer is in exactly one of these subsets. In other 
words, the union of these three subsets is Z and the intersection of any two of 
them is the empty set. Moreover, J can be characterized as the set of all 
elements of Z that are equivalent to 0 (or to any other element of J), and 
similar characterizations can be given for K and L. The sets J, K, and L are 
examples of a concept which we proceed to define. 


n. Definition. Let A be a set and “~” an equivalence relation 
defined on A. If a € A, the subset of A which consists of all elements x of 
A such that x — a is called an equivalence class. This equivalence class 
will frequently be denoted by [a]. 


This definition of the equivalence class [a] can be written formally as 
follows: 


110. - [a] = (x|x e A, x ~ a). 


In the above example, note that J = [0], K = [1], and L = [2]; also 
that [0] = [3] = [6], and so on, Hence there are just the three different 
equivalence classes. 

To return to the general definition, let us consider a few properties of 
equivalence classes. First, since a~ 4 by the reflexive property of an 
equivalence relation, we always have a € [a]; that is, [a] is the equivalence 
class which contains a. This shows that every element of A is in at least one 
equivalence class. Other important properties of equivalence classes are the 
following, where a and b are elements of the set A: 


1.11 (i) [a] = [b] if and only if a ~ b; 
j (ii) if [a] ^ [b] 4 Ø, then [a] = [b]. 


As a first step in proving 1.1 1(i), let us assume that [a] = [b] and show 
that a ~ b, It has been pointed out that a € [a], and hence we have ac [b]. By 
definition of the equivalence class [5], it follows that a — b, as we wished to 
show. Conversely, let us now assume that a aj b. If x e[a], then x «a by 
definition of [a]. Now we have x ~ a and a ~ b, so the transitive property of 
an equivalence relation assures us that x ~ b. This then implies that x € [5], 
and we have therefore proved that [a] € [b]. We leave as an exercise the 
Similar proof that [b] € [a], from which we conclude that [a] = [b], as 
desired:- 

We now prove 1.11(ii). Since [a] ^ [b] * Ø, there exists at least one 
element sof A such that s e [a] and also s e [b]. It follows that s ~ aand s ~ b. 
(Why?) By the symmetric Property of an equivalence relation, we have a ~ s. 
Since a ~ s and s ~ b, the transitive property assures us that a ~ b. The fact 
that [a] — [b] the follows at once from 1.11(i). 
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Partitions 
A collection of nonempty subsets of a set A is often called a partition of ` 
A if A is the union of these subsets and any two of the subsets have empty _ 
intersection. In view of 1.11(ii), together with the fact that every element of A is 
in some equivalence class, we see that the different equivalence classes relative 
to an equivalence relation defined on A form a partition of A. Conversely, ^ 
suppose that we are given a partition of the set A. If a, b e A, and we define ^ 
“~” by asserting that a ~ b if and only if a and b are elements of the same ' 
subset of A in the given partition, then it is easy to verify that “~” is an ^ 
equivalence relation; clearly the equivalence classes are the different subsets of 
A in the given partition. It follows that there is a one-to-one correspondence 
between equivalence relations on A and partitions of A. E 


1.4 OPERATIONS 


There is one other term that we wish to introduce in this preliminary ^ 
chapter. First, we consider a familiar concept as follows, Let Z be the set of all. - 
integers. Associated with each ordered pair (i, j) of elements of Z there is à — 
uniquely determined element i + j of Z. Accordingly, we say that addition; 1 
denoted by “+,” is an operation on Z. More precisely, we may call it a binary 1 
operation to emphasize that it is defined for each ordered pair of elements of Z. 1 
The general definition is as follows. 


1.12 Definition.* Let A bea given set. A binary operation “o” on A is 
a correspondence that associates with each ordered pair (a,b) of 
elements of A a uniquely determined element a « b of A. 


It may be emphasized that if a binary operation “o” is defined on the set 
A, this is supposed to imply that a » b must always be an element of the set A, 1 
fora, b € A. In this connection, suppose that B is a subset of A and that we have 
an operation “s” defined on A. If it happens that for x, y € B it is always true 
that xe y (which we know is an element of A) is actually an element of the - 
subset B, then it is customary to say that B is closed under (or with respect to) 7 
the operation “o.” Of course, in this case, we may consider “o” to be an 1 
Operation on the set B. As examples, consider ordinary addition and .' 
multiplication defined on the set Z of all integers, and let S be the set of all odd 
integers. Then we see that S is closed under multiplication but is not closed 


* Expressed more formally, this definition merely asserts that a binary operation “o” on A i$ D 
ae A ; A into A. The image of an element (a,b) of A x A under this mapping is then 
ab. E 


SEC. 1.4 Operations 21 


under addition. The set of all even integers is closed under both addition and 
multiplication. 

Later on we shall seldom have occasion to use any unfamiliar symbol. 
to denote an operation. For the most part, we shall find it convenient to call an 
operation "addition" or “multiplication,” and to use the familiar notations 
a + band a: b (or simply ab). However, for the moment we continue to use the 
symbol "^" for a binary operation on a set A. We may emphasize that saying 
that "^" is a binary operation on A asserts that ac bis a uniquely determined 
element of A for every a € A and every b e A. Some important concepts are 
introduced in the following definition. 


1.13 Definition. Let “o” bea binary operation defined on the set 4. 

Then 

(i) The operation “o” is said to be a commutative operation if and only 
if ao b= beaforalla,be A. 

(ii) The operation “o” is said to bean associative operation if and only if 
(as b)ec = a»(bc)for all a, b, c e A. 

(iii) An element eof A is said to bean identity for the operation “<” if and 
only if ace 2 esa — a for every ae A. 


f As examples of these concepts, let us again consider the set Z of all 
integers. For the present, we assume as known the familiar properties of 
addition and multiplication on Z, in particular, that they are both commu- 
tative and associative. Moreover, since a + 0 = 0 + a = a for every ae Z, we 
see that 0 is the identity for addition; and clearly 1 is the identity for 
multiplication. 

On the same set Z, let us define asb —a— b. Since 3«2 — 1 and 
2«3-— —1, we see that this operation is not commutative. Note that 
just one instance in which ao b # b o a implies that the Operation is not com- 
mutative. The reader may verify that neither is this operation associative. 
Does there exist an identity for this operation? Since a «0 = a — 0 — a for 
every integer a, it might appear at first glance that 0 is an identity. However, 
0°a= —a and the definition of an identity is not met. 


EXERCISES 


1. On the set of all nonempty subsets of a nonempty set A, consider the relation R 
defined by aRb if and only if a ^ b # Ø. Which of the three defining properties 1.8 
of an equivalence relation hold for this relation? 


2. Let R be the relation on the set {1,2} defined by 1R1 and the relation R holds for no 
other ordered pair except the pair (1, 1). Show that the relation R has exactly two of 
the defining properties of an equivalence relation. 


je vae 7 45641 
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3. Give an example of a relation R on some set such that R has the symmetric property 
but does not have the reflexive property or the transitive property. 


4. If “~is an equivalence relation on a set A, carefully prove each of the following: 


(i) If a, b € A such that a ^ b, then [a] ^ [b] = Ø. 
(ii) If a, b, c, d'e A such that c e [a], d e [b], and [a] # [b], then c ^ d. 


5. If aand b are integers, let us define a = b to mean that a — b has $ as a factor. Verify 
that “=” is an equivalence relation on the set Z of all integers, and exhibit all the 
different equivalence classes. i 


6. In each of the following, “o” is the specified binary operation on the set Z of 
integers. Determine in each case whether the operation is commutative, whether it 
is associative, and whether there is an identity for the operation. 


(i) ach=b, (ii) aob =a +b + ab, 
(iii) a o b is the larger of a and b, (iv) ao b = 2a + 2b, 
(v) aeb=at+b—I, (vi) asb =a + ab. 


7. Let P(A) be the power set of a set A. 


(i) Is the binary operation "^" on P(A) commutative? Is it associative? Does it 
have an identity? ! 
(ii) Answer the same questions for the binary operation ^u" on P(A). 


8. Let A = (ex). Show that it is possible to define sixteen operations on A. 
Furthermore, show that e is an identity for only two of these operations. 


Chapter 2 


Rings 


In this chapter we shall introduce the important class of algebraic systems that 
are called rings, give a large number of examples, and then establish some 
fundamental properties common to all rings. All the properties that are used 


by pointing out some of these Properties. The following section is therefore of 
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The simplest numbers are the numbers 1, 2, 3, ..., used in counting. 
These are called the “natural numbers” or the “positive integers.” Addition 
and multiplication of natural numbers have simple interpretations if we 
consider a natural number as indicating the number of elements in a set. For 
example, suppose that we have two piles of stones, the first one containing m 
Stones and the second one n stones. If the Stones of the first pile are placed on 
the second pile, there results a pile of n + m stones. If, instead, the stones of the 
second pile are placed on the first pile, we get a pile of m +.n stones, It thus 
seems quite obvious that 


m+n=n+m 


for every choice of m and n as natural numbers; that is, addition of natural 
numbers is commutative. This property of the natural numbers is an example 
of what is sometimes called a law or a formal property. Another example is the 
associative law of addition. 


23 
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Multiplication of natural numbers may be introduced as follows. If one 
has m piles, each of which contains n stones, and all the stones are placed in one; 
pile, the resulting pile will contain mn stones. It is also a familiar fact that 
multiplication of natural numbers is both commutative and associative, 
Moreover, addition and multiplication are such that the so-called distributive 


law holds: 
m(n + k) = mn + mk, 


where m, n, and k are arbitrary natural numbers. 

Historically, the natural numbers were no doubt used for centuries 
before there was any consideration of their formal properties. However, in 
modern algebra it is precisely such formal properties that are of central 
interest. Some of the reasons for this changed viewpoint will become evident 
later on in this chapter as well as in succeeding chapters. 

Of course, if m and n are natural numbers, there need not be a natural 
number x such that m + x = n. In order to be able to solve all equations of this” 
kind, we need to have available the negative integers and zero along with the 
positive integers. The properties with which we shall be concerned in the next | 
section are suggested by well-known properties of the system of all the integers - 
(positive, negative, and zero). Near the end of the next chapter we shall be 
ready to give what may be called a characterization of the system of all 
integers, although, for the most part, we shall merely assume a familiarity with 
the simpler properties of this system. In later chapters, the other number | 
systems of elementary algebra will be discussed in some detail. However, even 
before they are presented in a logical way we shall not hesitate to illustrate 
parts of our general theory by examples from these familiar number systems. 


2.2 DEFINITION OF A RING 


The concepts to be presented in this section are of fundamental 
importance, although a full realization of their generality will probably not 
become apparent until the examples of the following section are studie 
carefully. | 
We begin with a nonempty set R on which there are defined two binary 
operations, which we shall call “addition” and “multiplication,” and for which 
we shall use the familiar notation. Accordingly, if a, b € R, then a + band ab _ 
(or a: b) are uniquely determined elements of the set R. By way of emphasis, We: 
may state this fact in another way by saying that R is to be closed under the © 
binary operations which we are calling addition and multiplication. We now 
assume the following properties or laws, in which a, b, and c are arbitrary. | 
elements, distinct or identical, of R. 


P;a+b=b+a ; (commutative law of addition). 
Px: (a+b)+c=a+(b+c) (associative law of addition). 


* 
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P5: There exists an element 0 of R such that a -- 0 — a for every element 

aof R (existence of a zero). 
P4: If ae R, there exists x e R such thata + x 4 0 

(existence of additive inverses). 

P5: (ab)c = a(be) (associative law of multiplication). 

Ps: a(b + c) = ab + ac, (b. + cla =ba+ca (distributive laws). 


Under all these conditions R is said to be a ring. Let us repeat this 
definition in the following formal way. 


2.1 Definition. If R is a nonempty set on which there are defined 
binary operations of addition and multiplication such that Properties 
P,— P, hold, we say that R is a ring (with respect to these definitions of 
addition and multiplication). 


Let us make a few remarks about the defining properties of a ring. First, 
we may emphasize that we should not think of the elements of a ring as 
necessarily being numbers. Morecver, addition and multiplication are not 
assumed to have any properties other than those specified. The element “0,” 
whose existence is asserted in P4, and which we call a zero, is actually an 
identity for the operation of addition since, by P,,0 + a — a + Oand therefore 
we also have 0 -- a — a. We do not assume that there is only one identity for 
addition, but later on we shall prove this to be true. Again, we should not think 
of 0as being the familiar number zero; it is merely an identity for the operation 
of addition. Finally, we point out that P, does not assert that there is only one 
x € R such that a + x = 0, but this fact will also be proved eventually. 

All the properties used to define à ring are familiar properties of the 
integers. Hence, with the usual definitions of addition and multiplication, the 
set of all integers is a ring. Henceforth, this ring will be denoted by Z. For this 
ring, the zero whose existence is asserted in P; is the familiar number zero. 

Now let E be the set of all even integers (positive, negative, and zero). 
Using, of course, addition and multiplication as already defined in Z, we see 
that the sum of two elements of E is.an element of E, and similarly for the 
product of two elements. That is, E is closed under the operations of addition 
and multiplication. Properties P,, P3, P;, and P, hold in E since they hold in 
the larger set Z. Moreover, it is clear that P, and P, also hold in E, and 
therefore E is itself a ring. 

If all elements of a ring $ are contained in a ring R, it is natural to call S. 
a subring of R. It is understood that addition and multiplication of elements 
of S are to coincide with addition and multiplication of these elements 
considered as elements of the larger ring R, Naturally, a set S of elements of R 
cannot possibly be a subring of R unless $ is closed under the operations of 
addition and multiplication on R since, otherwise, we would not have 
operations on the set S. We see that E, as defined above, is a subring of the 
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ring Z. However, the set of all odd integers cannot be a subring of Z since this 
set is not closed under addition; that is, the sum of two odd integers is not 
always (in fact, is never) an odd integer. 

It is important to observe that the definition of a ring does not require 
that the operation of multiplication be commutative. However, we shall 
frequently want to consider this property, so let us give it a number as follows: 


P,: If a, b e R, then ab = ba (commutative law of multiplication). 


A ring which has property P; is called a commutative ring. If P, does not hold, 
that is, if there exist at least two elements c and d of R such that cd + dc, then R 
is said to be a noncommutative ring. 

We may also point out that in a ring there need not be an identity for 
the operation of multiplication. If in a ring R there exists an identity for 
multiplication, we shall usually call it a unity of R and say that R is a ring with 
unity. For convenience of reference, let us give this property a number as 
follows: 


Pg: There exists an element e of R such that ea = ae = a for every element - 
aof R (existence of a unity). 


We may emphasize that a ring need not have either of the properties P; 
or P4. However, most of the rings that we shall study in detail will have both of 
these properties. The ring Z is an example of a commutative ring with unity, - 
whereas the ring E of all even integers is a commutative ring without a unity. À 
few cases of noncommutative rings will occur among the examples of the next 
section. Naturally, they will have to be quite different from the familiar number 
systems. 


2.3 EXAMPLES OF RINGS 


In order to give an example of a ring R, it is necessary to specify the 
elements of Rand to define the operations of addition and multiplication on R 
so that Properties P, — P, hold. The ting Z of integers has been mentioned as 
a well-known example of a ring. Other examples are the ring of all real 
numbers and the ring of all complex numbers, with the usual definitions of 
addition and multiplication. It will be recalled that the rational numbers ate — 
those numbers which can be expressed in the form m/n, where m and n are 
integers with n # 0. With respect to the familiar definitions of addition and 
multiplication of rational numbers, the set of all rational numbers is also a 
ring. Clearly, the ring Z isa subring of the ring of all rational numbers: the ring 
of all rational numbers is a subring of the ring of all real numbers; and the ring 
of all real numbers is a subring of the ring of all complex numbers. All these 
number systems will be considered in detail in later chapters. 
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Example 1: Let $ be the set of all real numbers of the form x 4- »N2, where x, y e Z, 
with addition and multiplication defined in the usual way, It may be verified that S 
is closed under these operations. Actually, $ is a commutative ring with unity. Of 
course, it is a subring of the ring of all real numbers. 


Example 2: Let T be the set of all real numbers of the form u +72 + w44, 
where u, v, and w are rational numbers. Using the usual definitions of addition and 
multiplication, T is a commutative ring with unity, 


Example 3: Let R = lus v, w, x); that is, R consists of just these four elements. We 
define addition and multiplication in R by means of the following tables. 


(+) 


w 


column which contains x at the top. Since w appears in this position, we have 
Utx-w Other examples are: w +tw=u, x +w=v, wwe w, Xx = x. It would 
take too much calculation to verify the associative laws and the distributive laws, 
and we shall now merely state that they do hold. F. rom the addition table, it is seen 
that the zero of the ring R is the element u; and from the multiplication table it 
follows that v is the unity. The reader may verify that this is a commutative ring. 
This ring R differs from previous examples in that it has only a finite number (four) 
of elements. 


Example 4: Let C be the set of all functions which are continuous on the closed 


interval < x < 1. For two functions f and g in C, we define their sum and product 
by the rules 


(f + 9x) = f(x) + g(x), 
(Sx) = Fg). 


This way of defining the operations for a set of functions is called pointwise addition 

nd pointwise multiplication. The axioms required of a ting may now be checked. 
For example, the function defined by z(x) = 0 for all x is the zero required by axiom 
P,. Does the ring C have a unity? 


28 Rings CHAP.2 | 


Example 5:  Theset T = (0, e) isa ring of two elements if addition and multiplication i 
are defined by the following tables. 


(*)]|0.e () | Oe 
0 0 e 00 
e e 0 e 0 e 


Clearly, 0 is the zero of this ring and e is the unity. Hence, this ring has only a zero 
and a unity. 


Example 6: Let K = {a,b,c,d}, with addition and multiplication defined by the 
following tables. 


(+) | a be d 


The ring K is our first example of a noncommutative ring. From the multiplication 
table we see, for example, that cd = a, whereas dc = c. Does this ring have a unity? 
What is the zero? 


We may emphasize that in this example, as in others in which addition 
and multiplication of more than two elements are defined by tables, it would 
be exceedingly tedious to verify the associative and distributive laws. Of 
course, the tables have not been written down at random but have been 
obtained by methods not yet available to the student, At present, the 
associative and distributive laws will have to be taken on faith, but there is no 
real difficulty in verifying the other defining properties of a ring. 


Example 7: For later reference, we give still another example of a ring with four 
elements a, b, c, and d. In this case, we define addition and multiplication as follows: 


(4) | a 


are aA] 


b 
b 
a 
d 
c 


It will be observed that the addition table coincides with the addition table of the 
preceding example. However, the multiplication table is quite different. This ring is 
another example of a commutative ring. 
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Example 8: Let L be the set Z x Z x Z. That is, L is the set of all ordered :riples 
(a, b, c), where a, b, c e Z. We make the following definitions: 


(a,b,c) + (d.e f) 2 (a - db - e, c+ f), 
(a, b, c)(d, e, f) = (ad, bd + ce, cf). 


To avoid any possible confusion, we may again state that we consider two elements 
of a set to be equal only if they are identical. Hence, if (a,b,c) and (d,e, f) are 
elements of L, then (a,b, c) = (d,e, f) means that a = d,b =e, and c = f. 

It is easy to verify that (0, 0,0) is the zero of the ring L, and that (1,01) is a 
unity. This is another noncommutative ring since, for example, 


(0, 1,0)(1,0,0) = (0, 1,0), 
whereas 
(1,0, 0)(0, 1,0) = (0,0, 0). 


Let us verify one of the distributive laws for this ring. If (a, b, c), (d, e, f), and (g, h, i) 
are elements of L, let us show that 


(a,b, c)(d, e, f) + (g,h, i)) = (a,b, c)(d, e, f) + (a, b, (9, h,i). 
The equality of these expressions is a consequence of the following simple 
calculations: 
(a,b, c)((d, e, f) + (g.h.i)) = (a.b, old + g,e + h, f i) 
= (ald + g), b(d + g) + cle +h), c(f + i) 


and 


z 


(a,b, c)(d,e, f ) + (a, b, c)(g, h, i) 
= (ad, bd + ce,cf') + (ag, bg + ch,ci) 
= (ad + ag, (bd 4 ce) -- (bg +ch), cf + ci). 


The right sides of these equations are equal in view of certain simple properties of 
the integers. What properties are involved? 


Example 9: Let M;(Z) be the set of all symbols of the form 
a b 
c df 


Where a, b, c, and d are arbitrary elements of Z. Our definitions of addition and 
multiplication are as follows: 


[: +l i-i He 
c d h c+g dh] 
[: e f ae + bg af +bh 
c JL ] n ke +dg cf + Al 
With respect to these definitions of addition and multiplication, M;(Z)is a ring. It is 
called the ring of all two-by-two matrices over the integers. The reader may vetify, by 
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examples, that the commutative law of multiplication does not hold and vjecs that 
M,(Z)is a noncommutative ring. 

We may point out that the elements of M;(Z) are quadruples of elements of 
Z, and could just as well have been written in the form (a,b, c, d). However, the 
above notation is more convenient and is the traditional one. 

If we modify this example by letting a, b, c, and d be rational (or real, or 
complex) numbers instead of integers, we obtain the ring of all two-by-two matrices 
over the rational (or real or complex) numbers. 


Example 10: This final example is of a type quite different from any of the pre- 
vious examples. Let A bea given set, and let R be the power set of A, that is, the set of 
all subsets of A, including the empty set and the entire set A, We shall now denote 
elements of R by lowercase letters —even though they are sets of elements of A. 

Our definitions of addition and multiplication are as follows. If a, b € R, we 
define a + b = (a U b)\(a ^ b) and ab — a ^ b: Note that a + b consists of the 
elements of A that are in either subset a or in subset b, but not in both. Thus a + bis 
not, in general, the union of a and b; but it will be this union whenever a ^ b = Ø. — 
In the Venn diagram shown in Figure 6, region 1 represents those elements of A - 
which are in neither subset a nor subset b, region 2 represents those elements of 4 
which are in a but not in b, and so on. Hence ab is represented by region 4and a +b — 
by the union of regions 2 and 3. 

We now assert that with the above definitions of addition and multiplica- 
tion, R is a commutative ring with unity. 

The commutative laws of addition and multiplication are obvious, as is the 
associative law of multiplication. Let us briefly consider the associative law of — 
addition, and let a, b, and c be arbitrary elements of R. In Figure 7, a +b is 
represented by regions 2, 3, 5, and 6. Since c is made up of regions 4, 5, 6, and 8, it 1 
follows that (a + b) + c is represented by the union of regions 2, 3, 4, and 8. This 
pictorial representation suggests that (a + b) + c consists of those elements of A 
which are in exactly one of the subsets a, b, and c together with those which are in all 
three. To complete the verification of the associative law of addition by means of — 
Venn diagrams, we need to characterize the set a + (b + c). We omit the details, but 


Figure 6 Figure 7 
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itis not difficult to verify that we again get the set represented by regions 2,3, 4, and 
8. Hence, (a + b) + c =a + (b + c), as we wished to show. In an exercise below the 
reader is asked to consider how one could turn this geometrical argument into a 
formal proof. 

If we denote the empty set by “0,” it follows thata + 0 = a, and the empty set 
is the zero of the ring R. Moreover, the subset of A consisting of A itself is the unity 
of the ring. (Why?) If a € R, it is interesting to observe that a + a = 0, and thus a is 
its own additive inverse. Another unusual property of this ring is that a* a = a for 
every element a of R. We shall refer to this ring as the ring of all subsets of the set A. 
We may emphasize that later on whenever we mention the ring of all subsets of a set 
it is always to be understood that addition and multiplication are defined as in this 
example. 


Direct Sums 

We conclude this section not by giving still another example of a ring 
but by presenting a simple, but quite useful, way to. construct new rings from 
given rings. Suppose that R and S are rings, distinct or identical, and let us 
consider the Cartesian product R. x S whose elements are the ordered pairs 
(r,s), re R, se S. On this set R x S, we define addition and multiplication as 
follows: 


(ris Si) + (2,52) = (ri + 72,5) + 52), 
(ri. S1)(r2;82) = (rir2. 5:52). 


It is understood, of course, that r,,r; € R and that s,,s; € S. Moreover, 
although the same symbol for addition is used in both rings, r, +r, is the sum 
of r, andr, in the ring R and s; + s; is the sum of s, and s; in the ring S (and 
similarly for products). We leave as an exercise the proof that with respect to 
the above definitions the set R x S becomes a ring. It is convenient to have a 
name for the ring obtained in this way. Accordingly, we make the following 
definition. 


2.2 Definition. If R and S are given rings, the ting whose elements 
are the elements of the product set R x S, with addition and multiplica- 
tion as defined above, is called the direct sum of the rings R and S, and 
is usually denoted by R'® S. 


What conditions on R and $ will assure us that R'® S is commuta- 
tive? That it has a unity? 


EXERCISES 


In these exercises, it is to be assumed that the real numbers. (in particular, the 
rational numbers and the integers) have all the familiar properties which are freely used 
in elementary algebra. 
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1, Which of the following are rings with respect to the usual definitions of addition j 
and multiplication? In this exercise, the ring of all even integers is denoted by E. 


(a) The set of all positive integers. 

(b) The set of all integers (positive, negative, and zero) that are divisible by 3. 

(c) The set of all real numbers of the form x + y/2, where x, y € E. 

(d) The set of all real numbers of the form x + yx/2, where x, y € Z. 

(c) The set of all real numbers of the form x + y«/2 + 2.4, where x, y, z € Z. 

(f) The set of all real numbers of the form x + y,/3, where x € E and y e Z. 

(g) The set of all rational numbers that can be expressed in the form m/n, where 
me Z and nis a positive odd integer, 


2. What is the additive inverse of each element of the ring R of Example 3? 


3. Verify that the subset S = {u, w} of the ring R of Example 3is a subring of R. Show 
that, except for the notation employed, this is the ring of Example 5. f 


4. For the ring R of Example 3, use the tables to verify each of the following: 
(u+v)+w=ut(v +), 
(o - w) x 2 v (wx) 
w(v + x) = wo + wx, 
(w + v)x = wx + vx, 
(xv)w = x(pw). 


5. For the ring L of Example 8, verify the other distributive law and the associative 1 
law of multiplication. 


6. For the ring M;(Z) of Example 9, verify the associative law of multiplication and 
the distributive laws. What is the zero of this ring? Verify that 


a 


isa unity of M,(Z). Give exampies to show that M;(Z) is a noncommutative ring. 


7. For the ring R of Example 10, consider how a formal proof of the associative law 
of addition could be given without use of Venn diagrams, and write out at leasta 
part of the proof, 


8. For the ring R of Example 10, use Venn diagrams to verify that if a,b, c e R, then. 
a(b + c) = ab + ac. How do you know without further calculation that the other — 
distributive law must also hold? 

9. On the set $ = Z x Z, let us define addition and multiplication as follows: 


(a,b) + (c,d) 2 (a + cb + d), 
(a, bc, d) = (ac + 2bd, ad + be). 


Prove that S is a commutative ring with unity. 


10. It can be shown that the set {a,b,c,d} is a ring if addit iplicati 1 
S defined by the following : in c,d} isa ring if addition and multiplication are 
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d 
d 
a 
b 
c 


RA Ss 
E^ ocn 
BÉ n° T 
FRAN 


Is this a commutative ring? Does it have a unity? What is the zero of this ting? 
What is the additive inverse of each element of this ring? 


11. Show that neither of the following can possibly be the addition table for a ring 


consisting of the set (a,b, c, d) of four elements. 


(+) | a bed (+) | a be d 


12. If a ring has exactly n elements, then its addition table is a square array of n rows 
and n columns with the ring elements serving as indices for the rows and columns. 
Based upon an examination of the tables in this section, one might guess that each 
ring element appears exactly once in each row and in each column of the addition 


table. Prove that this is indeed the case for every ring. 


13. Define addition of integers in the usual way, but define the “product” of any two 
integers to be zero. Is the set of all integers a ting with respect to addition and this 
new “multiplication”? 


14.. Let R be an arbitrary ring and consider matrices 


a b 
c df 
where a, b, c, d € R. If addition and multiplication are defined as in Example 9, 


prove that we obtain a ring. This ring is called the ring of all two-by-two matrices 
over the ring R. 


15. Prove that if a ring R contains elements s and t such that st # 0, then the ring of all 
two-by-two matrices over R is a noncommutative ring. 


16. Make addition and multiplication tables for the ring of all subsets of the 
set A = {1,2}. Verify that by a proper choice of notation this ring is the ring of 
Example 3. 


17. The following is an addition table and part of the multiplication table for a ring 
with three elements, Make use of the distributive laws to fill in the rest of the 
multiplication table. 
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D 


Is this a commutative ring? Does it have a unity? 


18. Do the same as in the preceding exercise, using the following addition table and 
partial multiplication table for a ring with four elements. | 


(+) | a bc d 


a abcd 
b bade 
c cda b 
d dc ba 


Is this a commutative ring? Does it have a unity? 


19. If a and b are any integers let us give the following new definitions of "addition" 
and "multiplication," indicated respectively by “®” and “O”: 13 


a®b=a+b-1, aOb-a-bc ab. 


Veri*y that with respect to these definitions of "addition" and “multiplication” the 
set of all integers is a commutative ring with unity. What is the zero of this ring? 


20. If R and S are sings, give a detailed proof that the direct sum R @ Sisa ring. ` 


21. (i) If the ring R has m elements and the ring S has n elements (m and n being 
positive integers), how many elements are there in the direct sum R @ 5? i 
(ii) Give an example of a commutative ring with 16 elements and an example of à 
noncommutative ring with 16 elements. ? 
(iii) Give an example of a ring with 32 elements which does not have a unity. 


2.4 SOME PROPERTIES OF ADDITION 
AND MULTIPLICATION 


So far we have given the definition of a ring and have presented 4 
number of examples of rings of many different kinds. By now it should be cleat 
that when we think of an arbitrary ring we should not necessarily think of one - 
of our familiar number systems. Accordingly, we cannot consider any - 
properties of a ring as being obvious, except those actually used in the .| 
definition. In this section we shall give proofs of a number of properties of any 


ring. At first, we consider only properties of addition, and hence will use in out 
proofs only the properties P,-P,. 
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Before proceeding, it may be well to recall that if a and b are elements of 
a set (in particular, of a ring), by a = b we mean that a and b are identical 
elements of the set or, looked at another way, a and b are different symbols for 
the same element. As a consequence of this usage of "equality," it is clear that 
equality is an equivalence relation. Furthermore, when working in a ring, the 
definition of a binary operation implies that if a = b and c = d, then a + c = 
b + d and ac = bd. In the proofs below, we shall freely use these facts with- 
outexplicit mention. 

First, let ús prove the following result. 


2.3 Theorem. The zero of a ring R, whose existence is asserted by P5, 
is unique. 


PROOF. Bythis statement, we mean the following. If 0, 0' € R such that 
for every element a of R, 


(1) a+0=a 
and also 
(2) a+0' =a, 


then 0 = 0° The proof is as follows. Since Equation (1) is true for every 
element a of R, we may replace a in this equation by 0’. Hence, we have 
that ^ 


(3) 0 4-02 0'. 
In like manner, it follows from Equation (2) that 
(4) 0+0'=0. 


Since, by the commutative law of addition, 0’ +0 = 0 + 0’, it follows 
from Equations (3) and (4) that 0 = 0’, and the proof is complete. 


In view of this result, we are Justified in speaking of the zero of a ring. 
An element which is not the zero may naturally be called a nonzero element. 

We may observe that this is the first theorem which we have proved 
about an arbitrary ring: that is, the definition of a ring has this result as a 
logical consequence. Although the truth of this theorem may be easily verified 
for all the specific examples of rings which have been given, the verification for 
any number of examples would not in itself constitute a proof that it is always 
true. Now we know that it must be true in every ring. A considerable number of 
Other results for arbitrary rings will be obtained as we proceed. 
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We next prove the following theorem. 


2.4 Theorem (CANCELLATION LAWS OF ADDITION). If a, b, and c are 
elements of a ring R, the following are true: 


(i) If a-- c — b - c, thena — b, 
(ii) If c+ a = c + b, then a = b. 


PROOF. We proceed to prove the first statement of this theorem. Let us _ j 
therefore assume that : 


(5) a+c=b+c. 

By P,, there exists an element t of R such that 
(6) c+t=0. 

Now it follows from Equation (5) that 


(7) (at+c)+r=(b+c)+t. 
But 
(@+c)+t=a4+(c4+2) (assoc. law) 
=a+0 (Equation (6) 3 
=a (definition of 0). 1 
Similarly, 
(b+c)+t=b+(c-+2) 
=b+0=b. 3 
From these calculations, and Equation (7), we see that a = b, as we 


wished to show. EI 
In view of the commutative law of addition, part (ii) of the - 
theorem follows at once from part (i). 1 


Although the definition of the zero requires that a + 0 =a for every | 
element a of a ring R, we can now observe that the zero of a ring is completely - 
determined by any one element. By this statement, we mean that if d is some 
one element of R and d + z = d, then we must have z = 0. Of course, this factis ' 
an immediate consequence of the preceding theorem. For d + z = d and 
d + 0 = d imply that d + z = d +0, from which it follows that z = 0. 1 

The next result is also an almost immediate consequence of the - 
preceding theorem. 


2.5 Corollary. The additive inverse of an element a of aring R, whose — 
existence is asserted by Property P, is unique. ; 
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PROOF. To prove this statement, suppose that a+ x — 0 and that 
a+y=0. Then a + x = a + y, and one of the cancellation laws of 
addition shows at once that x — y. 


Since each element a of R has exactly one additive inverse, we shall find 
it conyenient to denote this additive inverse by — a, and shall also often write 
b +(—a) in the form b — a. It may be helpful to have in mind a verbal 
definition of —a as follows, *—a is the element of R which when added to 
a gives 0.” That is, if a + x = 0 (or, equally well, x + a = 0), it follows that 
x- a. 

Since a + (—a) = 0, we see also that a is the additive inverse of —a, 
that is, that —(—a) = a. We have thus established the first of the following, 
where a, b, and c are arbitrary elements of a ring: 


(i) =(~a) =a, 


26 ® —(a+b)= —a — b, 
2 (iii) —(a—b)- —a4 b, 
(iv) (a— b) —c-a- (b 4 c). 


Let us prove the second of these statements. Now —(a + b) is, by definition, 
the additive inverse of a + b, and we proceed to verify as follows that also 
_—a — bis the additive inverse of a + b; 

(a + b) (Ca — b) = (a + b) + (—a) + (—b)) (notation) 
[(a + b) + (—a)] +(—b) (assoc. law) 
[a + (b + (—a))] +(—b) (assoc. law) 
=[a+(—a+b)]+(—)b) (comm. law) 
= [(a -- (—a)) +b]  (—b) (assoc. law) 


Wow 


= (0 + b) + (—b) (def. of —a) 
=b+(-b) (def. of 0) 
u (def. of —b). 


We therefore see that both —(a + b) and —a — b are additive inverses of 
a + b. Hence, the uniqueness of the additive inverse implies that 


—(a b) 2 ~a =b, 
and the proof is complete. The proofs of the other two parts of 2.6 will be given 


as exercises in the next list of exercises. à 
The next theorem of this section is the following. 


2.7 Theorem. If a and b are elements of a ring R, the equation 
a + x = b has in R the unique solution x = b — a. 
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PROOF. It is easy to verify that x = b — a is a solution. For 


a+(b—a)=a+(—a+b) (comm. law) 
=(a+(—a)) +b (assoc. law) 
=0+b=b. 


The uniqueness of the solution follows from one of the cancellation laws. 
For if we have a + x = b and a + y = b, then a + x = a + y, and this 
implies that x = y. 


Next we shall establish some properties of a ring that involve 
multiplication only and some that involve both addition and multiplication. 
First, we prove the following result. 


2.8 Theorem. A ring can have at most one unity. 


PROOF. The proof is much like the proof of the uniqueness of the zero. 
Suppose that e, e' e R such that for every elements a of .R,_ 


(1) ea — ae — a, 
and also 
Q) e'a — ae' =a, 


In particular, Equation (1) must hold for a — e', that is, we must have 
(3) ee’ — e'e - e. 
Similarly, by actin a = ein Equation (2), we obtain 

(4) e'e — ee' — e, 


Equations (3) and (4) then imply that e = e', and there is only one unity. 
If a ring has a unity, we may therefore properly speak of the unity of a 
ring. 


We next make the following definition. 


2.9 Definition. Let a be an element of a ring R with unity e. If there 
exists an element s of R such that 


as — sa — e, 


then s is called a multiplicative inverse of a. 
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One of the defining properties of a ring states that every element has an 
additive inverse. However, simple examples show that the situation may be 
quite different for multiplicative inverses. In the ring of all real numbers it is 
true that every nonzero element has a multiplicative inverse, In the ring Z of all 
integers, there are exactly two elements that have multiplicative inverses, 
namely, 1 and — 1. In the ring of all subsets of a given set 4 (Example 10), the 
only element that has a multiplicative inverse is the unity e of the ring, that is, 
the subset consisting of the entire set A. For if a and b are elements of this ring, 
ab (which we defined to be a ^ b) is a proper subset of A if either a or b is a 
proper subset of A. Hence, ab = e only if a = e and b = e. 

In view of these examples, it is clear that we must never take it for 
granted that an element of a ring necessarily has a multiplicative inverse. 
However, the following result is easy to establish. 


2.10 Theorem. If an element a of a ring R with unity e has a 
multiplicative inverse, it is unique. 


PROOF. Suppose that both s and t are multiplicative inverses of the 
element a. Then, using the fact that sa — e and the associative law of 
multiplication, we see that 


slat) = (sajt — et = t. 
But since at = e, it is also true that 
s(at) = se = s, 


and it follows that s = t. 


In case a has a multiplicative inverse, it is customary to designate this 


multiplicative inverse by a`! 4 
It will be recalled that the zero of a ting has been defined in terms of 
addition only. However, we shall now prove the following theorem, which has 


a familiar form. 


2.11 Theorem. For each element a of aring R, we have 
a:0=0-a=0, 
PROOF. Since a 4- 0 = a, it follows that 


ala + 0) — aa. 
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But, by one of the distributive laws, 


à(a +0)=a'a + a:Q. 


Hence, 


a-a+aO0=a:a, 


Now we know that aʻa + 0 = a'a and, by Theorem 2.4, we conclude 
that a0 = 0. i 


In case R is a commutative ring, it follows from what we have just 7 
proved that also 0: a = 0. If R is not commutative, a proof that 0-a = Ocan 1 
easily be given using the other one of the distributive laws. This proof will be 
left as an exercise. k 


The following can now.be verified in turn for arbitrary elements a, b, 2. 
and c of a ring: 


(i) a(—b) = —(ab), 

(ii) (—a)b = —(ab), 
2.2 (iii) (—a)( — b) = ab, 

(iv) a(b — c) = ab — (ac), 

(v) (b — c)a = ba — (ca). 


The proof of (i) goes as follows. We have 
a(b + (—b)) — a-0 — 0. 
However, by one of the distributive laws, we know that 
a(b + (—b)) = ab + a(— b). 
Hence, 
ab + a(—b) = 0. 


But since ab has a unique additive inverse —(ab), it follows that a(—b)= — 
— (ab). The proofs of the other parts of 2.12 will be left as exercises. 
In view of 2.12(i) and (ii), we see that 


—(ab) = (—a)b = a(— b). 


Accordingly, in later sections we shall usually write simply — ab for any one of 
these equal expressions. 


Subrings 1 
Let us now make a few remarks about the concept of subring. If Sisa — 


subring of R, then not only is the set S a subset of the set R but also S must be E 
closed under the operations of addition and multiplication already defined in. 1 
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R. In particular, it follows that the zero of R is also the zero of S and, moreover, 
the additive inverse of an element of the subring Sis identical with the additive 
inverse of this element considered as an element of R. (Why?) Several of the 
defining properties of a ring hold in S simply because they hold in R. For 
example, the associative law of addition clearly holds in S because it holds in R 
and S S R. 

The following theorem furnishes a convenient way to determine 
whether a set of elements of R is actually a subring of R. 


2.13 Theorem. Let R be a ring and S a nonempty subset of the set R. 
Then S is a subring of R if and only if the following condition holds: 
Whenever a, b are in S, then ab and a — b are in S. 


PROOF. It is necessary to show that S is closed under addition. Let a be 
any element of S. The assumption made in the theorem implies that 
a — a = Qis an element of S. Next for any bin S, we have 0 — b = —b is 
in S. Now finally for any elements a, b in S, we have —b is in S and 
so consequently a — (— b) = a + b is in S. Thus S is closed under addi- 
tion, and consequently S$ is a subring. 


EXERCISES 


+ Prove 2.6(iii) and (iv). 


- If a and b are elements of the ring of all subsets of a given set (Example 10), show 
that (i) a = —a and (ii) the equation a + x = b has the solution x = a + b. 


. Complete the proof of Theorem 2.11 by showing that 0-a = 0 for every element a 
of any ring. 


. Prove 2.12(ii)- (v). 


n 


e 


a 


5. If a, b, c, and d are elements of a ring, prove each of the following: 
(i) (a + b)(c + d) = (ac + ad) + (bc + bd), 
(ii) (a + b)(c + d) = (ac + bc) + (ad + bd), 
(iii) (a — b)(c — d) = (ac + bd) — (bc + ad), 
(iv) (a + b)(c — d) = (ac + bc) — (ad + bd), 
(v) (a — bYc + d) = (ac + ad) — (bc + bd), 
(vi) (a( — )(— c) = a(bc). 
6. Verify that every nonzero element of the ring of Example 7 has a multiplicative 
inverse. 


Show that an element (a, b, c) of the ring L of Example 8 has a multiplicative inverse 
if and only if a = +1 andc= 1. 


D 


M,Z) of Example 9: 


Doa [a 5] 


(ii) Show that the element 
1 2 
03 


of the ring M,(Z) does not have a multiplicative inverse in M,(Z). 
(iii) For a general element 
ab 
d c d 


of this ring, show that x has an inverse if and only if ad — bc = +1. 


9. Let R be a ring with unity. If a and b are elements of R that have multiplicati D 
inverses, show that ‘ab has a multiplicative inverse by verifying that (ab) 
ba". 

10. Give an example of elements a and b of some ring such that a~' and b^ ! exist, bul 
(aby! ža th", 

H. Suppose that a, c, and d are elements of a ring R and that a has a multiplic: 
inverse in R. Prove that if ac = ad (or ca — da), then c — d. Show how Theo 
2.10 may be considered to be a special case of this result. 

12. If Rand S are rings, verify that the set of elements of the direct sum R @ Sof ne 
form (a,0), where æ € R and 0 is the zero of S, is a subring of R@S. 

13. Give an example of a ring R having a subring S such that 
(i) R has a unity and $ does not have a unity, 

(ii) R does not have a unity but S has a unity, 

(iii) R and S have the same unity, 

(iv) R and S both have unities, but they are different, 
(v) Risa noncommutative ring and S is commutative, 


14. Show that the set of all elements of the ring M,(Z) of Example 9 of the form 4 


x 0 
y zl 
where x, y, ze Z, isa subring of the ring M,Z). 


15, If S and T are subrings of a ring R, show that S T is a subring of R. Give a 
example to show that S U T need not bea subring. : 


16. (i) Give the addition table and multiplication table for a ring with exactly ont 
element. : : 
Gi) If a ring R has more than one clement and has a unity e, show that e x 0. 


17. Let R be an arbitrary ring and a c R. Prove that the set (x|x e R, ax = 0} isa Y 
subring of R. E 
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2.5 GENERAL SUMS AND PRODUCTS 


The operations of addition and multiplication are binary operations; 
that is, they apply to two elements only. Let us now consider how we can givea 
meaning to sums or products of three or more elements of a ring. 

If a,, a), and a, are elements of a ring, let us define d, + a, +4; as 
follows: 


2.14 a; + d5 + 03 — (a; + a5) + a5. 
However, by the associative law of addition, it then follows that 
2.15 4, t 05-43 — 4, + (a, - 45), 


and therefore a sum of three elements is independent of the way parentheses 
might be introduced to indicate the manner of association of the elements; 

Now that we have defined a sum of three elements of a ring, let us 
define a sum of four elements as follows. 


2.16 d, + ay + a3 +a, = (a; +a, + a3) + a4. 
The associative law of addition then shows that 

2.17 a, + 45 + a3  d4 = (a, + az) + (a3 + a4) 
and also that 

2,18 a; + ay +a; +a, — dj + (a, + a + a5). 


These calculations verify that the sum of four elements is also independent of 
the way in which the elements may be associated. In general, if kis a positive 
integer such that 


a, a, +6 + ay, 
. has been defined, we define 
2.19 dic; a atu, = (Ay as ay) au 


Itshould then appear that this gives usa definition of the sum of any number n 
of elements of a ring. Such a definition is called a recursive definition, and 
definitions of this kind will be considered more carefully in the next chapter. 

We shall not write out the details, but in precisely the same way it is 
possible to give a recursive definition of a product of any number n of elements 
of a ring. 


Exponents 

We next observe that positive integral exponents may be defined in any 
ting Rin the usual way. If ais an arbitrary element of R, we may define a‘ = a, 
a? = a-a,and, in general, if k is a positive integer such that a* has been defined, 
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we define a‘*' = a*a. The following familiar laws of exponents now hold, 
where m and n are arbitrary positive integers: 


(i) 
220 i) (a^ — am. 

Suppose, now, that a, b € R. Then (ab)? = (ab)(ab), and if ba + ab, (ab)? 
may not be equal to a*b?, However, if ba = ab, it does follow that (ab)? = 
a(ba)b = a(ab)b = a?b?, In general, it is not difficult, using mathematical 
induction, to show that if Risa commutative ring and mis any positive integer, 
then 


221 (ab)” = a": p". 


We may remark that negative integral exponents can be defined if we 
restrict attention to elements which have multiplicative inverses, However, we 
shall postpone any consideration of negative exponents until a later chapter. 


Multiples 


We now introduce a convenient notation for multiples that parallels the 
exponent notation for powers. If a e R, let us define la = a, 2a = a + a, and, in 


(—2)a = 2(—a) = ~4-a=—(a+q)= — (2a). 


The reader may easily be convinced of the truth of the fo 
understood that m and nare any integers( po 
and b are arbitrary elements of any ring R: 


t llowing, it being 
sitive, negative, or zero)and that a 


(i) ma + na = (m + n)a, 
(ii) m(na) = (mn)a, 
222» (iii) m(a + b) = ma + mb, 
(y) m(ab) = (ma)b = a(mb), 
(9) (ma)(nb) = (mn)(ab). 
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Complete proofs of many statements in this section require the use of 


mathematical induction. Some statements will be proved in later sections. Our 
present point of view will be to accept the truth of these statements. In 
particular, it is permissible to write sums or products of more than two 
elements without the use of parentheses. 


- 


> 


nm 


10. 


EXERCISES 

. If R is a commutative ring, verify that (ab)! = a*b? for all a and h in R. 

. If ais any element of the ring of Example 3, verify that 2a = 0. (The zero of the ring 
is u.) d 
In the ring M;(Z) described in Example 9, let 

1 2 0 1 
A -f il and s-[ d 

Verify that (AB)? # A? B7. 
If x and y are any elements of the ring K of Example 6, verify that (xy)? = x^y*. 
even though this is not a commutative ring. 
Let A be a nonempty set, and let R be the ring of all subsets of A as in Example 10. 
Show x? — x and 2x — 0 for every x in R. 
A ring R is called a Boolean ring if a? = a for every element a of R. If Risa Boolean 
ring and a € R, prove that 2a — 0. Then prove that R is necessarily a commutative 
ring. [Hint: Consider (a + b)?.] 
Prove that the direct sum R @ S of two rings R and $ is a Boolean ring if and only 
if both R and S are Boolean rings. 
Give an example of a Boolean ring with 32 elements and an example of a ring with 
32 elements which is not a Boolean ring. 
Let R be a ring and K a subring of R with the special property that if c € K and 


r € R, then cr e K andrc e K. If a,b e R,letusdefinea ~ b to mean thata — beK. 


Prove each of the following: 

(i) ~ is an equivalence relation on the'set R. 

(ii) If a, b, c, and d are elements of R with a ~ 
and ac ~ bd. 


b and c ~ d, then (a + c) ~(b + d) 


If there exists an element e, of a ring R such that eja = a for every element a Ps 
e, may be called a left unity of R. Similarly, e; is a right unity of R if ides : i 
every element a of R. Verify that the set $ of all two-by-two matrices over of the 


form 
a b a;b eZ, 
0 oJ 


is a subring of the ring M,(Z) of all two-by-two matrices over Z. Then prove each — 
of the following: 


(i) The ring S has a left unity but no right unity. 
(ii) The ring S has an infinite number of left unities. 


+ Using the definitions of the preceding exercise, prove that if a ring R has a unique i 
left unity, it is also a right unity (and therefore the unity). [Hint: If e, is a left unity — 
and c € R, show that e, + ce, — c also is a left unity.] 


26. HOMOMORPHISMS AND ISOMORPHISMS 


The concepts to be introduced in this section play an exceedingly 
important role in modern algebra. Before giving formal definitions, we 
illustrate the ideas by several examples. 


Example 1: Let Z be the ring of integers and T the ring of Example 5 of Section 2.3, 
Whose addition and multiplication tables we here reproduce for convenience. 


(+) |] 0 e (.10 e 
0 0 e 0100 
e e 0 e 0 e 
Now let 0:Z > T be the mapping defined as follows for i eZ: 
Wie sm 
e ifiisodd. 
Thus, for example, 0(4) = 0 and 9(7) = e. We next Observe that 
04-7) = 011) = e = &(4) + (7) 


and also that 


04-7) = 0(4)-0(7), 


Actually, it may be verified that similar results always hold: Thaí is, if i, j e Z, then 


0G + j) = 06) + 0(j) 


and 


we would get if we thought of 0 as stand 
example, e + e = 0 and "odd" + “odd” = « 


What we have observed is that in this example “the image of a sum is 


the sum of the images.” More precisely, if we take the sum of i and jin the ring 
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Z, the image of this sum is the sum in the ring T of the respective images of i 
and j. This fact is often expressed by saying that the operation of addition is 
preserved under the mapping 0. Similarly, the operation of multiplication is also 
preserved under this mapping 8. 

Now the mapping Ó of this example is clearly a mapping of Z onto T, 
and we have indicated that both the operations of addition and multiplication 
are preserved under this mapping. According to the definition below, the 
mapping 8 is an example of a homomorphism of the ring Z onto the ring T. 


Example 2: Let R and S be arbitrary rings, and let 9:R x S — R be the projection 
of the set R x S onto R, as defined in Example 2 of Section 1.2, Since the set R x S 
becomes a ring R & S under natural definitions of addition and multiplication, $ 
may be considered as a mapping of the ring R @ S onto the ring R defined by 

(r,s) =r, (rs)eR GS. 


We assert that the operations of addition and multiplication are preserved under 
the mapping ¢. That this is true for addition is a consequence of the following 
simple calculations: 
[(ri51) + (r2,52)] = Ori + 025,5 + 52) — ri t r2 
= ó(ri 5i) + (r2, 52). 
A similar calculation will verify that multiplication also is preserved under the 
mapping ¢. Hence ¢ is a homomorphism of R @ S onto R. 


Example 3: Let K = {a,b,c,d} be the ring of Example 6 of Section 2.5 with addi- 
lion and multiplication tables which we here reproduce. 


(+) |abed 


a 
c 
a 
[4 


Now let L— {i j,k,l}, with addition and multiplication on L defined by the 


following tables. 


It can be proved that L is a ring with respect to these definitions of addition and 
multiplication. At first glance, the rings K and L may seem quite different, but it is 
not difficult to verify that they are identical except for the notation used. If in the 
tables for K we replace a by k, b by i; c by j, and d by | the tables will coincide except 
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for the order in which the elements are written down. Let us state this fact more 
precisely as follows. Let V:K — L be the mapping defined by 


4(0-k wb-i W9)-j wa) 


Let us now give formal definitions of the concepts which have been 
introduced in the above examples, 


2.23 Definition, A mapping 0: R >S of a ring R into a ring S is 


calleda homomorphism if and only if for arbitrary elements 4, b, of R, the 
following hold: 


2.24 (a + b) = (a) + o(p), 9(ab) = 6(a)6(b). 


If there exists a homomorphism of R onto S, we may say that R is 
homomorphic to S or that Sis a homomorphic image of R. 


A brief wa 
multiplication, 

The followin 
Separate definition, 


y of referring to 2.24 is to say 6 Preserves addition and 


8 Special case is of such importance that we give it a 


2.25 Definition, A homomorphism whic! 
mapping is called an isomorphism, If there j 
S, we may Say that R is isomorphic to S ort 
of R. 


h is a one-one and onto 
san isomorphism of R onto 
hat Sis an isomorphic image 


eral concept is 
ve Occasion to refer to 
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It may be worth observing that there always exists a trivial homomor- 
phism of any ring R into any ring S. We have only to define the image of cvery 
element of R to be the zero element of S. Of course, this does not assert that Sis 
a homomorphic image of R. 

If the mapping 0: R — S is an isomorphism of the ring R onto the ring 
S, it may be verified that the mapping 0^! :S — R, as defined in Section 1.2, is 
an isomorphism of $ onto R. Accordingly, if R is isomorphic to S, then $ is 
isomorphic to R; we may sometimes simply say that R and S are isomorphic 
rings. As suggested by the last example above, it should be clear that 
isomorphic rings may be considered as differing only in the notation used 
to indicate the elements of the rings. Accordingly, isomorphic rings are 
sometimes said to be abstractly identical. 

The most fundamental properties of homomorphisms are stated in the 
following theorem. It should be kept in mind that an isomorphism is a special 
case of a homomorphism, so that isomorphisms certainly have the stated 
properties. 


2.26 Theorem. Let0:R — S be a homorphism of the ring R into the 
ring S. Then each of the following is true: 


(i) If 0 is the zero of R, then 6(0) is the zero of S. 

(ii) If a € R, then 6(—a) = —6(a). 

(iii) If R hasa unity e and 0 is an onto mapping, then S has 0(e) as unity. 

(iv) Suppose that R has a unity and that 6 is an onto mapping. If a is an 
element of R having a multiplicative inverse, then 6(a~*) = (a). 

(v) If R is a commutative ring and 0 is an onto mapping, then S is a 
commutative ring. 


PROOF OF (iii). We need to show that s6(e)=O(e)s=s for every 
element s of S. Let s be an arbitrary element of S. Since 0 is an onto 
mapping, there exists at least one element r of R such that 0(r) = s. Now 
e is a unity of R, and therefore re = er =r. Hence O(re) = O(er) = 6r. 
Since multiplication is preserved under the mapping 6, it follows that 
9(r)(e) = (e)8(r) = 6(r), or sé(e) = O(e)s = s, as required. 


We leave the proof of the other parts of the theorem as an exercise. 


EXERCISES 
In these exercises the examples referred to are those of Section 2.3. 


1. Prove Theorem 2.26(i), (ii), (iv), and (v). 


2. In the ring K of Example 6, show that {a, b} is a subring of K which is isomorphic 
to the ring of Example 5. 
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3. 110: R + S isa homomorphism of the ring R into the ring S, prove that the set T of 
all images of elements of R is a subring of S. 


4. Let R denote the field of real numbers and let C denote the ring of all real-valued 
functions on the interval [0, 1] (Example 4). Let p be any fixed number on the 
‘interval [0,1]. Define a function ¢:C +R by the rule Mf) = f(p) for each 
function f in C. Show that $ is a homomorphism. Determine if this homomor- 
phism is either one-to-one or onto. 


5. If Rand S are rings, verify that the subringof R @ S consisting of all elements of 
the form (7,0), r € R, is isomorphic to R. 


6. Show that the set of all elements of the ring L of Example 8 of the form (x, 0, x), 
x € Z, is a subring of L which is isomorphic to Z. 


7. If L is the ring of Example 8, show that the mapping 0:L-+Z defined by 
Ü(a,b,c) = ais a homomorphism of L onto Z. 


8. It was shown ina previous exercise that the set of all elements of the ring M,(Z) of 
Example 9 of the form 
F 3 x,y,zeZ, 
y 2 


is a subring U of M;(Z). Show that the mapping 0: U — L defined by 


pro 9 Z 
pu = (x, y, 2), x,y,z EZ, 


' is an isomorphism of U onto the ring L of Example 8. 


9. Let U be the ring in the previous exercise. Define 0:U > Z by 


T | =z 
ONA 
Show that 0 is a homomorphism of U onto Z. Is it one-to-one? 


10. If Ris the Ting of all subsets of the set (1,2), and S is the ring of all subsets of the set 
{x}, exhibit a homomorphism of R onto S. 


11. Let X = (52,3) and Y = {a,b}. Select an: 


6(4) = (a(a):a € A]. 

Thus 0 maps a subset 4 of X into the subset 

* of the elements of A. Show that 6 is a ho; 

12. If Rand S are rings, 
13. If 0:R, > R; and @: 
9f S, onto 85, 


of Y consisting of all the images under 
momorphism of R onto S. 


Prove that the ring R @ Sis isomorphic to the ring S @ R. 


Sı S, are, respectively, 


Ws homomorphi 
exhibita homomorphism of i rphisms of R, onto R, and 


1,9 8, onto R, © $. 
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14. 


HEAS, 


16. 


Give examples of a ring R without unity and a ring S with unity such that S is a 
homomorphic image of R. 
Give examples of a noncommutative ring R and a commutative ring S such that S 
is a homomorphic image of R. 
Let R be a ring without unity. On the set R x Z let us define addition and 
multiplication as follows: 

(a,i) + (b,j) = (a + b,i +j), 

(a, i(b, j) = (ab + ja + ib, ij). 


Prove that with respect to this addition and multiplication R x Zisa ring with 
unity and that this ring contains a subring which is isomorphic to R. 


. Let R be the ring of Exercise 19 of Section 2.3. Then as sets R and Z are identical, 


but they are distinct as rings since the operations are different. Show that the 

mapping 0: Z — R defined by b(a) = 1 — a, a € Z, is an isomorphism of Z onto R. 

If 0:R + S is a homomorphism of the ring R onto the ring S, prove each of the 

following: 

(i) If A is a subring of R, then the set 0(A) = (0(a) |a € A} is a subring of S. 

(ii) If B is a subring of S, the set C of all elements c of R such that 0(c) e B isa 
subring of R. 


Pater 3 


Integral Domains and Fields 


The properties that were used to define a ring were suggested by simple 
properties of the integers. However, since we have had numerous examples of 
commutative rings with unity that bear little resemblance to the ring of 
integers, it must be the case that the ring of integers has other properties in 
addition to those listed in the axioms defining a commutative ring with unity. 
We shall give some of these additional properties in this chapter, and in some 


important method and use it to Prove some results discussed in Section 2.5. 
] Our approach is not limited to the discussion of the integers; we shall 
introduce two classes of commutative rings— integral domains and fields— 
of which the integers and rational numbers are respectively examples. These 
two classes of rings are closely related as will be seen in the later sections: 


3.1 DEFINITION OF INTEGRAL DOMAIN 


We have proved that if Ois the zero of a ring R, then a-0 = 0- a = Ofor 
every element a of R. Of course, this is a familiar property of our elementary 
number systems, However. in some of the rings previously mentioned there 
*xist elements c and d, both of which are different from zero, such that cd = 0. 
For example, in the ring of Example 3 of Section 2.3 we have wx = u, where u 
is the zero, As another example, consider the Ting of all subsets of a given set 
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(Example 10). The empty set is the zero of this ring and, by the definition of — 
multiplicationin this ring, if c and d are subsets whose intersection is the empty. 
set, then cd = 0. In discussing elements of the type just mentioned, it will be 
convenient to make the following definition. 


3.1 Definition. An element a of a ring R is said to be a divisor of zero 
in R if thereexists a nonzero element c of R such that ac — 0 or a nonzero 
element d of R such that da = 0. 


It is trivial that the zero of a ring R is a divisor of zero (provided R has 
more than one element and therefore has a nonzero element to play the role of 
cor d in the above definition). The possible existence of zero divisors in a ring 
forces one to exercise care when dealing with operations that are very familiar 
in the usual number systems. The cancellation laws which are frequently used 
when solving equations involving real numbers, for instance, do not hold in 
general rings. The following simple result shows the connection between zero 
divisors and the cancellation laws. 


3.2 Theorem (CANCELLATION LAWS OF MULTIPLICATION). If a is not 
à divisor of zero in a ring R, then each of the following holds: 


(i) If b, c e R such that ab = ac, then b =c. 
(ii) If b, c e R such that ba = ca, then b = c. 


PROOF. Let us prove (i) of this theorem. If ab — ac, it follows that 
a(b — c) 2 0. Then, since a is not a divisor of zero, we must have. 
b — c = O or b = c. Of course, part (ii) follows by a similar argument. 


It is important to keep in mind that the cancellation laws of 
multiplication hold only if a is not a divisor of zero. j 

In most of this chapter we shall be studying rings without nonzero 
divisors of zero. In such a ring the cancellation laws of multiplication as stated 
in Theorem 3.2 always hold provided only that a # 0. Moreover, in order to 
restrict ourselves for the present to rings more like the ring of integers, we shall 
also require our rings to be commutative and to have a unity. The next 
definition gives a convenient way to refer to rings having all of these 
Properties. 


3.3 Definition. A ring D with more than one element is called an 
integral domain if it is commutative, has a unity, and has no nonzero 
divisors of zero. | 
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An alternate way of stating that a ring D has no nonzero divisors of 
zero is to say that it has the following property: 

If r,s € D such that rs = 0, then r =O ors = 0. 

In view of the definition of an integral domain, the cancellation laws of 
multiplication (as stated in Theorem 3.2) are always valid in an integral 
domain so long as a x 0. 

The most familiar examples of integral domains are the ring of integers, 
the ring of real numbers, and the ring of complex numbers. The reader may 
verify that the rings of Examples 1, 2, 5, and 7 of Section 2.3 are integral do- 
mains, whereas the rings of Examples 3, 4, 6, and 10 are not integral domains. 


3.2 ORDERED INTEGRAL DOMAINS 


; One important Property of the integers that has not been mentioned so 
far is that they can be ordered, If we think of the integers as being exhibited in 


34 Definition, An integral domain D is said to be an ordered 
integral domain if D contains a subset D* with the following properties: 


(i) If a, be D+, then a *tbeD* 
(i) If a,b € D*, then ab eD* 
(iii) For each element a of D exactly one o 


(closed under addition). 
(closed under multiplication). 
f the following holds: 


a=0, aeD*, -aqep* (trichotomy law). 


The elements of D* arecalled the Positive elem 


of D that are not in D* are called the negative elements of D, 


bare may emphasize that D* is just the notation used to designate a 

inia sj Subset of an Ordered integral domain D. No Significance is to be 
z 3 the use of the symbol “+” in this connection, 

viously, the set Z+ of Positive integers has the properties Tequired of 

4 i ordered integral domain. 

“owever, there are other ordered integral domains such as, E rne. the 

mbers or the integral domain of all real 


ents of D. The nonzero elements 
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numbers. However, not all integral domains are ordered integral domains. For 
example, we shall prove later on that the integral domain of all complex 
numbers has no subset with the three properties listed in the preceding 
definition, and therefore this integral domain is not ordered. See also 
Exercise 20 at the end of this section. 

Now let D be any ordered integral domain, and let D* be the set of 
positive elements of D, that is, the set having the three properties stated in the 
preceding definition. We now show how D* is used to define an order relation 
on D. If c, d € D, we define c > d (ord < c)to mean that c — d € D*. Then it is 
clear that a > 0 means that a € D*, that is, that a is a positive element of D. 
Similarly, a < 0 means that —a € D* or that ais a negative element of D. The 
three properties of Definition 3.4 can then be restated in the following form: 


(i) Ifa» Oand b > 0, then a + ^ » 0. 
3.5 (ii) If a 2 0 and b > 0, then ab > 0. 
(iii) If a € D, then exactly one of the following holds: 


4-0, a>0, a«Q0. 


It is now not difficult to verify the following additional properties of 
inequalities: 


(i) Ifa b,thena-- c» b +c for every ce D. 
(ii) If a > band c > 0, then ac > bc. 
36 (iii) If a > b and c < 0, then ac < bc. 
(iv) If a >b and b > c, then a > c. 
(v) If a #0, then a? > 0. 


The proof of the first of these is as follows. If a >b, we have a — 
b » 0. However, a +c — (b + c) =a — b and we see at once that a +c — 
(b + c) > 0, that is, that a +c » b + c. 

Let us now prove 3.6(v). If a 0, then by the form 3.5(iii) of the 
trichotomy law, either a > 0 or —a > 0. If a> 0, it follows from 3.5(ii) that 
a?>0. If —a>0, the same argument shows that (—a)? > 0. Since, by 
2.12(iii), (— a)? = a?, it follows again that a? > 0. 

Proofs of the other parts of 3.6 will be left as exercises. i 

It is convenient at times to use some slight variations of the notation 
just introduced. The symbols a < b and b > a should be understood to mean 
the same thing. Also we can define a > b(orb < a) to mean that either a = bor 
47 b, without specifying which. We shall henceforth use this notation 
whenever convenient to do so. If a > 0, it is sometimes convenient to say thata . 
is nonnegative. By writing a < b < c, we shall mean that a < b and that also 

«c. 
If e is the unity of an ordered integral domain D, we have that e? ER 
* * 0, and therefore 2 > 0 by 3.6(v). Thus, in any ordered integral domain D, 
the unity is a positive element (that is, it is an element of D*). 
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In any ordered integral domain it is possible to introduce the concept 
of absolute value in the usual way as follows. 


3.7 Definition. Let D be any ordered integral domain and a e D. The 
absolute value of a, written as |a|, is defined as follows: 


(i) Ifa > 0, then jal = a. 
(ii) If a < 0, then |a] = —a. 


From this definition it follows that |0| — 0 and that if a 4 0, then 
la| > 0. aid 

A few properties of the absolute value which follow from the definition 
are given in the exercises. 


EXERCISES 


1. If a is a divisor of zero in a commutative ring R, show that ar also is a divisor of 
zero for every element r of R. 


2. Let N be the set of elements of an arbitrary ring R which are not divisors of zero. 


Prove that N is closed under multiplication, and verify by an example that N need 
not be closed under addition. 


3. Prove that if a hasa multiplicative inverse a^ 


‘ina ring R, then a is not a divisor of 
zeto in R. 


4. Consider the elements of the ring M,(Z) 


p T fa: b d —b 

Kap ro leat e. al 
Show that the first two elements are zero divisors. Show that the elements x and y 
are zero divisors if and only if ad — bc = 0. (Compare this with Exercise 8 of 
Section 2.4.) 

5. Determine all divisors of zero in the ring Z @ Z, 


6. ir Rand $ are integral domains, Prove that their direct sum R @ 'S cannot be an 
integral domain. 


7, Let R be the ring of all subsets of the set {x, 


(i) Determine all those elements of i inlienisue i f 
(i) D im UA S 2 ^ ? R which have multiplicative inverses 


which are divisors of zero. 
8. Let $ bea subring of the ring R. If S hasa u i bi ity, 
Prove that e is a divisor of Eu nity e # 0 but R does not have a unity. 


3,2), and Z the ring of integers. 


9. Give at least Sree, "j tings R and S with the property that there exists à 


andan t * t SEN " R 
but 6(o) is not a divi Rass clement a of R which is a divisor of zero in 
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1t. 


If a commutative ring R has a subset R* with the properties specified for D* in 
Definition 3.4, we may naturally call R an ordered ring. 


(i) Give an example of an ordered ring which is not an integral domain. 
(ii) Prove that if R has a nonzero divisor of zero, R cannot be an ordered ring. 


Prove 3.6(ii), (iii), (iv). 
In Exercises 12-18, the letters a, b, c, and d represent elements of an ordered 


integral domain. 


n. 


13. 
. Prove that if a, b, c, and d are all positive with a > b and c > d, then ac > bd. 


Prove that if a> b, then —a < ~b. 


Prove that if a > b and c > d, then a + c > b + d. 


. Prove that if a > 0 and ab > ac, then b > c. 

. Prove that |ab| = [a]: |b}. 

. Prove that —Ja| < a < Jal. 

. Prove that ja + b| < [a] + Ibl. 

. Prove: There cannot bea greatest element in an ordered integral domain D (that is, 


for each d e D there exists c € D such that c > d). 


. Use the result of the preceding exercise to give a convincing argument (a formal 


proof is not required) why an integral domain with a finite number of elements 
cannot be an ordered integral domain. 


. If Property 3.2(i) holds for every nonzero element a of a ring R, prove that R has no 


nonzero divisor of zero. 


. If Property 3.2(i) holds for every nonzero element a of a ring R, prove that” 


Property 3.2(ii) also holds for every nonzero element a of R. 


. Prove that in a Boolean ring, as defined in Exercise 6 of Section 2.5, every nonzero 


element except the unity (if it has a unity) is a divisor of zero. 


Prove that an isomorphic image of an integral domain is an integral domain. 
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among the ordered integral domains. Let us 


We need one further condition to characterize the ring of integers 
first make the following general 


definition. 


18 Definition. A set S of elements of an ordered integral domain is 


ie i ty subset U of S contains a least 
A ne ala co t U of S there exists an 


Qu that is, if for each nonempty subse 
clement a of U such that a < x for every element x of U. 


| 
| 
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i ed integral 2 
consider as known. We assume that the ring of integers : T rom : Ww dE 
domain in which the set of positive elements is well-ordere, cc ihe: nl 
we shall henceforth Speak of a proof of any property of the "sci nd 
mean a proof based on this assumption only. The theorem o 


The following theorem, which is the basis of proofs by paheman 
induction, is justas “obvious” as the fact that the Set of positive integers is 


E a $ ivea 
ordered. However, in accordance with our chosen point of View, we shall give 
Proof of this result. 


3.9 "Theorem, 


Let K be q set 9f positive integers with the following 
two properties: 


PROOF, To prove thi 
integer not in K, and 


nt m. Since, by (i), we have 1 € K, clearly m 1 and it follows that 
m>1 and therefore m — 1> 


; s 
- Moreover, m — le K since m wa 
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chosen to be the least element of U. Now, by (ii) with k = m — 1, we see 
that m e K. But m € U, and we have obtained the desired contradiction. 
The proof is therefore complete. 


The most frequent application of Theorem 3.9 is to a proof of the 
following kind. Suppose that there is'associated with each positive integer n a 
statement (or proposition) S, which is either true or false, and suppose we wish 
to prove that the statement S, is true for every positive integer n. Let K be the 
set of all positive integers n such that S, is a true statement. If we can show that 
le K, and that whenever ke K then also k + 1 € K, it will follow from 
Theorem 3.9 that K is the set of all positive integers. Since n e K means that S, 
is true, we may reformulate these remarks in the following convenient form. 


3.10 Induction Principle. Suppose that there is associated with each 
positive integer n a statement S, such that the following hold: 


(i) S, is true. 
(ii) If k is any positive integer such that S, is true, then also S,,., is true. 


Then S, is true for every positive integer n. 


A proof making use of the Induction Principle (or of Theorem 3.9) is 
usually called a proof by induction or a proof by mathematical induction. 

We have proved 3.9 (and 3.10) on the assumption that the set of 
positive integers is well-ordered. Exercise 10 below will show that, in fact, the 
Induction Principle is equivalent to the requirement that the set of positive 


integers be well-ordered. ; 
We may remark that there is another useful form of the Induction 


Principle in which condition (ii) is replaced by a somewhat different condition. 


(See Exercise 9 at the end of this section.) EEA 
As a first illustration of the language and notation just introduced, we 


consider a simple example from elementary algebra. If n is a positive integer, 
let S, be the statement that 


244464: 2n — n(n4 E), 


it being understood that the left side is the sum of the first n positive even 
integers. We now prove that S, is true for every positive integer n, by verifying 
(i) and (ii) of 3.10. Clearly, S, is true since $, merely states that 2 = 1:2. 
Suppose, now, that k is any positive integer such that S, is true, that is, such 
that the following is true: 


24446 2k — k(k + 1). 
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Then, by adding the next even integer, 2(k + 1), to both sides we obtain 


2 4-6 E 2k + 2k 1) = kik + 1) + 2(k + 1) 
= (k + 1)(k + 2). 


However, this calculation shows that 5,4, is true, and hence we have verified 

.. both (i) and (ii) of 3.10. The Induction Principle then assures us that S, is true 

` for every positive integer n. 

— ... . Wenow consider again part of the material of Section 2.6, and we first 
"illustrate by a simple explanation how a recursive definition really involves the 

-.. Induction Principle. The recursive definition of a", which was given earlier, 

may be stated in the following formal way. 


3.11 Definition, If a is an element of a ting R, we define a! = a. 


Moreover, if k is a positive integer such that a* is defined, we define 
att! = a*a, 


WA Now let S, be the statement, "a" is defined by 3.11.” The Induction 
-Principle then shows that S, is true for every positive integer n, that is, that a" is 
defined by 3.11 for €very positive integer n. 


uu Let usnow prove (2.20(i)) that if m and n are arbitrary positive integers, 


3.12 a" -q" = a*th, 
Let S, be the statement that for the 
positive integer m, Then, by definition 

. hence S, is true, Let us now assume ti 
true, that is, such that 


3.13 


Positive integer n, 3.12 is true for every 
of a" "1 we seethat a™-a! = a™+!, and 
hat k is a positive integer such that S, is 


a"-g* = qn*k 
for every Positive integer m. Then 
‘akg (by def. of a**1) 


Bet nA (by 3.13) 
(by def. of ai" *»*). 


equation 3.12 as a specia! 
n. 
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aslightly different notation the recursive definition asum 
3 elements of a ring. If lis a positive integer and bj, bzs- -+ bi: 


ring such that 

bebe +b 
is defined, we define 4 i 
314 b, bi ba m t bo seb) + brs: 


Now let S, be the statement that for arbitrary elements a,, d. 
a ring and for each positive integer r such that 1 <r < n, we have 
3.15 (a, 47 +a) + (ara E E On) =a ta 7 
To establish the generalized associative law of addition, we need to 
S, is true for every positive integer n. Clearly, S; and S, are true, and we 
S, and S in Section 2.6. We complete the proof by showing tha 
positive integer such that $, is true, then also S, , , is true. Otherwise 
if S, is true and r is an integer such that 1 < 7 < k + 1, we shall show th 


316 (ay + +a) + Geen 77 ei) = t0 xa 


definition (3.14) of the. 
case of 3.14, we have 


The case in which r = kis true at once by 
3.16. Suppose, then, that r « k. As a special 


qua bri mara tot Means 
This is used in the first step of the following calculation: e 


(a, a) + (arat el desee 
= (a, +77 +a) tee t +4) + +1) 
= (a, +a) + (arpi +7 FW) ten 
= (a, ona) ei 
=a tUe i 

This calculation establishes 3.16 and completes the proof. 
Ina similar manner the other results that were stated in 

be established by induction. Some of them are listed in the 

exercises. ; i 


(by a 
(b 


EXERCISES 


1. Prove the generalized distributive law: 
bla, +a, +: a,) = bay + 

2. Prove (2.20(ii)) that for arbitrary positi integers 
ary = 


62 Integral Domains and Fields CHAP, 3 


3. If a and b are elements of a commutative ring, prove (2.21) that (ab)" — a"b" for 
every positive integer m. 


a 


. If nis a positive integer and 41, 05,...,a, are elements of an integral domain such 
that a,a,°--a, = 0, show that at least one of the a's is zero, 


S 


I 0: R— Sisa homomorphism of the ring R into the ring S and a e R, prove that 
O(a") = O(a)" for every positive integer n, 


e 


Prove that if a and b are elements of a ring, for every integer m (positive, negative, 
or zero), 


mía + b) = ma + mb. 
Prove that if a and b are elements of a ring, for every integer m, 


3 


m(ab) = (ma)b = a(mb). 


. Prove that if a is an element of a ring, for all integers m and n, 


ma + na = (m + n)a. 


[Hint: Make a number of cases 
positive; one of m, n is positive and the ot 


- 
(zi 
g 
oO 
= 
o 
F 
8 
E 
E 
a 
& 
S 
G 
o 
m. 
g 
a 
E 
5 
a 


(G) S, is true, 
(ii) If kis à positive integer such that S, is true for every positive integer i < k, then 
also §, is true, 


» “If a set of positive 
» then the set Contains a least element.”] 


$4 A CHARACTERIZATION OF 
OF INTEGERS S 


The purpose of this section is lo prove the following theorem. 


3.17 Theorem, Let both 
Which the set hi 


d D' be ordered integral domains in 
isomorphic, 


of positive elements is well-ordered, Then D and D' are 


set 7 ie * assuming that Z is an Ordered integral domain in which 
ements is well-ordered, this theorem will show that Z is the 
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only ring with these properties (if we do not consider isomorphic rings as 
“different” rings). 

As a first step in the proof, we shall prove a lemma. In the statement of 
this lemma, and henceforth whenever it is convenient to do so, we shall make 
use of the notation introduced in Definition 3.4 and let Z* denote the set of all 
positive integers. 


3.18 Lemma. Let D be an ordered integral domain in which the set D* 
of positive elements is well-ordered. If e is the unity of D, then 


D* = {me|me Z*} 
and 
D = (ne|ne Z). 


Moreover, if n, n, € Z such that n,e = n,e, then n, =n. 


PROOF. We recall that a € D* can also be expressed by writing a > 0. 
We have already observed that e > 0 and, in fact, that e is the least 
element of D*. For each positive integer n, let S, be the statement that 
ne > 0. Since, by definition, le = e, we see that S, is true. If, now, k is a 
positive integer such that S, is true, it follows from 3.5(i) that (k + 1)e = 
ke + e > 0, and therefore that S,+, is true. We have therefore proved 
by mathematical induction that me > 0 for every positive integer m. That 
is, me € D* for every positive integer m. We now proceed to show that all 
elements of D* are of this form. Select any d e D*. If d = e then d has the 
correct form. If d x e then d > e because e is the smallest element of D*. 
Let U be the set of positive elements of the form d — me, m a positive 
integer. Then U is a nonempty set because d — e is in U. By the well- 
ordering property, U has a least element u and u — d — ne for some 
Positive integer n. Since u is positive, we have u = d — ne > e (again 
because e is the smallest positive element). This implies d — (n + l)e 2 0. 
If-equality does not hold, then the element d — (n + l)e =u — e is 
smaller than u and also positive. But that would place u — e in the set U 
and this would conflict with our choice of u as the smallest element of U. 
Hence the term equals 0 and d = (n + 1)e, as required. 

It is now easy to complete the proof of the first statement of the 
lemma. If a € D, and a € D*, then 3.4(iii) implies thata = 0 or —a E€ Dr. 
If a = 0, then a = 0-e. If —a e D*, then by what we have just proved, 
—a = me for some positive integer mz. It follows that a = (—m,)e, and 
so every element of D is of the form ne, where n is an integer (positive, 
negative, or zero) 

Now pee that nj, n; € Z such that nye = n2¢. If n, # nz, we 
can assume that the notation is so chosen that n; > m. It follows that 
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ny — n, > Oand, by the part of the lemma already proved, (n, — njjee 

 D*. Hence (n, — njje #0, or me x n;e. Thus the assumption that 
ny * n; leads to a contradiction, and we conclude that n, = nz. This 
completes the proof of the lemma. 


It is now easy to prove Theorem 3.17. If e and e' are the respective 
unities of D and of D', the lemma shows that 
D = {ne|ne Z} 
and 
D' = (ne'|ne Z}. 


Moreover, the last statement of the lemma asserts that the elements of D 
are uniquely expressible in the (orm ne, n € Z. Of course, the elements of 
D' ate likewise uniquely expressible in the form ne’, n c Z. 

We now assert that the mapping 0: D — D’, defined by 


Olne) = ne’, neZ, 


is the desired isomorphism of D onto D". By the uniqueness property just 
obtained, 0 is a one-one mapping of D onto D'. Moreover, under this 
mapping we have 
Olne + nze) = [(n, + ne] = (n; + nje' 
= me ne' = (ne) + O(n e) 
and 


O[(n,e)(n;e)] Fe O[(n,nj)e] = (nn3)e' 
= (me)ne') = [0(n,eJ][6(n,e)]. 


Hence, addition and multiplication are preserved and we indeed have an 
Isomorphism. This completes the proof of the theorem. 


EXERCISES 


l. Let D — P" n € Z and let us define 2* ¢ 2a Otte 


| With respect to the operations Sando aoaaa A Prove that 


and that, in fact, D is isomorphic to ^: 50 defined, D is an ordered integral domain 
2 LetR=Z7@ 


t 
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3. Let R denote the ring of all real numbers with the usual ordering. Describe a 
nonempty set of positive elements of R which does not contain a least element. (One 
way to do this is to give a sequence {a,} of positive terms which has a zero limit.) 


35 FIELDS 


Let us make the following definition. 


4.19 Definition. A commutative ring F with more than one element 
and havinga unity is said to bea field if every nonzero element of F hasa 
multiplicative inverse in F. 


In view of Theorem 2.10, we know that every nonzero element of afield 
has a unique multiplicative inverse. As indicated in Section 2.4, we may denote 
the multiplicative inverse of a nonzero element rof a field F by r^! If 1 is the 
unity of F, r^! is therefore the unique element of F such that 


3.20 rri=r r= 


However, the commutative law of multiplication is required to hold in a field, 
and we shall henceforth use it without explicit mention. In particular, we may 
consider that r~? is defined by the single equation r-r^ € = 1. 

We shall now prove the following result. 


3.21 Theorem. A field is necessarily an integral domain. 


ements of a field F such thatrs — 0. 1f 


PROOF. Suppose that rand sare el 
-1 in F and it follows that 


r # 0, r has a multiplicative inverse r 


rir) = (r trs = Ls =. 


But also, 
r~ rs) 2:120 


= that r = 0 or s = 0. This proves that F 
Hence s = 0, and we have shown À dd 


has no nonzero divisors of zero and F therefore sa! 
an integral domain. 


3.22 Corollary. If Risa subring of a field F, aid R contains the unity 
element of F, then R is an integral domain. 


tion and multiplication of elements 


: i f addi : 
PROOF. Sincetheoperations o defined for F, it follows that Risa 


of R coincide with the same operations 
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Commutative ring with unity, Moreover, if rand sare elements of R with 
rs = 0, then, because r and s also belong to F, it follows that either » = 0 
or s = (. Hence R is an integral domain. 


We shall see in the next section that there is a Converse to this corollary, 
Every integral domain is a subring of a suitable field. 
Although in the definition of a field we only required the existence of 


€ach equation of the form rx = 1, we can easily establish the following more 
general result, 


3.23 Theorem. If r and s are elements of a field F and r #0, there 
exists a unique element Vof F such that Ty = s. Moreover, y = r~!-s. 


PROOF. It is clear that ,.-1 “s is a solution of this €quation since 


r(r^! s) mrarct)s etes s. 


Let US now give a few examples of fields. It is to be understood that the 
usual definitions of addition and multiplication are implied, 


Example l: Th i 2 H 
rac is sod d Bend numbers; that is, all numbers of the form a/b, 


Example 2: The set of all real numbers. 


E; : 
TE eee set e all real Dumbers of the form x + YV2, where x and y are 
TS. What is the multiplicative inverse of each nonzero element? 


Example 4: The set of all rea] m 


elements of the aoa peru ae u + v/3, where u and v are 


lies in the set į i "ER 
Set in question. This amounts to the Process of "rationalizing the 
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denominator" which is discussed in elementary arithmetic. This is left as an 
exercise for the reader. 


Subfields and Extensions 

It is often useful to consider a given field in relation to a larger field 
containing it or in relation to fields contained inside of it. The following 
definitions are convenient. 


3.24 Definition. A subring F' of a field F which is itself a field is 
called a subfield of F. If F' isa subfield of F, F is called an extension of F’. 


The fields in Examples 2, 3, 4 are all extensions of Q and all are subfields of the 
field of real numbers, 


36 FIELD OF QUOTIENTS 


We now change our point of view as follows. Instead of studying 
Properties of a given field, let us see how we can start with a given integral 
domain D and construct a field which contains D. This is our first example of 
an important algebraic problem which may be stated in a general way as 
follows. Given an algebraic system U which does not have some specific 
Property, construct a larger system V which contains U and which does have 
the property in question. Naturally, this will not always be possible, but it will 
be possible in many interesting cases. At present, we begin with an integral 
domain D in which some nonzero elements do not have a multiplicative 
inverse, and construct a field F which contains D and, of course, every nonzero 
element of F does have a multiplicative inverse. To be technically correct, it 
Should be mentioned that the construction will produce a field F which 
contains a subring isomorphic with D. If we treat isomorphic rings as equal, 
then it will be Correct to say that F contains D. 

In order to motivate the ideas used in the construction to follow, we 
first provide some familiar notation which will be suggestive later on. 

j Let F be a field with unity 1, and t a nonzero element of F. We have 
introduced the symbol £~! to designate the multiplicative inverse of t, and 

ave found that if s € F, the unique element x of F such that tx — sis given by 
x= tls. In accordance with familiar usage, we shall also designate this 


clement r-1s by : or by s/r. In particular, we have t^! — 1/t. 


ei _ Suppose, now, that v is also a nonzero pemen of F. Since (tv) 
UCI ST the multiplicative inverse of tv is v^ !t +, that is, 


3.25 (to)! das pL 
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It is now easy to see that 
sv s 
3.26 — = t 


from the following calculation: 


sv 7 LN 1 s 
— = (t0) (su) = vlt isv = tls = 2, 
tv t 


As a generalization of 3.26, let s and u be arbitrary elements of F, andt 
and varbitrary nonzero elements of F. Then we assert that 


3.27 j= if and only if sv = tu, 


Suppose, first, that s/t = u/v, that is, that t7!s = y~1y, Multiplication by tv 
yields sv = tu, Conversely, if sv = tu, multiplication by :~'v~! shows that 
t's = v` lu or, otherwise expressed, that s/t = u/v. 


The following are also easy to establish and will be left as exercises: — 


(i) : + E LSU = 2. 
3.28 

i) oe 

tv tv 
i Now we turn to the construction of a field containing the given integral 
domain D. Let S denote the set of all ordered pairs (a,b) with a, b € D and 
b #0; that is, 
S ={(a,b)|a,b e D, b #0}. 

Our next step will be suggested by thinking of (a, b) as the familiar a/b, 

but We use an unfamili i 


= au/bu for any nonzero u in a field, 


Or, at least, these two pairs should be rela 


on the set S. This will be an equivalence relation as defined in Chapter 1. For 

order to show that Lid S, we define (a, b) ~ (c, d) to mean that ad — bc. E 

AS ~” is an equivalence relat; mee 
finition 1.8 must be verge d relation, the three conditio 


(e, f). Since (a, b) ~ (c, d) 
cf = de. Multiplication of these equations 
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by f and b, respectively, yields adf = bcf and bef = bde. Thus adf — bde and, 
since d # 0, it follows that af = be; this means (a, b) ~ (e, f ). 

Now that we have an equivalence relation defined on S, we may 
consider the equivalence classes. Our previous usage would dictate that the 
equivalence class containing (a, b) would be denoted as [(a, b)]. However, we 
shall use the simpler notation [a,b] to denote this class. In the sequel it is 
important to keep in mind that [a,b] = [u,v] if and only if (a, b) ~ (u,v), that 
is, if and only if, av — bu. The equivalence class [a,b] may be expressed as 


[a,b] = {(x, y)|(x, y) e S xb = ay}. 
Now let F denote the set of all equivalence classes: 
F = {[a, b] |(a, b) e Sj. 


We shall define addition and multiplication on the set F and then verify that 
we have obtained a field, By keeping in mind that [a,b] should eventually 
represent the fraction a/b, Equations 3.28 suggest the definitions we need. 

We define addition and multiplication of equivalence classes. as 
follows: 


3.29(i) [a,b] + [c,d] = [ad + be, bd] 
and 
3.29(ii) [a,b]: [6.4] = [ac, bd]. 


First, we observe that since (a, b) and (c, d) are elements of $, we have 
b 0 and d+ 0. Hence bd £0 and so the elements on the right side of 
Equations 3.29(i) and (ii) are indeed equivalence classes. However, there is an 
important point which must yet be considered before we may logically 
conclude that we have defined two operations on F. Consider how addition is 
carried out using the formula in Equation 3.29(i). Given the equivalence 
classes X = [a,b] and Y =[c,d], their sum, X + Y, is determined as the* 
equivalence class containing a certain element of $ which is computed in terms 
of a, b, c, d. But the equivalence class [a, b] may contain many clemeats and as 
such it may be represented by many different pairs. Suppose that [a,b] = 
[a,,b,] and [c,d] = [c,,d,]. Then our formula for addition implies that 


the sum of the two classes should yield 
X+ Y = [ad + bc. bd] 
and also 
X +Y=ldit bicis bic 


Clearly the left sides of these two equations are equal; if our rule for addition is 
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a good one, then the right sides of these two equations must also be equal. This 
problem will occur again; the term well-defined is used in this context. It is 
necessary to show that addition given by Equation 3.29 is well-defined. Of 
course, it must also be shown that multiplication is well-defined. Suppose, 
then, that 


3.30 [a,b] “ind [a,,5,] and [c,d] a [cid]. 


In order to show that addition of equivalence classes is well-defined by 3.29 we 
must show that necessarily 


[a,b] + [c,d] um [a,,5,] "m [c,,d,], 
that is, that 


331 [ad + be, bd] = [a,d, + b,c,,b,d,]. 


From 3.30, we have that ab, = ba, and that cd, = dc,. If we multiply the first 


of these equations by dd,, the second by bb, and add the corresponding 
members, it follows that 


(ad + bo)b,d, = bd(a,d, + b,c,), 


We may now state the following theorem, 


332 Theorem. Let F denote the set of all equivalence classes of S 
relative to the equivalence relation “~” Then with respect to the 


operations of addition and multi licati F i) and (ii), 
F is a field. Moreover piication on F defined by 3.29 (i) and (ii), 


4€ D, isa subring D' of F; and the mappin 


(a) = [a, 1], aeD, 
is an isomorphism of D onto D', 


PROOF, i iti 

eis The commutative laws of addition and multiplication, as well 

ct Pies law of multiplication, are almost abvious, and we omit 
s. The associative law of addition may be verified by the 


following strai htfc i 
ssi bap d calculation, Let [a,b], [c,d], and [ef] be 


(5.5 + 154) e [o f] = fad + be bd) + [e,f] 


= [adf + bef + bae, baf] 
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and 


[a,b] + (Cc,d] + Ce, fI) = [a,b] + [ef + de,df] 
= [adf + bef + bde, bdf ], 


and we therefore have 
(la. b] + [c,d]) + Ce, f] = [a,b] + (£5 4] + Le, fI): 


Since [0,1] + [a,b] = [a,b] and (1, 1]: [a,b] = [a,b], it follows 
that [0, 1] is the zero and [1, 1] the unity of F. However, if dis a nonzero 
integer, we have [d,d] = [1, 1] and, similarly, (0, 1] = [0,d]. Hence the 
unity is [d,d] and the zero is [0, d] for any nonzero integer d. We may 
also observe that [a,b] = [0, 1] if and only if a = 0,and to say, therefore, 
that [a,b] is a nonzero element of F is to say that a # 0. 

Since [a,b] + [—a, b] = [0,67] and [0,5*] is the zero of F, it 
follows that the additive inverse of [a,b] is [~ a.b], that is, we have 
— [a,b] = ( — a, b], and cach element of F has an additive inverse. 

One of the distributive laws is a consequence of the following 
calculations in which, at one point, we make use of the fact that [b,b] is 
the unity of F: 


(a. b(Lc, 4] + [e f) = (a,b) Eef + de, df) 
= [acf + ade, bdf }, 
[a,b]: [c,d] + [a,b] Ee, f] = Lao bd] + [ae, bf} 
= [acbf + bdae,b?df ] 
= [acf + ade, bdf ]: [b,b] 
= [acf + ade, bdf ]. 


The other distributive law is an immediate consequence of this one since 
multiplication is commutative. Sir 
Up to this point we have proved that F is a commutative ring 
with unity. To prove that F is a field, there remains only to show that 
every nonzero element of F has a multiplicative inverse In F If [a,b] isa 
nonzero element of F, then a # 0 as well as b 0, and it is clear that — 


[b,a] e F. Moreover, 
[a,b]: [b,a] = (ab, ab} = 0,1, 


and the multiplicative inverse of [a,b] is [b, a]. That is, if [a,b] M 
nonzero element of F, then [a,b] * = [b,a]. This completes the proo 
that F is a field. 

Now let D' be the set of elements of F of the form [2,1]. a eD, 
and consider the mapping 0: D — D’ defined by 0a = {a,!].aeD. “sit 
clearly an onto mapping and it is also a one-one mapping since [a, J 
[b, 1] implies that a = b. Moreover, for a, b € D, we have 


Ola + b) = [a + b. 1] = [af] + [o t= a) + e) 
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and 


O(ab) = [ab, 1] = [a, 1]: [b, 1] = 0(a)0(b). 


Thus 0 is an isomorphism of D onto D', and the theorem is established, 


Since the subring D of F is isomorphic to D, we shall henceforth find it 
convenient to identify D' with D and, as a matter of notation, write simply a 3 
designate the element [a,1] of F. We may then consider that the field 
actually contains the ring D. 


As a further simplification of notation, let us observe that 
[a.b] = [a, T] [1,5] = (a, 1]: [b1], 


and hence we are justified in writing a- b^ ' or a/b for the element [a,b] of F. 
This justifies the “familiar” notation introduced earlier in this section. The field 
F constructed using the integral domain D is called the field of quotients of D. 

In the special case in which D is the ring of integers, usually denoted by 
Z, the field of quotients is the field of rational numbers and is denoted by Q. 

In the notation which we have finally introduced, the field Q consists of 
all numbers of the form a/b, where a and b are integers with b 0, addition 
and multiplication being defined in the usual way (3.29(i) and (ii)). 

Let us emphasize the meaning of the notation we have introduced by 
considering, for example, the rational number 1/2. We are writing 1/2 for the 


equivalence class [1,2] used above. Now [1,2] 
SO we see that 1/2 repre: 


pairs of the form (c, 2c), 


€ by our definition of equivalence, (1,2) ~ (3,6) and 
therefore [1, 2] = [3.6]. 

Since (--aj/b = a/(—b), we see that every rational number can be 
written in the form c/d, where d > 0. Moreover, if the integers c and d have a 
tor ks so that c = c,k and d = d,k, then c/d = c,/d,. It 
follows that every n ber r can be written in the form a/b, 
factor equal to 1 and b > 0. If r is 


expressed in this fo aid that r is expressed in lowest terms. 


Tm, it is sometimes s 


EXERCISES 


2. Examine the cons i n of the i i i st a 
à 0 itructioy field of Quotients of the integra] domain I 
xplain why it is necessary tha i i jus 
e; i : i ity t D be an Integral domain, and not J 
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3. Let n bea nonzero positive integer and let D be the subset of all rational numbers of 
the form a/b where a, b € Z, and b = n*, for some nonnegative integer k. Show that D 
is an integral domain and that its field of quotients is isomorphic to the field of 
rational numbers. 


37 A FEW PROPERTIES OF THE FIELD OF 
RATIONAL NUMBERS 


We have defined in Section 3.2 what we mean by an ordered integral 
domain. Since a field is necessarily an integral domain, by an ordered field we 
shall naturally mean a field which is an ordered integral domain. We shall now 
prove the following result. 


2.33 Theorem. Let Q* denote the set of all rational numbers a/b, 
where a and b are integers such that ab > 0. Then Q* has the properties 
3.4 which define an ordered integral domain, and therefore the field Q is an 
ordered field whose positive elements are the elements of Q*. 


We may point out that when we writeab > 0, we mean that ab isa 
positive integer and we are only making use of the fact that Z is an 
ordered integral domain. 


PROOF. First, we need to show that the definition of an element of 
Q* does not depend upon the particular representation of a rational 
number. That is, we need to show that if a/b = c/dand ab > 0, then also 
cd > 0. This follows from the observation that a/b = c/d means that 
ad = be and ab > 0 implies that either a and b are both positive or they 
are both negative. The same must therefore be true of cand d; hence also 
cd > 0. 
Now let us show (3.4(i)) that the set Q” is closed under addition. 
Let a/b and c/d be elements of Q*, and therefore ab > 0 and cd > 0. 
Then 


and we wish to show that 
(ad + be)bd = abd? + cdb? > 0. 


However, this inequality follows easily from the following known 


inequalities: ab > 0 , cd > 0, b?>O,andd?>0 — , m 
It is trivial that Q* is closed under multiplication (3.4()). 


Morcover, if a/b is a nonzero rational number, then either ab i E 
ab < 0. It follows that for every rational number a/b, exactly one of the 
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following holds (3.4(iii)); 


Hence Q* has the three required properties, and the field Q of rational ; 
numbers is ordered, 


It will be observed that what we have done is to make use of the known I 
ordering of the integers to establish an ordering of the rational numbers, 
Inasmuch as we have identified the integer a with the rational number a/1, itis 
clear that a is a positive integer if and only if a isa positive rational number. In 
other words, our ordering of the rational numbers is an extension of the 
Previous ordering of the integers, 


In view of Theorem 333, we can introduce inequalities involving — 


3.34 Theorem, Between any two distinct rational numbers there is 


another rational number, 
PROOF. Suppose that. r, SEQ with r « s, The theorem will be es- 
tablished by showing that 
y RS 
7 Ss 


and hence that (r + s)/2isa rat 


ional number between rand s. Sincer <5, 
Wehavertr<ris 


or 2r <r +s. Now multiplying this last ineq- 
2, we obtain r < (r + s)/2.Ina 
own that (r + s)/2 < s, and we omit the 


3.35 Theorem 


(ARCHIMEDEAN P 
rational numbers COETY): 


/ If r and s are any positive 
» there exists à positive integer 


n such that nr > s. 
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proor. Letr = a/b,s = c/d, where a, b, c, and d are positive integers. If 


n is a positive integer, then n(a/b) > c/d if and only if n(ad) > be. We ~ 


now assert that this last inequality is necessarily satisfied if we choose 


n —2bc. For ad > 1, and therefore 2ad > 1. Multiplying this inequality by 


the positive integer bc shows that 2adbc > be. Hence, n = 2bc certainly 
satisfies our requirement. Of course, we do not mean to imply that this is 
necessarily the smallest possible choice of n. 


38 THE FIELD OF REAL NUMBERS 


The rational numbers are sufficient for use in all simple applications of 


mathematics to physical problems. For example, measurements are usually —— 


given to a certain number of decimal places, and any finite decimal isa rational 
number. However, from a theoretical point of view, the system of rational 


numbers is entirely inadequate. The Pythagoreans made this discovery about Wal 
500 n.c. and were shocked by it. Consider, for example, an isosceles right. 


triangle whose legs are 1 unit in length. Then, by the Pythagorean theorem, the 
hypotenuse has length /2; and from this geometrical consideration it appears 


that there must exist a “number” V2, although we will see in Section 4.9thatit — 


cannot be a rational number. i 
The inherent difficulty in extending the field of rational numbers to the 


field of real numbers is perhaps indicated by the fact that a satisfactory theory 
of the real numbers was not obtained until the latter half of the nineteenth 
century. Although other men also made contributions to the theory, it 1s 


usually attributed to the German mathematicians Dedekind (18317 1916) and gk. 
Cantor (18451918), We shall not present here the work of either of these men 


al theorem which each of 


but shall presently state without proof the fundament fais 
order to do this, we 


them essentially proved and by quite different methods. In 
must first make a few preliminary definitions. ek 

So far, the only ordered field which we have studied is the field Q of 
rational numbers. However, for the moment, suppose that F is an arbitrary 
ordered field and let us make the following definition. 


3.36 Definition. Let S be a set of elements of an ordered field F. If 
ement x of S, 


there exists an element b of F such that x € b for every el 
then b is called an upper bound of the set S in £. 


elements of Q has an upper 


E z pee Fe Er of B 
s an example, the set S; 1.2; is 117, and so on. Thus, if a set 


bound 2. Also $ is an upper bound of this set, as 
has an upper bound, it has many upper bounds. 
Positive integers does not have an upper 


S. 


Clearly, the set Z^ of all o 
bound in Q. As another example —— 


Af 
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consider the set 
S: = {alae Q,a > 0,a? < 2). 


Then $, has upper bounds in Q, one of them being 3. 


3.37 Definition. Let S be a set of elements of an ordered field Fa lf, 
there exists an upper bound c of Sin F such that no smaller element of F 
is an upper bound of S, then cis called the least upper bound (1.u.b.) of Sin 
F. 


It follows from this definition that if a set S has a l.u.b., it is unique. 
Moreover, if cis the Lu.b. of the set S in Fand d c F such that d < c, then there 
must exist an element s of S such that 5 > d since, otherwise, d would be an 
upper bound of $ less than the least upper bound. 

For the set S, exhibited above, the element 2 of S, is clearly the l.u.b. of 
5, in Q. However, for the set 5; the situation is not quite so obvious. Although 
we shall not give the details, itis 
there exists no rational number which is the l.u.b. of the set S2. That is, if ce Q 
is an upper bound of S5, there 
bound of S,. Therefore S, has n 
of elements of Q which has up} 
teal numbers, whose existen 


3.38 Theorem, There exists a field R, called the field of real 

numbers, with the following properties; 

() Risanextension of the field Q of rational numbers. Moreover, R is an 
ordered field and Q*cR*. 


(ii) If Sisa nonempty set of elements of R which has an upper bound in 
R, it has a Lu.b. in R. 


field Snot an element of Q which Prevents $, from having al.u.b. in rhe 
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positive real number. A similar situation arose when we passed from the 
integers to the rational numbers. ý i 


3.9 SOME PROPERTIES OF THE FIELD OF 
REAL NUMBERS 


In this section we shall prove two fundamental properties of rcal 
numbers and state one additional property without proof. Of course, our 
proofs will be based on the assumed properties (i) and (ii) of Theorem 3.38. 

Throughout the rest of this book we shall continue to denote the field 
of real numbers by R and the set of positive real numbers by R^. 


3.39 Theorem (ARCHIMEDEAN PROPERTY) If a,b € R* there existsa 
positive integer n such that na > b. 4 


proor. Letusassume that ka € b for every positive integer k, and seek 
a contradiction. Another way of stating this assumption is to assert that 
b is an upper bound of the set S = {ka|k € Z*}. Since this set has an 
upper bound, by 3.38(ii) it has a l.u.b., say c. Nowe — a < cand therefore 
c — ais not an upper bound of the set S. This implies that there exists an 
element la of S, | € Z*, such that la > c — a. It follows that (! + Ya mye 
and since (l + 1)a e S, we have a contradiction of the fact that c is the 
Lu.b. of the set S. The proof is therefore complete. 


It was shown in Section 3.7 that between any EWS: distinct rational 
numbers there is another rational number. A generalization of the gun de 
given in the following theorem. 


3.40 Theorem. Ifa beR with a < b, there exists a rational number 


mín (m,n € Z) such that 
a< ue « b. 
n 


PROOF. For simplicity, we shall assume that a > 0 and leave the rest of 


the proof as an exercise. i j 
T Since b — a > 0, by the preceding theorem there exists n F Z 
such that n(b — a) > 1. Let n be some such fixed integer. Again app ying 
the preceding theorem to the real numbers | and na, there exists m € " 
Such that m » na, and let m be the least positive integer with n 
property. Now m > na implies that a < m/nand we proceed to complete 
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the proof by showing that also m/n « b or, equivalently, that m < nb. 
Suppose that m > nb. Since n(b — a) > 1, we have m 2 nb > na +1. 
Thus m > 1 and (m — l)e Z* such that (m — 1) > na. Since m — l «m, 
this violates our choice of m as the least positive integer which is greater 
than na, Our assumption that m > nb has led to a contradiction, and we 
conclude that m « nb. This completes the proof, 


In particular, this theorem tells us that between any two irrational 
numbers there is a rational number, It is also true that between any two 


Although it is true that all the properties of the real numbers can be 
established using only the properties (i) and (ii) of Theorem 3.38 we shall give 
no further proofs in this book. However, let us conclude this brief discussion of 


the real numbers by stating without proof the following familiar and 
important result. 


à 3.41 Theorem. For each positive real number a and each Positive 
integer n, there exists exactly one positive real number x such that x" = a. 


The real number X whose existence is asserted by this theorem may be 


called the principal nth root of aand designated by the familiar notation a!" or 
by Wa. 
t EXERCISES 


Breatest lower bound in R.[Hint: 
Set.] i 


: i respectively, b, and b, as 
Mtitoudol the sets, "2118 St e $.) prove thar b, + by is the least 


ET 
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3.10 THE FIELD OF COMPLEX NUMBERS 


In order to construct the field of complex numbers, we begin by 
considering ordered pairs (a,b) of real numbers, Our definitions of addition 
and multiplication will be motivated by the formal properties of expressions 
of the form a + bi, where i? = — 1. However, we are not justified in assuming 
that there is a ^number" whose square is — I until we have constructed a field 
which has an element with this property. Accordingly, as in the case of the 
construction of the rational numbers, we begin with an unfamiliar notation in 
order to avoid using any property until we have established it. We may remind 
the reader that the equal sign is being used in the sense of identity, that is, 
(a, b) = (c, d) means that a = c and b = d. 

We proceed to prove the following theorem, which establishes the 
existence of the field we shall presently call the field of complex numbers. 


3.42 Theorem. Let C be the set of all ordered pairs (a,b) of elements 
of the field R of real numbers, and let us define operations of addition and 
multiplication on C as follows: 


3.43 (a, b) + (c, d) =(a + c, b + d), 
3.44 (a, b)(c, d) = (ac — bd,ad + bc). 


Then C is a field with respect to these definitions of addition and 
multiplication. Moreover, the set of all elements of C of the form (a,0), 
4 € R, is a subfield of C which is isomorphic to the field R. 


PROOF. The required properties of addition are almost obvious. From 


3.43, it follows that addition is commutative and associative, that (0,0)is . 


the zero of C, and that the additive inverse of (a, b) is (— a, —b). 


The associative law of multiplication is a consequence of the 


following straightforward calculations: 


(a. b\(c, d)\e, f) = (ac — bd,ad + boe. f ) | 


(a, bc, d)(e, f )) = (a, b)(ce — df,cf + de) 


and these turn out to be equal elements of C. : 
Next, let us verify one of the distributive laws as follows: 


(a, bY(c, d) + (e,f)) = (a bc 4- ed + f) 
uin T 

(a, b)(c, d) + (a, bY(e, f) = (ac — bd, ad + bc) + (ae — bf, 
š M = (ac — bd + ae — bf, ad + bc: 


and again we have equal elements of C. The oth 


(ace — bde — adf — bcf,acf — bdf + ade + bee), " a 


(ace — adf — bef — bde,acf + ade + bee — bdf í 
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follows from this one as soon as we show that multiplication is 
commutative, and the commutativity of multiplication follows easily 
from 3.44. For, by interchanging (a, b) and (c, d) in 3.44, we see that 


(c, d (a, b) = (ca — db. cb + da), 
and the right side of this equation is equal to the right side of 3.44, Hence, 
(a, b)(c, d) = (c, d (a, b). 


Wehave now proved that C is a commutative ring, and it is easily 
verified that it has the unity (1,0). To show that C is a field, we need only 
show that each nonzero element (a, b) of C has a multiplicative inverse in 
C. Since the zero is (0,0), to say that (a,b) is not the zero of C is to say that 
a and b are not both equal to zero. Since a is an element of the ordered 
field R, we know that if a # 0, then a? > 0, Similarly, if b 0, we have 
b? > 0. It follows that if (a,b) is not the zero of C, then necessarily 
a? + b? > 0 and, in particular, a? + p? # 0. Hence, 


a -b 


is an element of C and it may be verified by direct calculation (using 3.44) 
that 


a —b 
Ona) Jena 


We have therefore show. 
multiplicative inverse in 
To complete the 
elements of C of the fo 
defined by O(a, 0) 
Moreover, 


n that every nonzero element of C has a 
C; and hence we have proved that C is a field. 
Proof of the theorem, let R’ be the set of all 
rm (4,0), a € R. Then the mapping 0:R' — R 
=a, a€ R, is a one-one mapping of R' onto R. 


0[(a,0) + (b,0)) = O(a + 5,0) — a + b = 0(a,0) + (b, 0) 
and 


Ola, 0b, 0)] = (ab, 0) = ab = [4(a, 0)][6(b, 0]. 


n n and multiplication are preserved 
ing, and the Mapping therefore defines an isomorphism 
This completes the proof of the theorem. 


Hence, the’ operations of additio, 
under this mapp 
of R' onto R. 


0j l 
We shell k deo: AM m lex numbers. 


zi adt ore familiar notation by identifying R' 
Write a in place of (a, 0) and consider that the field C of 
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complex numbers actually contains the field R of real numbers. Also, for 
simplicity of notation, as well as for historical reasons, we shall use the symbol 
i to designate the particular element (0, 1) of C. Since (0, 1)? = (— 1,0), in our 
new notation we have i? = — 1. Now it is easily verified that 


(a, 0) + (b, 0)(0, 1) = (a, b) 


and, using the notation we have introduced, it follows that a + bi = (a, b). 
Accordingly, in the future we shall write a + bi in place of (a,b). In this 
notation, the product 3.44 of two elements of C may be expressed in the 
following form: 


3.45 (a + bi)(c + di) = ac — bd + (ad + bo)i. 


Of course, the right side of 3.45 may be obtained from the left by multiplying 
out with the aid of the usual distributive, associative, and commutative laws, 
and replacing i? by — 1. 

We have now extended the field of real numbers to the field of complex 
numbers. It should be pointed out, however, that one familiar property of the 
field of rational numbers and of the field of real numbers does not carry over 
to the field of complex numbers. 


3.46 Theorem. The field C of complex numbers is not an ordered 
field. 


PROOF. By this statement we mean that there does not exist any set C* 
of elements of C having the properties (34) required for C to be an 
ordered field. This fact is a consequence of the following observations. If 
C were ordered, 3.6(v) would show that the square of every nonzero 
clement would be positive; in particular, both i^ and | would be positive. 
Then — 1 would be negative, and we havea contradiction since i? = — 1. 


The fact that C is not ordered means that inequalities cannot be used 
between complex numbers. In other words, it is meaningless to speak of one 
complex number as being greater or less than another. 

Throughout the rest of this book we shall continue to 


of complex numbers by C. 


The Conjugate of a Complex Number 
Let us make the following definition. 


denote the field 


347 Definition. Ifu=a+ bi e C, we define the conjugate of to = 


the element u* of € given by u* =a — bi. 
' Historically, the usual notation for the conjugate of a complex number z is Z instead of 2*. The 
Present notation has been adopted only because it makes it easier to print such expressions as the 
Conjugate of the sum of two or more complex numbers. 
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As examples, we have (L*7)*-1—-74,0 —2i* = 2 4 2i, 4* = 4 
and so on. 

‘Now the mapping a:€ + C defined by a(u) = u* uc C, is a one-one 
mapping of C onto C. We proceed to show that the operations of addition and 
multiplication are preserved. under this mapping. Let u =a + bi and v = 
¢ di be elements of C. Then 


CEN a 1 +) + (64 dUI* =a 4c — (6 dj 
F(a bi) +(e — di) = u* + v* = a(u) + alo) 


and 


BN Muh [uc es bd (ad + bei] ac — bd — (ad + boi 
= (a — bi)(c — di) = u*y* = a(u)a(v). 


EXERCISES 


1, a the multiplicative inverse of the nonzero element (a, 6) of C by assuming thatr 
and s are real numbers Such that (a, b) (r,s) = (1,0), and Solving for r and s. 


2. Prove each of the following: 
li) If ue C, then uu* cR *eR; i 
(i) If ue c, then (u*)* — e edel Our data 


(iii) If «€ C and u  Q, then “1# = (ue) 
(iv) If ue C, thenu = ys Am 


3. If a: -Cis 
"Shows that a(u) = yj y 
C onto € S penan i rove thatif $:C 4 Cisan isomorphism of 
identity mapping in the se Rt 
Consider the Possibilities Den évery element of C is its own image. [Hint: 


a Tis a ring, 

Mi) Tisa commutative ring j i 
i) 1 g if and i ive ri 

M al T hasa unity if and only if $ "ids B rubi oe 
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5. In the notation of the preceding exericse, let S be the ring Z of integers. Exhibit 
addition and multiplication rules for the corresponding ring T. Is T a field in this 
case? Is it an integral domain? Is it an ordered integral domain? 


3.11 GEOMETRIC REPRESENTATION AND 
TRIGONOMETRIC FORM 


It is implicit in our construction of the complex numbers that the 
mapping a + bi > (a,b) is a one-one mapping of the set C of all complex 
numbers onto the set of all ordered pairs of real numbers. Now in ordinary 
plane analytic geometry we represent points in the plane by their coordinates, 
that is, by ordered pairs of real numbers. Accordingly, we may represent a 
point in the plane by a single complex number. In other words, we shall 
sometimes find it convenient to associate with the complex number a 4- bi the 
point with rectangular coordinates (a,b), and to say that this point has 
coordinate a -- bi. A number of examples are given in Figure 8. It will be. 
Observed that a real number, that is, a complex number of the form a + Oi, is 
the coordinate of a point on the x-axis. A number of the form 0 + bi, 

' sometimes called a pure imaginary, is the coordinate of a point on the y-axis. 
We may also observe that a complex number a + bi and its conjugate a — bi 
are coordinates of points that are symmetrically located with respect to the x- 
axis. £ 

Instead of specifying points in a plane by means of rectangular 

coordinates, we may of course use polar coordinates. If P is the point with 
nonzero coordinate a + bi, the distance of P from the origin O of coordinates 
isthe positive real number r = Va? + b?. If 8 is an angle in standard position 

With terminal side OP, as in Figure 9, then by the definition of the 

trigonometric functions we have 


a-rcos0, b=rsiné. 


Figure 8 
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It follows that the complex number a + bi can be expressed in the form 
348 i a + bi = r(cos 0 + isin 0). 


^ We have been assuming that a + bi # 0. If a + bi = 0, then r = O in 
3.48, and 0 may be a completely arbitrary angle. y H 
We now introduce some appropriate terms in the following definition. 


3.49 Definition. The expression on the right side of 3.48 is called the 
trigonometric form of the complex number a + bi. The nonnegative real 


number r = Va? + b? is called the absolute value of the complex num- - 
ber a + bi and may be designated by |a + bi|. The angle 0 occurring in 
3.48 is called am angle of a + bi. 


Clearly, the nonnegative real number r occurring in the trigonometric 
form of a + bj is uniquely determined. However, the angle 6 is not unique, but 
ifr # 0 and 6, and 0, are any two possible angles of a + bi, then elementary 
properties of the sine and cosine functions show that 0, = 6; + n: 360* for 
some integer n. 


As a consequence of these observations, let us point out that if r and s 
are positive real numbers and we know that 


r(cos0 + isin 6) = s(cos à + isin $), 


then necessarily r 7 sand = ¢ġ + n:360* 
y We have previousl 
integral domain, and we 
ordered. However, the pre: 
h e . For il à real number, we may consider it 
bun ber, by c i and, by 3.49, we have la|=/a?. But if c isa 

‘eal number, C we iti llows 
dat [ui y mean the positive square root of c. It fo 


à 7aifaz 0, whereas Ja? = -a if a < 0. Hence, for a real number 
m a Present meaning of lal coincides with its Meaning according to 
inition 3.7. 


us now illustrate the trigonometric form of a complex number by 


Let 
Some examples. First, let us consider t i. As indicated in 
Figure 10, 1-2 + a = 2/3 T the number —2 + 2i, As indicate 


ea het. „and an angle of —2 + 2i is 135°. Hence, 3.48 


72 + 2i = 2./2(cos 135° + isin 135°), 


which is easily ver; i 
3s easily verified by direct calculation. Other examples, which the reader 
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Figure 10 Figure 11 


may check, are the following: 


1 + /3i = 2(cos 60° + isin 60°), 
4 = 4(cos 0° + isin0°), 
—i = l(cos 270° + isin 270°), 
— 2(cos 40° + isin 40°) = 2(cos 220" + isin 220°). 


It is only in special cases that we can find in degrees an angle of a given 
complex number. Naturally, an approximation may be obtained by use of 
trigonometric tables, or an angle may be merely indicated as in the following 
example. Let us attempt to express 1 + 3i in trigonometric form. Clearly, 
|1 + 3i] = V10, but we cannot exactly express its angle in degrees. However, 
if 0, is the positive acute angle such that tan 0, = 3, as indicated in Figure 11, 
we may write 


1+3i= V10(cos 8 + isin 0,) 


as the trigonometric form of 1 + 3i. Xe : 
The fact that every complex number can be expressed in pane tee 
form is of considerable significance largely because of the following remark-. 


able theorem. 


3.50 Theorem. If u and v are complex numbers such that in trig- 
onometric form BAT 


u = r(cos 0 + isin 0) 
and 


v = s(cos ó + isin d). 
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then the trigonometric form of uv is given by 
351 uv = rs(cos(0 + $) + isin(0 + ¢)). 


Otherwise expressed, |uv| = lu]: |v|, and an angle of uv is the sum of an 
angle of u and an angle of v. 


PROOF. To establish this result we need only multiply together the 


trigonometric forms of uand vand then use thesimple addition formulas 
of trigonometry. Thus we have 


uv = rs(cos0 + isin O)(cos $ + isin à) 


= rs[(cos ð cos $ — sin Osin $) + i(cos 0 sin $ + sin 0 cos o) 
= rs[cos(0 + $) + isin (0 + $), 


and the desired result follows immediately. 


The special case of the preceding theorem in which u = v shows at once 
that 


u? = r"(cos20 + isin 20). 


The following generalization of this result is of great importance. 


3.52 De Moivre's Theorem. Jf n is an arbitrary positive integer and 
u = r(cos @ + isin 9), 
then 


3.53 u" = r"(cosn6 + i sin n6), 


PROOF. For n = 3, we use Theorem 3 


i ; 50 and the case in which n = 2 
Which has just been established as foi] ase in whi 


OWs: 
ieu, [r"(cos 20 + isin 29 


0 4- ising 
= P6030 + ising) s pon 


A general proof along these lines can be easily given by induction. 


Hirer o enin x e Parore will be given in the next section. 
A OW certain tri ic identiti 
in an easy way by lica trigonometric identities can be 


example, taking n A. peek vh this theorem, By letting r = | and, as an 


(cos 0 + isin 8)? = cos 39 + isin 30, 


b 
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However, by actually multiplying out the left side, we find that 


(cos 0 + isin 8)? = cos? 0 — 3cos sin? 0 + i(3 cos? 0sin0 — sin? 0), 


and it follows that 


cos 30 + isin 30 = cos? 0 — 3 cos 0 sin? 0 + i(3 cos? sin 0 — sin? 0). 


From this equation we get at once the two following trigonometric identities: 


cos 30 = cos? 0 — 3cos sin? 0 


and 


> 


sin 30 = 3 cos? @sin@ — sin? 0. 


EXERCISES 


Express each of the following complex numbers in trigonometric form and indicate 
the points in a coordinate plane that have these numbers as coordinates: 


(à —1- i, (b -v3 +i 

() V3 +i, (d LAVAR 

(c) —4, (f) 3 — 2i, 

(g) 2 — 2i, | (b) cos 26° — isin 26°. 


- Express each of the following complex numbers in the form a + bi: 


(a) 4(cos 45° + isin 45°), 

(b) 2(cos 120° + isin 120°), 

(c) 3(cos 180° + isin 180°), 

(d) 3(cos 270° + isin 270°), 

(e) 4(cos 300° + isin 300°), 

(f) 12(cos 0* + isin 0°), 

(g) 11(cos 90° + isin 90°), 

(h) (cos 117° + isin 117°)(cos 123° + isin 123°). 


- Use De Moivre's Theorem to compute each of the following, and then express your 


answers in algebraic form by evaluating the necessary trigonometric functions: 


@ C-1— O30 
ey 

(c) (—i)!?, (à) (5 + z) 

(e) ( - ; - x. (f) (71-2 1) 

(8) (1 — J3i)!!, (h) (cos 18° + isin 18°)'°. 


. Verify that the points with coordinates 


(cos 60° + isin 60°)" (n= 1,2,3,4, 5,6) 
are the vertices of a regular hexagon inscribed in a circle of radius 1. 
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ify cach of the following: 
5. If u* is the conjugate of the complex number u, verify cach of the fo 


(a) Ju*| = lul, 
(b) uu* = [ul?, 


* 
(eju = ae "u+ 


6. Show that if u # 0, De Moivre's Theorem also holds for every negative integer n. 


7. Letu, v € C, and let P and Q be the points in a coordinatc planc having € 
f coordinates u and v. Let R be the point with coordinate u + v. If O is the origin, 


i i adjacent 
show that OR is a diagonal of the parallelogram having OP and OQ as adjacen 
sides. 


8. Show that if u, v € C, then lu +v] < Jul + [v]. call 
9. Use De Moivre’s Theorem to find trigonometric identities for cos 40 and sin 40. 


10. If u = a + bi, we have defined lul = Va? + ?. Use this definition to prove directly 
that if u, ve C, then luv] = [ul lo]. 
lul 


T. If u o6 C with v y 0, prove that TR 


u 
v 


3.12 THE nth ROOTS OF A COMPLEX NUMBER 

In this section we give an important application of the use p 
trigonometric form of a complex number. First, we give the following familia: 
definition. 


3.54 Definition, Let n be à positive integer. If u, ve C such that 
V" = u, we say that p is an nth root of y. 


We shall now prove the following theorem, 


3.55 Theorem, If n is a positive integer, and 


u= r(cos 0 + isin 0) 


is a nonzero complex number in trigonometric form, there exist exactly n 
nth roots of u, namely, 


3.56 rin oa Ra tan) (k=0,1,...,n—1). 
n 

Here r!/ represents the Principal nth root of the positive real 

number r, that is, the Positive real nth root of r whose existence is 

asserted in Theorem 341. 
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PROOF. Suppose that v = s(cos@ + isin) is an nth root of u. Then v 
= u and De Moivre's Theorem assures us that | 


s"(cos nó + isinnó) = r(cos 0 + isin 6). 


It follows that the absolute values of the two members of this equation 
are equal, and an angle of one must be equal to an angle of the other. 
Hence s" =r, so that s — r'^, Moreover, nó = 0 + k-360° for some 
integer k, and it follows that $ = (8 + k-360°)/n. We have therefore 
shown that every nth root v of u must be of the form 

3.57 v= ricos TR T E mund + fain Ar RE ) 


for some integer k. Conversely, it is readily verified by De Moivre's 
Theorem that if v is given by 3.57, then v" — u for every choice of the 
integer k. The number of distinct nth roots of u is therefore the number 
of ways in which the integer k can be chosen in 3.57 so as to give distinct 
values of v. The angles obtained by letting k take the values 0, 1; omed 
have distinct terminal sides, and this fact makes it almost obvious that 
these n values of k yield distinct values of v. Moreover, if tis an arbitrary 
integer, the Division Algorithm (see Chap. 4) asserts that there exist 
integers q and r with 0 < r < n such that £ = qn + r, and therefore 


0 + 1-360° 9 1360 + 4-360". 
n 


n 


It is then clear that the angle (0 + t-360*)/n has the same terminal side as 
the angle (0 + r-360°)/n. Since 0 <r <n, we see that all possible 
different values of v are obtained if in 3.57 we let k take the values 
0,1,...,n — 1. This completes the proof of the theorem.. 


rem, let us find the fifth roots of the 


As an example of the use of this theo! fifth 1 
this number in trigonometric 


complex number —2 + 2i. First, we express 
form as follows: 

—2 + 2i = 23/(cos 135° + isin 135°). 
In the notation of the theorem, we have r= 27, 0= 133» and n= 5. 
Accordingly, the fifth roots of —2 + 2i are the following: 


23/!9(cos 27° + isin 27°), 
23/1%(cog 99° + isin 99°), 
23/10(cos 171° + isin 171^). 
23/1(cos 243° + isin 243°), 
23/1(cos 315° + isin 315°). 
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An interesting special case of Theorem 3.55 arises if we choose u = I; 
hence r = 1 and 0 = 0°. We State this case as follows. 


3.58 Corollary. The distinct nth roots of 1 are the complex numbers 


Á jo -360° 
3.59 PR 260 Mg e 


(k = 0,1,...,n— 1) 


By De Moivre's Theorem, we have 


( 360 — ay k-360^ sk 360 
cos— — + isin—— | = cos =+ isin ——— -. 
n n n n 


Hence the n distinct nth roots of 1, as given in 3.59, may all be expressed ds 


Powers of a certain nth root of 1. We have then the following alternate form of 
the preceding corollary. 


3.60 Corollary, Let us set 


3.61 360° 


S608 
pees —Fisin—— 
n n 


30 that wis the nth root of 1 having the smallest positive angle. Then the nth 
roots of 1 are the numbers 


3.62 


2 
Wwe Ww, ....w" = 1 


the answers in algebraic form. Draw a figure 
Coordinates of the 


vertices of a regular polygon 
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5. Find the required roots and express the answers in algebraic form: 


(a) The cube roots of —2 + 2i. 

(b) The cube roots of — 8i. 

(c) The fourth roots of —4. 

(d) The sixth roots of — i. kt 
(ce) The fourth roots of —1 — 3i. 
(f) The square roots of —1 + /3i. 


6. [n each of the following, express the required roots in trigonometric form: 
(a) The fifth roots of 1. 
(b) The fourth roots of —1 4 i. 

1 43i 

2*0) 

(d) The sixth roots of 1 — i. 

(e) The square roots of 1 + 2i. 

(f) The fourth roots of 16(cos 12° + isin 12°). 


7. Show that if vis any one of the nth roots of the nonzero complex number u, and wis 
given by 3.61, then v, we, w2v,...,w" 'v are all the nth roots of u. 


(c) The fourth roots of 


8. Show that the multiplicative inverse of'an nth root of 1 is also an nth root of 1. 


9. If t e C such that i" = 1 but" x 1 for 0 <m < n, tiscalled a primitive nth root of 1. 
Show each of the following: 
(i) The number w, defined in 3.61, is a primitive nth root of 1. 
(ii) If risa primitive nth root of 1, then 1,t,¢2,...,0"7 are distinct and are all of the 


nth roots of 1. : ] i 
(iii) Ift is a primitive nth root of 1, then t'is also a primitive nth root of 1 if and only 


if I and n have no common factor greater than one. 


Chapter 4 


Factorization 


This chapter begins with an in 
in a commutative ring. The 


teger and aes (i — 0,1,..., n). Such a 
ed “a polynomial in * With coefficients in S" or simply “a 


92 
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polynomial in x over S." If i is an integer such that 0 <i < n, we say that a, is 
the coefficient of x* in the polynomial 4.1; also we say that a,x‘ is a term of the 
polynomial 4.1 with coefficient a;. 

At this stage we are to think of 4.1 asa purely formal expression. That 
is, the + signs are not to be considered as representing addition in a ring, and 
neither is x‘ to be considered as a product x : x+: x with i factors. Later on, 
after we have proved the existence of a ring which contains S as well as x, we 
shall see that in this larger ring we can make these familiar interpretations and 
thus justify the notation we are using. At the present time, we could logically 
use some such symbol as (ao, 4;,42,---,4,) to designate the polynomial 4.1, 

_ but the definitions of addition and multiplication of polynomials to be given 
below will seem more natural with the familiar notation used in 4.1. 

In the exercises at the end of this section, we follow this alternate 
approach to the definition of the polynomial'ring. It has the feature of defining 
the ring of polynomials over S without introducing any elements or symbols 
which are not already in S. 

For the moment, let S be the ring Z of integers. Then the following are 
examples of polynomials in x over Z: 


(i) 2x9 + (—3)x' + 4x?, 

(ii) 3x9, 

(ii) Ox? + Ox" + 4x?, 

(iv) Ox? + 2x* + (—1)x? + Ox*. 

In order to avoid writing so many terms with zero coefficients, we could agree 

in the third of these examples to write merely 4x2 with the understanding that 

x? and x! are assumed to have zero coefficients. Also, it would certainly agree 

with usual practice if we omitted the terms with zero coefficients in the fourth 

example and wrote 2x! +(—1)x? to designate this polynomial. These 

simplifications will be possible under general agreements which we now make, 
Let us designate the polynomial 4.1 over $ by the symbol f(x), and let 

g(x) be the following polynomial over S: 


4.2 box? + b,x" bx" 


Wherem > 0and b, c S(i = 0, 1,... m) By the equality of f(x) and g(x), written 
in the usual way as f(x) = g(x), we shall mean that the expressions 4.1 an 42 
are identical except for terms with zero coefficients. We therefore consider à 
Polynomial as being unchanged by the insertion, of omission, of any number 
of terms with zero coefficients. In particular, with reference to the above 
examples, we may write 


Ox® + Ox! + 4x? = 4x? 
and 


Ox? 4 2x! p (- Dx? + Ox? = 2x + (DX? 
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Also, if we wish, we could write 


3x° = 3x9 + 0x! 4 0x2 + 0x3, 
and so on, 


Using the familiar Sigma n 


otation for sums, the polynomial 4.1 can be 
formally Written as follows; 


43 fe) X ax! 
and 
4.4 


45 ) 
e F(x) + g(x) = x (a; + bi)x* 
i=0 
el aero Donnegative integer i the Coefficient of x'in f(x) + g(x)is the 
Of the c cients of x! ; i iplication i Li 
defined as follows: * in f) and In g(x), Multiplication in S[x] 
ntm i 
46 Feats) "$ ( Y ab. 
=0 Se 


ier Way of stating this definition or the product of JG) and 9(x) is to say 
M or each nonnegative Integer j the coefficient of xiin the Product is the 
"man (in the rng S) of all pr ucts of the form ab., where r and s are 

Onnegatiye Integers such that r 45 _ i The first few terms in the product 
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given in 4.6 are as follows: 
(aobo)x? + (agb, + a,bo)x' + (agb; + a,b, + azbo)x? + =+. 


We arc now ready to state the following theorem. 


47 Theorem. Let S[x] be the set of all polynomials in the indeter- 
minate x over the commutative ring S with unity. If operations of addition 
and multiplication are defined on S[x] by 4.5 and 4.6, respectively, then 


(i) S[x] is a commutative ring with unity, 
(ii) S[x] contains a subring isomorphic to S. 


PROOF. The commutative and associative laws for addition in S[x] 
follow from 4.5 since these laws hold in the ring S. Moreover, the 
polynomial 0x? (which is equal to the polynomial with all coefficients 
zero) is the zero of S[x] since, by 4.5, for each polynomial f(x) we have 


f(x) + 0x? = f(x). 
Moreover, our definition of addition also shows that 
Y ax + Y (-a)x! = Y, [a + (-a)]x = 0x9, 
i-0 i-0 i-0 
and each element of S[x] has an additive inverse in S[x]. 
To establish that multiplication is commutative, we observe that 


if f(x) and g(x) are given by 4.3 and 4.4, respectively, then the coefficient 
of x‘ in g(x) f(x) is 


boa; + b,8;., + 77 + bito, 
and since $ is assumed to be commutative, this is equal to the coefficient 
ab; + a,b; -, 77 + ibo 


of x‘in f(x)g(x). Inasmuch as this statement is true for every nonna 
integer i, it follows that f(x)g(x) = g()/(). and hence that multiplica- 


tion in S[x] is commutative. ; d 
If f(x) and g(x) are given by 4.3 and 4.4, respectively, an 


48 h(x) = cox? + ex! + eux? 


is also an element of S[x], the coefficient of x! in the product 
(f()g(x))h(x) is found to be the sum of all products of the form hit 
Where r, s, and t are nonnegative integers such that rts +t= / 
Similarly, the coefficient of x! in the product f(x)(g(x)h(~) is the At 
all products of the form a,(b,c,), with the same restriction on ^; " mui a 
However, since (a,b,)c, = a,(b,c,) by the associative law of multiplicatio: 
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in S, it follows that 
(SOND) = Fgh), 


that is, that multiplication is associative in S[x]. 

We leave as exercises the proof of the distributive laws, and that 
if 1 is the unity of S, then 1x is the unity of S[x]. It follows then that 
S[x] is a commutative ring with unity. 

To establish part (ii) of the theorm, let S" denote the set of 
elements of S[x] of the form ax?, a e S. It is easy to verify that S’ is 
a subring of S[x]. Now the mapping 0:5' — $ defined by O(ax°) = 
a, a € S, is a one-one mapping of S’ onto S. Moreover, 


Blax’ + bx?) = O[(a + b)x°] = a + b = 0(ax*) + 0(bx?) 
and 


O[(ax*bx?)] = O[(ab)x°} = ab = (ax? )JT0(bx^)]. 


and it follows that @ is an isomorphism of S’ onto S. Part (ii) of the 
theorem is therefore established. 


Let us introduce some simplifications of our notation as follows. We 
shall henceforth identify S’ with S, and therefore write simply ain place of ax?; 
that is, we shall omit x? 
polynomial will then be designated by the familiar symbol 0. We shall also 
write x in place of x^, x' in place of Ixi and —ax! in place of (—a)x'. We may 
now observe that x is itself an element of the ring S[x]. If a € S, then also 


Qj E ay XT bes b aux gas. 


J, it is written in increasing pow 
ers of x. 
The following fa A s 


give a formal definition 


49 Definitions, The degree function deg is defined on the set of 


nonzero elements of S[x] with values in Z+ 
negative integers, by the rule i M ee 


degíso + six +--+ + s xm) =n if #0. 


wes e e 
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Thus, deg( f (x)) = nif and only if f(x) # 0 and nis the highest power of 
x having a nonzero coefficient in f(x). This nonzero coefficient of the 
highest power of x is called the leading coefficient of f (x). 

We emphasize that the zero polynomial has no degree. 

The coefficient of x? in a polynomial is referred to as the constant 


term of the polynomial. 


It will be observed that the nonzero elements of 5, considered as 
elements of S[x], are just the polynomials of degree zero. 

If Sis the ring Z of integers, the polynomials 2 + 3x — x?, 4x, 3, and 
x* — 2x have respective degrees 2, 1, 0, and 4 and respective leading coeffi- 
cients — 1, 4, 3, and 1. The constant terms are, respectively, 2, 0, 3, and 0. 

We now show one of the ways the degree function is useful in the study 


of polynomial rings. 


4.10 Theorem. Let S be an integral domain. Then the polynomial ring 
S[x] is an integral domain. Moreover, if f(x) and g(x) are nonzero 
elements of S(x], then f(x)g(x) is nonzero and 


4.11 deg( f(x)g(x)) = deg f(x) + deg g(x) 


PROOF. Since f(x) and g(x) are nonzero, they have degrees. Assume 
deg f(x) = n and deg g(x) = m and that the polynomials have the form 


fœ) =a taxt Tax, 

g(x) = bo + bix b b 
with a, + 0 and b,, x 0. It follows from the definition of multiplication 
that the term in the product involving the highest power of xis a by" 7 
This term is nonzero because a, and bm are nonzero and 51s an integral 
domain. It follows that the product f(x)g(x) is nonzero and its deor 
is n + m = deg f(x) + degg(x). This proves both assertions in the 


theorem. 


nomials in one indeterminate x- 


In thi : A 
n this section we have introduced poly. Sees 'aà- mee ses 


However, this procedure can easily be gene i 
commutative ring with unity, then the polynomial ring Sue 
ring with unity. If now y is another indeterminate, We mayas aoo AR : 
ting (S[x]) [y] consisting of polynomials in y with tsin the dad gd 
It is easy to verify that the elements of this new ring can also be expres tw 
Polynomials in x with coefficients in the ring SL]. in other words, e 
tings Spx Ly) and (SyI)[x] are identical. Accordingly, we may ed 
ting by S[x, y] and call its elements polynomialsin the tae NES 5 enka 
ur last result, applied twice, shows that if S is an integral domain, 
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ring S[x, y] is also an integral domain. These statements may be extended 


in the obvious way to polynomials in any number of indeterminates, How- 
ever, we shall study mainly polynomials in just one indeterminate. 


EXERCISES 


L Let S bea commutative ring with unity and let P denote the set of all sequences 


figi cus, prodi us tet.) = (s Flosi Sm Hr fus) 
Parcite diee ymo. uec 


Where the terms u; are defined by 


Ui = Sol; ee + Sjli-j t4 Sito. 
Show that P is a commutative ring with unity. 
Show moreover that the mapping 6:S[x] > p defined by 


Hag + Ba Got qx") = (49;4;,...,4,,0,0,...) 
isan isomorphism of S[x] with P. 


2. If Sisa Commutative ring with y 


nity such that S[x]isan integral domain, prove that 
Sisan integral domain. 


42 DIVISORS AND THE DIVISION ALGORITHM 


In this Section and in Several more 
Study th ring i 


dy in ements of F[x] are e 
begin with the following definition, 


] be the ring of Polynomials in the indeter- 
n -If f(x), g(x)e FLX], 9(x)is said to bea 
divisor (or actor) of S(x) if there exists h(x) e F [x] such that I(x) = 
oe it itd isa lis of f(x) we Say also that f, (x) is divisible by 
g r tha *) 18 a multiple of g(x and indicate th; i 

I$ read as “g(x) divides f, (x).” dicte du Ee 


It follows immediately from this definiti IAM 
i 1 nition that if cisa nonzero element 
of F (that is, a Polynomial of Fx] of degree zero), then ¢ is a divisor of every 
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element f(x) of F[x]. For, since c has a multiplicative inverse c "in F, we can 
write f(x) = c(c^ tf (x)), and this shows that c is a divisor of f(x). 

We shall sometimes write g(x) | f(x) to indicate that g(x) divides (that is, 
isa divisor of) f(x). 3 

It is important to observe that if f(x) = g(x)h(x), then also f(x) = 
(cg(x))(c” *h(x)), where c is any nonzero element of F. That is, if g(x) | Fx), 
then (cg(x))| f(x) for every nonzero element c of F. 

The next theorem states a property of F[x] which will be used 
Tepeatedly to derive results about polynomial rings. The underlying idea is so 
useful that we shall isolate it and see how it can be applied in the study of other 
tings—the ring of integers, for example. ; 


4.13 Division Algorithm. If f(x), g(x) e F[x] with g(x) 40, there 
exist unique elements q(x) and r(x) of F[x] such that 


4.14 f(x) = qG9g(x) + r(x), r(x) = 0 or deg r(x) < deg g(x). 


We may recall that the zero polynomial has no degree and this fact 
explains the form of the condition which r(x) is requited to satisfy. poe 
Before giving the proof of this theorem, we illustrate the statement by ' 
an example and indicate how the proof can be carried out. For the purpose of 

the example, let F = Q, the field of rational numbers, and let 


f(x) = 2x* ~ x3 cx? -x ly. glx) =x + 2x l 
If we set q(x) = 2x — 1 and r(x) = 3x — 3x?, then i 


qG)g(x) + r(x) = (2x — 1)(x3 + 2x — 1) + Gx — 3x*) 
22x*'—- x +x xl 
= f(x), 


and deg r(x) = 2 < deg g(x) = 3. à "n 
. . This example simply verifies that the required q(x) and r(x) exist for the 
given f(x) and g(x). Let us indicate how one would actually carry out the 
computation starting with the polynomials f(x) and g(x). . “gees y 
Note first that deg g(x) < deg f(x). We first find a multiple of g(x) to 
make the highest degree term of f(x) coincide with the highest dejo Am "adt 
the multiple of g(x). In our case, f(x) and (2x)g(x) both have 2x pai TRUM 
degree term. Subtract these to obtain a polynomial of degree smaller than the ds 
degree of f (x): f » ; 


A69 = f(x) - Qxdg(x) = 2xi — 33 t x FL 


i Ji(x) has degree larger than the degree of g(x), we repeat rege o 
nd a multiple of g(x) which has the same highest degree ee de jig 
case (— 1)9(x) and f. (x) have highest degree term —x*, $0 we s UN 
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obtain a polynomial of smaller degree: 


Ai) = (= 1)g(x) = —3x? + 3x 
= f(x) — (2x)g(x) — (— 1)g(x) 
= f(x) - (2x — 1)g(x). 


4.15 Theorem. Let f(x) and g(x) be nonzero elements of F[x]. If 
deg f(x) > deg g(x), then there is an element h(x) in F[x] such that either 
4) = glx)h(x) or deg( f(x) — G(x)h(x)) < deg f(x). 


Let us present a formal proof for this. Let the highest degree 
term of f(x) be ax" and the highest degree term of g(x) be bx", with 
a and b nonzero elements of F. By assumption deg f(x) = n > m= 
deg g(x). Thus n — m is a nonnegative integer and x^^" is an element 
of F[x]. For h(x) we select ab-!x"-™ Then f(x) and g(x)h(x) have the 
same highest degree term. If all the terms are the same in both poly- 
nomials, then f(x) = g(x)h(x); otherwise f(x) — g(x)h(x) has degree 
less than n = deg f(x), as we were required to prove. 


With this idea isolated, we turn to the proof of the Division Algorithm. 


PROOF OF 4.13. Take the point of view that g(x) is a fixed nonzero element of 
F[x] and we must prove that for each element f(x) in F[x] the elements q(x) 


depen Wa [x] with f (9 = q(x)g(x) + r(x) and either r(x) — 0, or 


ere is an easy case we dispose of immediately. If deg f(x) < deg g(x), 
then we may use alx) = 0 and r(x) = f(x). ; ie 


If deg g(x) = 0, then g(x) = g is an clement of F and has a multipli- 


Cative inverse. Thus, for any f(x), we t =g! a 
Henceforth, we assume WERA Á e - s 6) and B. 


or the rest of the Proof we u; i i i 
ise math * M f 
i ; iii t ematical induction Let 


t M gers n With the pr t i d r(x) 
exist whenever f(x) has degree n, We sh boe Pa es 


begin by showing that | e M. Takean i 
shoy ase. cany f(x) with deg f(x) = 1. If deg g(x) 2 2 
then this iş the easy case alteady finished. If degg(x) < 1, then 


deg 9(x) < deg f(x) and so 4.15 may be appli i i 
: : 04, Pplied. Th lement h(x) with 
either f(x) = g(x)h(x)—in Which case we take we NRI : 0—or 
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deg( f(x) — g(x)h(x)) < deg f(x) = 1 = deg g(x)—in which case we again take 
q(x) = h(x) and r(x) = f(x) — gGx)h(x). 

Now suppose M contains every positive integer less than or equal to c. 
It is necessary to show that c + 1 is in M. Let f(x) be any element of F[x] with 
deg f(x) = c + 1. If deg g(x) > deg f(x), then this case has already been done. 
Assume deg g(x) « c + 1. We may apply 4.15 to obtain an element h(x) such 
that either f(x) = g(x)h(x)—in which case we take q(x) = A(x) and r(x) = 0— 
or f,(x) = f(x) — g(x)h(x) has degree less than c + 1. Thus deg /;(x) is an 
element of M and so there exist elements g,(x) and r,(x) such that 


f(x) = gd h(x) = fix) = q169g(x) + ri) 


and either r, (x) = 0 or degr,(x) < degg(x). We now observe that the choices 
q(x) = q,(x) + h(x), r(x) = r, (x) meet the required conditions. This shows that 
¢+-1is in M and it follows that M = Z*. This proves the existence of the 
polynomials q(x) and r(x) for any given f(x) and g(x) # 0. Now we must show 
the uniqueness of the q and r. Suppose a second pair of polynomials q'(x) and 
(x) meet the conditions of 4.14. Then we have the equations 


f(x) = q(x)glx) + r(x) = 4/(x)g(x) + r(x). 
It follows that 
(q(x) — q'Go)g(x) = r(x) — r'o): 


If this difference is not zero, then both sides of the equation have a degree. 
However, the left side of the equation has degree deg g(x) + deg(q(x)— a'C9). 
which is at least as great as deg g(x). The right side of the equation has degree 
less than the degree of g(x) because both r(x) and r (x) have degree less than the 
degree of g(x). This situation is impossible so r(x) = r'(x) and then it also 
follows that q(x) = q'(x). 

It is customary to call g(x) anc r(x) satisfy: 
remainder, respectively, in the division of f(x) by g(x). Clearly, f(x)1 
by g(x) if and only if the remainder in the division of f(x) by g(x) is zero. 


ing 4.14 the quotient and the 
is divisible 


EXERCISES 

1. Find the quotient and remainder after division of f(x) by g(x) for the following 

choices of polynomials in Q[x]: 

(a) f(x) = 4x* — x? — 3x +5, 9x) = 2x +55 

(b) f(x) = x* — 29 x? — 3x — 6,00) =x? +35 

© f(x) = (x — 4 (x) = (x — 2); 

(@) f(x) = (x — 2)*, gfx) = (x — IP. 
2. Let g(x) be a.nonzero element of F[x] with deg g(x) 

there exist polynomials To(X), ra (x): which are eit 


> 1. Show for each f(x) in F[x], 
her equal to zero or have degree 
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less than deg g(x) and which satisfy 


SO) = rox) + ri()a(3) + rdg) 4. +++ 4 ra(x)g(x)" 


for some nonnegative integer n. 


3. For each pair f(x) and g(x) listed in Exercise 1, find the polynomials r;(x) which 
satisfy the conditions in Exercise 2. 


4. For the case deg g(x) = 1, use the theory of Taylor series studied in calculus to find 
the polynomials T (x) of Exercise 2 for any f(x) in Q[x]. 


43 THE DIVISION ALGORITHM IN OTHER RINGS 


A careful examination of the statement and proof of the Division 
Algorithm for the polynomial rin i 


and this in turn was the Condition which led to the Proof of the Division 


Algorithm. It will be seen as we progress through a series of results about 


Polynomial rings and the ring of integers that the Division Algorithm plays a 
central role. Let us abstract this information from the previous situation and 
consider only these features. 


4, à 
d ya a "s R be an Integral domain and let d be a function 
nonnegative inte 2) nonzero elements of R and having values in the set of 


gers. Suppose the following condition is Satisfied: 
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4.19 For each pair of nonzero elements f, g € R for which d( f T V 

d(g), there exists an h e R such that either f = gh or d(f —gh) « d(f) 
Then d is a Euclidean function and R is a Euclidean domain. 


PROOF. We must prove that the Division Algorithm property 4.17 is 
valid. Let f, g e R with g #0. If f — 0, then 4.17 holds with q =r — 0. 
Assume that f # 0. If there is some h in R with f = gh, then q = h and 
r = Ois the right choice. Assume from now on that g does not divide f. 
In particular, no element f — gx is zero. The set of nonnegative inte- 
gers defined by 


M = (d(f — gx):x e R} 


must have a least element by the well ordering property. Select an 
element t € R such that d( f — gt) is the least element of M. We set r = 
f —gt and intend to show that d(r) « d(g). Suppose this is not the case. 
Then d(r) > d(g) and so we may apply the hypothesis 4.19 using r in place 
of f to conclude that there is some element he R with either r = gh or 
d(r — gh) « d(r). We consider these two alternatives one at a time, 
Suppose r = gh. Then, substituting for r, f — gt = gh and we conclude 
that f = g(t + h); but this is not possible because we had assumed g was 
not a divisor of f. For the second alternative, again substitute for r to 
conclude | 


dir — gh) = d(f — gt — gh) = 4f — glt + h)) < dlr): 


But the integer d( f. — g(t + h)) is an element of M smaller than the 
smallest element of M, d(r). This is impossible, so in fact d(r) « d(g) as we 
wished to prove. Now rewrite the defining equation for r in the form 
f = gt +7, and we see the condition 4.17 holds with q = t and this | 
Choice of r. 


One may think of the function d as assigning "size" to each element 


9f R: The condition 4,19 says that if f is “larger than" g, then either g divides 
f or one may subtract a a. rr Murs of g from f to obtain an element 
of smaller “size” than f. ? 

What has been gained by this genera! p 
We have isolated an ingredient which ensures 
algorithm. There are many other examples where 
We ue give two examples. 

or the first example we take the ring ; is quite: p 

We take the absolute alee that is, d is defined by d(x)- xl. Itis ae to: 
Verify that Z is a Euclidean domain with d as its Euclidean function. 1” ^ 
this, we begin with two nonzero integers fand g for which d( f) = d(g). Selec 


oint of view? For one. thing, à 
the existence of a division 
these conditions are present. 


Z of integers. For the function d 
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to be either + 1 or — 1. The choice should ensure that hg and f have the same 
sign; that is, both are positive or both are negative. Then we have d( f — gh) « 
d( f). Hence the condition 4.19 holds. Note that d(x) = 0 only if x = 0, Now 
We may conclude that there is a division algorithm for the ring of integers. 
Rather than giving an exact translation of 4.17 to this case, we give a slightly 
better form which Conveys more information. 


4.20 Division Algorithm for Integers, Let f and 9 be integers with 
g #0. Then there exist unique integers q and r such that f=qg+r 
and 0 < r < |g]. 


PROOF. Lemma 4.18 implies the existence of q, and r, such that f = 
Ng +r, and 0 < [r,| < |g]. If it happens that this r, is nonnegative, 
then take q = 4, and r= r, If r, is negative, then one of the inte- 
BerST, + g and r, — g is positive because |r;| < |g]. Let us suppose that 
fı +g is positive. Then set q =q; — 1 andr = T, +g. It follows that 
f=qgt+rand0<re< lgl. Similarly, if rı — g is positive then q = 
4ı + l and r =r; —g give the right elements. The uniqueness asser- 
tion is left as an exercise for the reader. 


The unique integers q and r which satisfy 4.20 are called, respectively, 
the quotient and the remainder in the division of f by g. It is important to 
Observe that f is divisible by g if and only if the remainder in the division of 
f by g is zero, 

For a second application of the Lemma 4.18, let G be the set of all 


complex numbers of the form a + bi, a, b e Z. Addit; iplicati 
BE Po j . Addition and multiplication 


(+ bi) (e di) — (a 4 b) (c 4 ay, 
(a + bi): (c + di) = (ac — bd) + (ad + bá)i. 


Gaussian integers. Next we define the 

» Thus all values of d are 

vl 7 0. We wish to show that G is 

dd ean functi i i 

the condition in Definition 4.16 is satisied, s ala SBE 

uA a + biandg = € + di be two elements of G, a, b, c, d e Z, and 

es "i ) k ET # ae IS necessary to show that there is an element 

= gh or =gh) < d(f). We wi 

selected as one of the four elements 1, M heu Resp may be 

dj — Suppose, on the contrary, that for each of the four choices of h, we have 
gh) 2 4(f). Then we have four inequalities obtained by using the 


nonnegati ve integers and d(x) 2 0 only when x 
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definition of d: 


4.21 (a — cy + (b — d)? > a? + b? (h= 1), 
(a + c)? + (b + d}? 2a? + b? (h= —1) 
(a + d}? + (b — c)? > a? + b? (h=i), 
(a — d)? + (b + c}? 2 a? + b? (h= —i). 


One may expand the squared terms, cancel common terms from the two sides 
of the inequality, and rearrange the terms to find that these four inequalities 
are equivalent to the two inequalities 


c? +d? > 2 ac + bd), 

c? + d? > 2|ad — bel. 
Since the terms appearing on each side of the inequalities are nonnegative, we 
may square both sides and then add the résulting inequalities to obtain 

2(c? + d?)? = 4[(ac + bd)? + (ad = br]. 

When the right side is expanded, we find it is equal to 

4(a? + b?)(c? +d’). 
So finally we have the inequality 

2(c? + d?)? > 4(a? + b?)(c? + d’). 
This can hold only if 
d(g) = c? + d? > 2(a? + b?) = 2d(f). 


However, our original assumption required that d(g) < An 
d( f) # 0, this is an impossible situation. The impossibility was a result of 
the assumption that all four inequalities 4.21 were valid, and so at bacs 
the inequalities is false. This means for one of the choices of h, tg et 
df — gh) < d(f). This allows the possibility that f = gh. Since we have 
Proved that G is a Euclidéan domain with d as Euclidean function, the Di- 
vision Algorithm must be true. di 


422 Division Algorithm for Gaussian Integers. Let f and y be 
elements of G with g 0. Then there exist q and rin G with f = qg + T 
and 0 < d(r) < d(g). 


Example. Find the elements qand r in G for the pair f = 4 + 9i, g = Du qon 
Case, we have d(f) = 4? +9? — 97, d(g) = 2? + (—4)? = 20. We test the ue 
elements À to sce if d( f — gh) < 97. For h = 1 this fails, but for h = —1 we fin 
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Af #9) = 67 3:52 — 61! Then set 
h=f+g=6+ Si 


i i h = i because 
i > d(g) we repeat this step with f, and g. Here we use 

es 2 322 d( fi). This is still not less than d(4); so repeat once 
more using f; = f, — gi and selecting A = i. Then 

dy — ig) = (—2)' + 1? = 5, 
Now work back through these equations: 

r= 2-1= fs ig =(f, - di) — gi = f, — 2ig 

-Ut*g-2g-f.(— 2i)g. 

The required qis —(1 — 2j). i i 3 
There is a new feature provided by this Euclidean domain. The quotient ani 

remainder that appr 


ear in the Division Algorithm are not unique. This can be seen by 
an easy example: few Oe 55g = 2. Then 


P9024 20 1 (51) 
= 4l + 2i) +(1 i). 


Since d(—1 4 j) = d(l +i)=2< d(2) = 4, there are two sets of candidates for the 
Quotient and remainder: (o7) Q 254 Fonlar -02,14; ). 


EXERCISES 


1. For each Pair f, 9 © Z, find the quotient 


4, and remainder t, a8 given in the Division 
Algorithm for the Integers: 


2. For each pair f. ge G, the ri 


ng of Gaussian integers, find a 4 and an r which are 
Predicted to exist in the Divi 


sion Algorithm for the Gaussian | ntegers: 


if 4 4 9i 4 4- 9j 
g 3 2+i 


3. Letg bea fixed positive integer with 


9 > 1, Prove that for any intéger f there exist 
unique integers r}, P15... Which satis 


ÍfyOxr- g and 
T5 To rg + mgt F rg”, 
for some nonnegative intéger n. (The r 


1 are the “digits of J” in the base g. For 
example, if g = 10, and S = 753, then To = 3r, = 5,and 7377) 
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44 GREATEST COMMON DIVISORS 


Let F be any field and F[x] the ring of polynomials with coefficients in 
F. In Section 4.2 we gave attention to divisors of f(x) and the Division 
Algorithm. Now we consider the divisors of some f(x) which are also divisors 
of a second polynomial g(x). 


4.23 Definition. Let f(x) and g(x) be elements of F[x] with at least 
one of them nonzero. A common divisor of f(x) and g(x) is a polynomial 
h(x) such that h(x)|/(x) and h(x)| g(x). A polynomial d(x) is a greatest 
commen divisor (g.c.d.) of f(x) and g(x) if 


(i) d(x) is a common divisor of f(x) and g(x). 
(ii) Whenever h(x) is a common divisor of f(x) and g(x), then A(x) | d(x). 


It is not obvious from the definition that a g.c.d. of f(x) and g(x) even 
exists, We shall show below that one does exist and also we shall see how to A 
compute one. There will in fact be many g.c.d.s because of the following 
observation. If h(x) divides f(x) and if c is any nonzero element of F, then ch(x) 
also divides /(x); that is, f(x) = A(x)k(x) implies f(x)  ch(x): c kO). Thusif — | 
d(x)is a g.c.d. of f(x) and g(x), then cd(x)is one also, Itissometimes convenient ^ 
to be able to refer to a unique member of this potentially large class of Du 
elements, so we introduce the following notion. 


4.24 Definition. A nonzero element of F[x] is called a monic 
Polynomial if its leading coefficient is the unity element 1 of F. 


Notice that if h(x) is a nonzero polynomial with leading coefficient c, ; 
then c^! hx) is a monic polynomial. If one insists that the g.c.d. of two poly. 
homials be a monic polynomial, then it is unique, as will be seen det à 
If we occasionally refer to the g.c.d. of two polynomials, we mean WR 
Which is monic. SUL NA 

Now we prove the existence of the g.c.d. and give one of its nou 
Properties, i 


4.25 Theorem. Let f(x) and g(x) be elements of F[x] with (x Pen ; 
Then there is a greatest common divisor of {(x) Hp AE dci BS sa 
g.c.d. is the nonzero polynomial of least degree which can ^e writ 


4.26 ax) = f jul) + ge 


for some elements u(x) and v(x) in FLx]. 
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PROOF. We define two finite sequences {fi} and {q;} in the following 
way. Let f,(x) = f(x) and J2(*) = g(x). The other terms are defined by 
the series of equations 


(1) LO) = a9 fix) + f(x), 

(2) H) = G2) f(x) + fa(x), 
(n— 2) Jn-20) = Gy 2%) fr + f(x), 
(n — 1) h-i) = 4, 160 f (x). 


These equations are obtained by repeated application of the Division 
Algorithm; it is assumed that f,(x),... f(x) are nonzero, 


deg f(x) > deg f(x) >+- > deg f,(x), 


three elements, then h also divides the third element. For example, if 
u= hu! and w= hw, then p = w_ u = h(w' — u'). Let us begin by 
showing that f(x) is a common divisor of Si) and f(x). From 
Equation (" — 1) we conclude that f (x) divides Ín-1(x). Thus f(x) 
divides two of the three terms in Equation (n — 2). Hence we conclude 
that f (x) also divides Jn-2(x). Examine Equation (n — 3)in the same way 


which divides both Si(x) and Ja). Then h(x) divides two of the three 


A(x) and so SAX) isa &c.d. as required, 


ow We Set d(x) = F(x) and show that d(x) c i 
: n an be expressed in 
the form stated in the theorem. The method is to show that there exists 
two sequences of Polynomials {u;} and {v} for 3 <j S n, such that 


4.27 fix) = Au; + Jaex)u;. 


From Equation (1) we obtain 


AG) = fi) — Fulx)q2(x) 
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so we set u, = l, v4 = —q;(x). Now assume that we have defined 
U3,...,ujand v;,...v,for3 < j < n. Then use Equation (j + 1) to obtain 


fii) = 10) — S24 ,(x) 
= (fiuj + faG9)vj-1) — odu; + Heg 
= fiuj- — ujq (x) + OMY; , — vq). 


This indicates how to define the next terms; 


Uy. a = Uj- — u;q yx), 
Uje = Vj- — vq x), 


and it follows that 4.27 holds. The sequence stops at tn, v, which gives the 


required elements for the expression of d(x). 

The last statement to be proved is that about the "least degree." 
Suppose m(x) is a nonzero polynomial in F[x] and m(x) = fi(xju + 
fo(x)v for some u, v in F[x]. Since d(x) is a g.c.d. of f,(x) and f2(x), it 
follows that d(x) divides two of the three terms in this equation, and so 
d(x) also divides m(x). If m(x) = d(x)h(x), then 


deg m(x) = deg d(x) + degh(x) = deg d(x). 
So finally all parts of the theorem have been proved. 


The sequence of steps which yields Equations (1)to (n — 1) is called the 
Euclidean Algorithm. It will be used again with the ring of integers. 

Since the expression (4.26) will be used frequently, we shall say an 
element of the form f(x)u + g(x)v is a linear combination of f(x)and g(x). Thus 
the theorem asserts that the g.c.d. of two polynomials can be expressed as a 
linear combination of the two polynomials. 


x? — 1 be two elements of Q[x]. 


Example 1: Let REN d & 
a fed Se f f(x) and g(x). The 


Let us find the g.cd. and express it as a linear combination o 
Sequence from the Euclidean Algorithm is 


S(x) = gix + 2) +(e + D. 
g(x) =(x + Nix — D, 
The last nonzero remainder is d(x) = x + 1, and 
d(x) =(x + 1) = f(x) — gle + 2) 
gives the expression as a linear combination of f(x) and g(x). 


= x — 1 be elements of Q[x]. By using 


Example2: Let f(x) ^ (x — 2? and g(x) died in calculus, We find 


the Taylor series expansion of f(x) at the point 1, as stu 
"t = 3 
Fx) = f(1) + foe — 1) + DDE = 9* LAVOE D 
2-143(x—1)-3(x — 1}? +(x- D 
= —1 + [3 — 3(x — 1) + (x — 71909. 
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It follows that the constant polynomial — 1 is a linear combination of I(x) and g(x) 
and, since no polynomial can have degree smaller than 0 — deg(— 1), the g.cd. of 

- (x) and y(x) is 1 (the monic version of the polynomial — 1). 


In a numerical case, the actual calculations may often be simplified by 
the following observation. If d(x) is the g.c.d. of J'(x) and g(x), then also d(x) is 
the g.c.d. of af (x) and bg(x), where a and b are nonzero elements of F, H ence, 
instead of Equation (1) in the proof of Theorem 425, we might use the similar 


equation we might work with da(x) and er(x), where d and e are nonzero 
elements of F; and so on for the other equations. This modification will not 
affect the validity of the arguments used to show that f(x) is the .c.d. of f(x) 
and g(x) and may greatly simplify the work involved. Let us give an 
-illustration by finding the g.c.d. of the polynomials 


fo x? ti 44x 4 
and 
G(x) = x? = 4x _ 4 


Over the field Q of rational numbers, In order to avoid fractions, we divide 
6f (x) by 29(x), obtaining: 


F(x) = (3x + 3)[29(3)] + 8x +4, 


so that r(x) = 8x 4.4 Tf we now divide 2g(x) by r(x)/4, we see that 


Since S4(X) = 0, the Ed. of f(x) and 9(x) is obtained from the last nonzero 

remainder, namely 8x 4 4, by multiplying ; iplicative i 

leading Coefficient, Hence the &.c.d. of f (x) ai 
t is sometimes convenient to use the 


4.28 Definition, Two nonzero ele 
í ment: 
Said to be relatively prime if their 8.C.d. is i era gelang 


(i) 2x? - dx? 4 yg and x? . 
(ii) MORE OS ; 


EMEN eE * : 
; Xo 2x? f 
(iv) Fn 2s x e daga Ais Ret 
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2. 


w 


a 


p 


e 


Find the g.c.d. of each of the following pairs of polynomials over the indicated field, 
and express it as a lincar combination of the two polynomials: 
(i) x? + Qi + Ix? + ix +i+1 and x? 4 (i — 1)x 22i — 2; field C of complex 


numbers, 
(ii) x? + (1 — /2)x — J/2 and x? — 2; field R of real numbers. 


| Let n bean integer with n > 2 and let g,(x),...,g,(x) be n elements of F[x], not all 


equal to zero. Define the g.c.d. of these n polynomials to be a polynomial h(x) which 
divides each g,(x) and is divisible by every polynomial in F [x] which divides each 
gi(x). Use the results already proved for n = 2 and mathematical induction to show 
that the g.c.d. of g,(x),... , g, (x) exists and can be expressed as a linear combinatio. 
41g1(x) +°> + u,g,(x) for some elements u of F[x]. j 


Carry out the computation of the g.c.d. as defined in the previous exercise for the 
three polynomials listed and express it as a linear combination of these three 
polynomials; 


g1() = x? — 7x — 6, 
g2(x) = x? + 2x? -x—2, 
93(x) = x? — 3x? — 4x + 12. 


Let f(x) and g(x) be nonzero elements-of F [x], where F is a field. If the field F’ is an 
extension of the field F, then F[x] = F'[x] aggywe may also consider f(x) and g(x) 

to be elements of F'[x]. Show that the quotient and the remainder in the division of 
(x) by g(x) are the same whether these polynomials are considered as elements of i 
F[x]or of F'[x].In particular, conclude that if there exists an element h(x) of F'[x] ' 
Such that f(x) = g(x)h(x), then h(x) € F[x]. i 


+ Verify that the Division Algorithm (4.13) remains true if the field F is replaced by an 


arbitrary commutative ring S with unity, provided only that g(x)is required to have. 
as leading coefficient an element of S witha multiplicative inverse in S. 


45 GREATEST COMMON DIVISORS 


IN EUCLIDEAN DOMAINS 


In this section we examine the notion of greatest common divisors in 


Euclidean domains in general, and in the ring of integers, in particular. 


Let R be a Euclidean domain (Definition 4.16) and d its Euclidean 


function. We give the following definitions which parallel those given in the 
“ase R = F[x] and d = the degree function. 


4.29 Definitions. ()Leta,b e Rwithb # 0. Wesaybisadiwisorofa 
(or bisa factor of ajif there is an clementr e R witha = 
to indicate that b is a divisor of a. ib ay 

(2) An element h € R is a common divisor of the elements a and ? 
of Rif h |a and Al. 2ii 


br. Wewtiteb|a j Vm i 
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(3) An element d in R is a greatest common divisor (g.c.d.) of the 
elements a and b in R if 


(i) d|aand d|b, and 
(ii) For any element h of R which is a common divisor of a ánd b, we 
have h |a. 


The zero is excluded as a divisor for convenience and some additional 
ease in making statements later on. This is not a significant restriction since the 
zero element could only be a divisor of the zero element if the restriction b 4 0 
were removed from the definition. 

Just as in the case of R — F[x], one must prove that a g.c.d. of a and b 
exists. In addition, we must consider the possibility that more than one g.c.d. of 
a and b exists. The existence will be demonstrated shortly. In order to discuss 
the relation between the gc.d.s of a and b, we introduce the following 
terminology. 


. 4.30 Definition. An element u ina ring R with unity is called a unit if 
it has a multiplicative inverse; that is, u is a unit if and only if there is 


some v in R with uv = vu =! = the unity of R. The set of all units of R 
is denoted by U (R). 


For the polynomial ring F[x], the units are the nonzero elements of the 
field F. For the ring Z of integers the only units are + 1. 


The next computation shows how units arise in the discussion of 
common divisors, 


431 Theorem. Let R be any integral domain and let a, b € R. 


(i) If a|b, then au divides b for any element ue U (R). 
(ii) If a|b and b| a, then a = bu for some u € U(R). 


PROOF. If a|b, then b = ar for some r in R. This implies (au)(ru~!) = b 
for any unit u; thus au|b and (i) is true 


b = ar = bur. The cancellation law may be applied since b + 0 to give 


1 = ur; it follows that both u and r are units of R, as we wished to 
prove. 


We now indicate how the Euclidean Algorithm may be used in this 


general c Xt to p Istence „c.d. 
l ontext t rove the ex of 
E d.s and also Obtain one of its 
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4.32 Theorem. Let R be a Euclidean domain and d its Euclidean 
function. Let a, b be elements of R, not both equal to zero. Then there is a 
greatest common divisor of a and b in R. If g is one g.c.d. of a and b, ihen 
any other g.c.d. of aand b is equal to gu for some unitu € U(R). Any g.c.d., 
g, of a and b can be expressed as a linear combination g = ar + bt, for 
some r,t € R. 


PROOF. Sinceatleast one of a and b is nonzero, let us assume that b # 0. 
We shall define two sequences of elements a;, q; as follows. Begin with 
a, =a and a; = b. Apply the Division Algorithm (4.17) to obtain a, 
and qz which satisfy a, = 45a; + a5, and either a, = 0 or d(a3) < d(a;). 
If a, #0, then apply the Division Algorithm again to obtain a; = 
4343 + a4, with either a4 = 0 or d(a,) < daz). We repeat this until a zero 
remainder is reached and thereby obtain the series of equations 


4, = 924, t 43, d(as) < d(a;), 
4; = 4343 + ds, d(a,) < d(as), 
433. vc OE RR SAU a ere ERO E 
ü,-2 = Qy- 105-1 Td, d(a,) < d(a, - 1), 
0,54 = Anan. 


Note that we are assured that a zero remainder is eventually reached 
because the sequence of values d(a;) is a strictly decreasing sequence of 
nonnegative integers; it cannot be infinitely long since there are only a 
finite number of integers between d(a;) and 0. We now ask the reader to 
use the argument from the proof of Theorem 4.25 to prove that this last 
nonzero remainder a, is indeed a g.c.d of a and b and, moreover, that this 
g.c.d. can be expressed as a linear combination, a, = 4,4 + av, forsome 
u,veR. 
Now that we know at least one g.c.d. of a and b exists, let us 
suppose that both g and g, are g.c.d.s of a and b. Then we apply the 
condition 3(ii) in Definition 4.29; g is a common divisor of a and b, sog 
divides every greatest common divisor; that is, g|gs- Similarly, g, is a 
common divisor and must divide the g.c.d. g, 91 |g. We then have the two 
conditions g |g, and g; |g. Now apply Theorem 4.31 to conclude that 
9; = gu for some unit u € U(R). 

Itshould be noted that once a particular g.c.d. has been expressed 
as a linear combination of a and b, g = ar + bt, then any other gcd. 
g, = gu has the expression g, = gu = aru + btuasa linear combination. 


Now we may apply this general result to the ring Z of integers using the 
absolute value d(x) = |x| as the Euclidean function. The set of units of Z 
consists of just the two elements +1. This means that if g is a g.c.d. of two 
integers a and b, the —g is the only other g.c.d. of a and b. Exactly one of the 
elements +g is positive, so in this case it is possible to define a unique greatest _ 
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common divisor of a and b by always selecting the positive choice. It is 
customary to refer to the positive g.c.d. as the greatest common divisor. 

Let us now give a numerical example. Suppose that we desire to 
compute the g.c.d. of the integers 26 and 382. By ordinary division we find that 
Equations 4.33 take the following form: 


382 = 14-26 + 18, 


26 = 1:18 + 8, 
18=2:8 +2, 
8=4:2. 


In this case, 2 is the g.c.d. since it is the last nonzero remainder. 

Not only is the Euclidean Algorithm useful in computing the g.c.d. of 
two integers, but it is also useful in expressing the g.c.d. of two integers as a 
linear combination of these integers. Let us now use the equations previousl y 
exhibited to express each of the remainders as a linear combination of 382 and 
26. For simplicity, we shall write a in place of 382 and b in place of 26. The 
calculations are as follows: 


18 = a — 145, 
S SIE rp et (gin: 14b) = 15b — a, 
= 18—2-8 =a — 14b — 2(155 — a) 
= 3a — 44b. 
Hence, 


2 = 3(382) — 44(26), 


and we have expressed the 8.¢.d. of 382 and 26 as'4 linear combination of these 
two integers. 

We shall sometimes find it convenient to let (a, b) designate the g.c.d. of 
aand b, Thus, for example, we have that (382,26) = 2. Therecan be no possible 


We shall frequently need to refer to a pair of integers with 1 as their 
ged, Accordingly, we make the following definition, 


4.34 Definition, The integers aan 


efiniti d b are said to be relatively prime if 
and only if their B4. is 1, that is, if bene 


and only if (a, b) 5 1. 
EXERCISES 


B : à 
Unless otherwise Specified, the letters represent arbitrary nonzero integers. 


1. Find the „c.d. of i i P ; ; 
j bürbinsion Prid the following pairs of integers and express it as a linear 


ANS © integers: (i) 52 and 38, (ii iii 
j (iv) 7469 and 2387, (v) 10,672 and —4147. ; AM me i 


Ln 
i 
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M 


Show that a and b are relatively prime if and only if 1 is expressible as a linear 
combination of a and b. : 


. If d = (a,b) and a = a,d, b = bd, show that (a,,5,) 7 1. 
If m is a positive integer, show that (ma, mb) = m(a,b). 

. If x = yz + t, prove that (x, z) = (2, £). 

. Prove that (a, bc) = 1 if and only if (a,b) = 1 and (a,c) = 1. 


Write out a formal proof that every remainder in Equations 4.33 is expressible as a 
linear combination of a and b . [Hint: Assume that this is false, and obtain a 
contradiction.] 

- If a,b, and nare given, prove that nis expressible as a linear combination of a and b if 
and only if (a, b) | n. 


NA pnay 


w 


. (i) Define the g.c.d. of three nonzero integers. 
(ii) Establish the existence of the g.c.d. of three integers by proving a result 
analogous to Theorem 4.32. t 
(iii) If d is the g.c.d. of a, b, and c, show that d = ((a, b), c) = (a,c), b) = (a, (b,c). 
(iv) Let d be the g.c.d. of a, b, ånd c. If a = a,d,b = b,d, and c = c,d, show that 1 is 
the g.c.d. of the three integers a,, b,, and c,. 


46 UNIQUE FACTORIZATION IN F[x] 


This section contains the main result about factorization of poly- 
nomials with coefficients in a field. Roughly speaking, it says that a polynomial 
may be factored as a product of certain polynomials which themselves cannot 
be factored further; in addition, there is only one way such a factorization can 
be doné. B 

Throughout this section, F denotes an arbitrary field. We begin with a 
definition. 


4.35 Definition. A polynomial p(x) in F[x] is irreducible if deg p(x) 
is positive and if p(x) is not equal to the product of two elements of F[x] 
each having positive degree. 


Thus if p(x) is an irreducible polynomial and if p(x) = fi (x)g(x), then 
either deg f(x) = 0 or deg g(x) = 0; this means either f(x) or g(x) is an element . 
of F. If c is a nonzero element of the field F and f(x) € F[x], then we always 
have f(x) = c^! (cf(x)), so that every polynomial of the form cf(x) is a divisor 
of f (x). It is easy to verify that a polynomial f (x) of positive degree over F is je 
irreducible polynomial over F if and only if the only elements of F[x] o 
Positive degree that are divisors of f(x) are of the form cf(x), c # 0. : 

Since the degree of the product of two polynomials over Fisthesum o 
the degrees of the factors, it follows at once from Definition 4.35 that every 
element of F(x] of the first degree is necessarily irreducible over F. 
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We may emphasize that the possible divisors of p(x) that are being 
considered in Definition 4.35 are those which are elements of F[x]; that is, 
they must have coefficients in F. For example, consider the polynomial x? — 2 
over the field Q of rational numbers. Now x? — 2 cannot be factored into the 
product of two polynomials of the first degree in Q[x], and hence x? — 2 
is an irreducible polynomial over Q. However, if we should consider the 
same polynomial as a polynomial over the field R of real numbers, we find 
that it is not irreducible over R since we have the factorization x? — 2 = 
(x - V2)(x + 42) with these factors of the first degree having coefficients 
in R. As this example shows, the concept of a polynomial being irreducible 
is relative to a specified field which contains the coefficients of the given 
polynomial. 

In later sections we shall discuss irreducible polynomials over each of 
the familiar fields of elementary algebra. 

j The following lemma, which is called Euclid's Lemma when stated for 
the ring of integers in place of F[x], is the key step in the proof of the 
uniqueness part of our main theorem. We prove it first in order not to interrupt 
the argument later. 


- 


4.36 Lemma. If f(x) and g(x) are nonzero polynomials over the field 
F and p(x) is an irreducible polynomial over F such that P(x) | (F(x)9(x), 
then p(x)| f(x) or p(x)| g(x). 


PROOF. If p(x)| f(x) then the conclusion holds and we are finished. 
Suppose then that p(x) does not divide f(x). Let m(x) be the monic g.c.d. 
of P(x) and f(x). Since m(x) divides the irreducible polynomial p(x), we 
have either m(x) = 1, the constant polynomial, or m(x) = ep(x) for some 
element c € F, If the latter choice is correct, then, since m(x)| f(x), we 
obtain p(x)| f(x) in contradiction to our supposition. Thus m(x) = 1 
and we may apply Theorem 4.25 to obtain the existence of elements 


u, v € F[x] such that 
= uf(x) + vp(x). 
Multiply this equation by g(x) to obtain 


437 |. 969 = uf ()g(x) + vp(x)g(x). 
By assumption, P(x) divides the 
term on the right side of 4. 
Wished to prove, 


product f(x)g(x) and so p(x) divides each 
37. It follows that p(x) divides g(x) as we 


; Ifa polynomial p(x) has the 
; Property that whenever p(x) divides a 
A Product f(x)g(x), then either P(x) divides f(x) or p(x) divides Rm k is called a 
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prime polynomial. The lemma just proved shows that an irreducible poly- 
nomial is a prime polynomial. It is also easy to see that a prime polynomial 
must be irreducible, Suppose that p(x) is prime and p(x) = f (x)g(x). Then p(x) 
divides the product of f(x) and g(x), so p(x) must divide one of these. If p(x) 
divides f(x), then we have deg p(x) < deg f(x) and so 


deg f(x) > deg p(x) = deg( f (x)g(x)) = deg f(x) + deg g(x). 


This implies deg g(x) = 0 and so p(x) is irreducible. Since the terms prime and 
irreducible refer to the same polynomials, it is unnecessary to use two different 
terms. However, we shall have occasion to consider rings other than 
polynomial rings where the two concepts may not be the same. For now, we 
shall use the terms interchangeably when considering polynomials. 

There is an easy extension of Lemma 4.36 to the case in which more 
than two factors are used. 


4.38 Lemma. Jf p(x) is a prime polynomial which divides the product 
Fi G9 7 f(x) of the k polynomials f,(x),..., f(x), then p(x) divides fi(x) 
for at least one i < k. 


PROOF. We give a proof using mathematical induction on the number 
of factors. The result is true for k = 1 ina trivial way; it is true for k = 2 
by the case just completed. Assume the result is true when the number of 
factors is less than some integer k. Then we let g(x) be the product of the 
k — 1 terms f,(x),..., f(x). Our assumption is that p(x) divides 


i699 = CLO)" AO. 


By the Lemma 4.36, we have either p(x)| fi(x)—in which case we are 
finished — or p(x)| g(x). In this case g(x) is the product of k — 1 terms an 5 
the lemma holds for k — 1 terms. Thus p(x)| f(x) for some i with 
2 <i<k. By the principle of induction, the lemma is true for any 


number of factors. 
Now we may state and prove the main result. 


4.39 Theorem. If f(x) isa polynomial of positive degree over the field 
F and a is its leading coefficient, then there exist distinct monic prime 


polynomials p;(x),..., p(x) (k = 1) over F such that 


440 S) = aL py)" Cpa)" Lp)": 


where the n’s are positive integers. Moreover, such a factorization is unique 


except for the order of the factors. 
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PROOF, Thereare two main parts of the proof. The first is to show that 
the polynomial f(x) has a factorization in the form 4.40; the second is to 
show that the uniqueness assertion is valid. The first step is carried out 
by mathematical induction. Let M be the set of positive integers n for 
which the following statement is true: 


8,:1f f(x) is a polynomial of degree n, then f(x) has a factorization in the 
form 4.40 in which the p,{x) are monic prime polynomials. 


We show le M. If deg f(x) = 1, then 


f(x) 2 ax & b — a(x + ba^!) 
and so $, is true since every polynomial x + c is prime. 
Next suppose that M contains 1,2,...,r — 1 for some integer 
r 2 2, We must show r e M. Let f(x) be any polynomial of degree r. If 
f(x) is a prime polynomial, then p(x) = a^! f(x) is a monic prime 
polynomial and f(x) = ap(x) gives the correct factorization to verify 
that S, is true for this fi (x). Suppose that f(x) is not prime. Then f(x)= 


and v(x) is assured by the validity of S, for n <r. Hence there, are 
monic prime polynomials 9;(%),...,9,(x) and monic prime polynomials 
h,(x),..., h,(x) such that i 5 

u(x) = bg, (x)= g(x), 

v(x) = ch, (x) ++- h,(x) 
with b, ce F. It follows that 


SO) = u(x)(x) = begi) g(x)hi(x)* +- h,(x). 
After collecting equal primes, we see that f(x) has izati 
j a factorization of the 
form 4.40. Thus Sn is true for every n. 
Now we turn to the uniqueness asser 


sets of monic Prime polynomials P,(x),.. 
(repetitions allowed) such that 


4.41 


tion. Suppose we have two 
P(x) and qi (x)... dm() 


Pil)" py(x) = qi(x)-- ' qu(x). 


Hou He bod e each of the p(x)’s equals one of the q(x)'s. Begin 

much as Possible; if p, (x l i 
both May be cancelled from the pri arri) da 
P(x) with equal q (x) as possible, 


terms are left on both the ri ; 2 
3 Saitek ght and left sides of 4. x i 
4.38. Since Pi (x) divides the le es of 4.41. We bring in Lemma 


ft side, it must divide the right side and the 
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Lemma 4.38 implies that p, (x).divides g,(x) for some i. Since qx) is a 
prime, it follows that q,(x) = cp,(x) for some c e F. However, we had 
assumed all these were monic polynomials, so c — 1. Thus p,(x) — qi(x) 
and further cancellation may be done. It follows that this unfavorable 
case does not actually occur and each p,(x) is equal to some 4j(x). Now to 
obtain exactly the statement in the theorem, we suppose f(x) has a 
factorization 4.40 and another factorization 


4.42 F(x) = a[q (x) Eq) 


with the q;(x) distinct, monic, prime polynomials. The coefficient a is the 
leading coefficient of f(x) so it is the same in both 4.40 and 4.42. Now the 
right sides of Equations 4.40 and 4.42 are equal, and, after cancelling the 
constant term a, we have a product of monic prime polynomials as 
considered just above. Each p;(x) is equal to some q,(x) and the number 
of repetitions of p,(x) equals the number of repetitions of the corre- 
sponding q,(x). In other words, except for the order in which we write 
down the prime powers, the two factorizations are exactly the same. 


We emphasize that the prime polynomials in 4.40 are restricted to be 
monic polynomials; hence the leading coefficient of the right side is just a, the 
leading coefficient of f(x). This theorem has great theoretical significance as 
we shall see in the next chapter. It will not be so easy in practice to actually 
carry out the factorization of a given polynomial into the form 4.40. It may 
even be difficult to determine if a given polynomial is prime. We shall examine 
Some special instances of this problem in later sections. 


47 ROOTS OF POLYNOMIALS 


In defining the polynomial ring F[x], we have emphasized that the 
Symbol x is not an element of the field, F. This differs from the point of view 
Which is traditionally used in the study of functions in calculus, for example. In 
that view, an expression f(X) = X? — 2X + 5 is interpreted as a function 
defined for all real numbers x by the rule f(x) = x? — 2x + 5. Thus the value 
of the function f at the point x is the real number f(x) and f is a function from 
the real numbers to the real numbers. Using this point of view, gne may then 
discuss the problem of finding solutions to polynomial equations; find all real 
numbers x such that f(x) = 0. For certain polynomials, such as the f(x) given 
above, there is no real number solution to this polynomial equation. However, 
if we allow x to take on complex values, then the equation has two solutions, 
*=1+ 2i. This is a situation that frequently arises when attempting to 
solve polynomial equations. The factorization of polynomials plays a very 
Important role in the discussion of this problem. 
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We wish to consider this situation from a fairly general point of view. In 
place of the real numbers and the complex numbers, we consider a field F and 
a larger field L containing F; in the terminology introduced in Section 3.5, F is 
a subfield of L and L is an extension field of F. We shall consider polynomials 
with coefficients in F and allow the indeterminant x to take on values from L. 
Let us make this notion precise. . 

| Let L be an extension of the field F and let c e L. Define the function 6, 
from F(x] to L by the rule: 


If f(x) = ay + a,x + + a,x", 
then 
OA f(x)) = ao tayo +: + ae" 
= flo). 
We take this as the definition of f(c) as well as the definition of 6.. The map & is 
called the evaluation map at c. According to the terminology introduced in 


Section 2.6, 8, is a homomorphism of the ting F[x] into the ring L. This is easy 


to verify; we shall give only an outline of the verification. Let f(x) and g(x) be 
elements of F[x]. Then 


Ie) = Vax! g(x) = ¥ b,x’, 
8f) + g(x) = oZ ax! + Y b,x’) 
=o} (a; + bix’) 
=} (a + b,)c! 
= Yay! + Y bci 
^ = &(f69) + 6(g(x). 
In an analogous way 


f 699(x)) = f(c)g(c) = f (x))0.(g(x)). 
Thus, the properties re 


4,C" for some non i 
Because 8.isa hom 
however. In all cases, 
It will be seen shortl 
solution of some pol 


isa Toot of some polynomial in F[x] in the se 
4.43 Definition, If f(x)e F[x] a 


and c is an el i 
field of F such that f(c) —.0, then c is called a Pug C cm 
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Consider the case F — R, the field of real numbers, and L — C, the field 
of complex numbers. Take c — i, Then R[i] = € because every element of € 
can be expressed as a + bi = (a + bx). Of course, any element of C may 
equal 0, f (x)) for many different choices of f (x). For example, 


62 + 3x) = (8 + 3x + x?) 
= 0(2 + 3x + (1 + x?)h(x)) 
aie 


In this example, h(x) may be any clement of R[x] because 
aQ + x?)h(x)) = (1 + h(i) = (1 — Dh) = 0. 


The crucial point is that i is the root of the polynomial 1 +x?, and so is also a 
root of any polynomial (1 + x?)h(x). The polynomial 1 + x?isthe polynomial 
in R(x] of least degree having i as a root and this polynomial is irreducible in 
R[x]. This example illustrates the statements of the next result. 


4.44 Theorem. Let L be an extension field of F and c an element of L 
which is the root of some nonzero polynomial in F [x]. Let g(x) be a 
polynomial in F(x] of least possible degree which has c as a root. Then 


(i) g(x) is an irreducible polynomial in F bd: 
(ii) If h(x) isa polynomial in F[x] such that h(c) = 0, then h(x) = g(x)aC9 
for some q(x) e F[x]. rane 


PROOF. In order to show that g(x) is irreducible, we suppose that 
g(x) = u(x)v(x) and we must show that either deg u(x) = 0.0r deg v(x) = 


0. Evaluate at c to obtain 0 = g(c) = u(c)u(c). Since u(c) and v(c) are 
one of the elements equals 


0, Then c is a root of u(x), by 
assumption g(x) has least degree of all polynomial i 
deg g(x) < deg u(x). On the other hand the equality g(x) í 
implies deg g(x) = degu(x) + deg v(x). Since the degree of a polynomial 
is never negative, we conclude deg g(x) M od 
deg g(x) = deg u(x) and so deg v(x) = 0 as we w! o prove. 

Now suppose h(x) is a nonzero polynomial and hic) = 0. In order 
to show that g(x) divides h(x), we apply the division algorithm to obtain 


h(x) = gq) +x) rœ) = 0 or degr(x) < deg (x) 


Evaluate at c to obtain 
h(c) = goale) + "(© 


i i the zero 
By assumption, h(c) = g(c) = 0 and so also r(c) = 0. If r(x) is not 
polynomial, then r(x) is a polynomial of degree smaller than the degree 
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of g(x) and also having c as root. Since 9(x) was selected to have least 
Possible degree of all polynomials having c as root, this case cannot 
occur. The alternative is that r(x) = 0andso h(x) = 9(x)q(x) as required. 


This result gives a description of all the polynomials in F[x] which 


/ 
4.45 The Factor Theorem. Let c be an element of F. The elements 
of F[x] which have c as a root are those of the form (x — c)h(x) where 
h(x) is any Polynomial in F[x]. 


PROOF, Sincece F, x - c is a polynomial in F[x] which has c as a root 
and is clearly a polynomial of least degree with this Property. Theorem 
4.44 implies that every polynomial in F [x] having c às a root has the 


form (x — c)h(x) for some h(x) and itis Clear that every polynomial of this 
form has c as a root. 


As an application of this result, we obtain a Testriction upon the 
number of roots of a Polynomial, 


4.46 Theorem, A 


I : polynomial in F[x] of. degree n has at most n roots 
In an extension field of F. 


mathematica] induction on n the de; 
5 gree of f(x), If n = 1, then = 
4x + band this has only one root, namely c, i. 


Tem is true for Polynomials Over any field Which have de. 


than nnz2, Since F cg we ma X 

| SL, Y regard f(x) as an element of L[x 
visa b 2PPIy the factor theorem, This yields f(x) = (x — c,)h(x) for 
Sa (x) in L[x] and deg h(x) = n — 1. For each index i,2<j<k we 


0= f(c) = (c; — €1)h(e;). 


j Were distinct elements of L, it follows that 
he induction assumption, 
/A required. UE [$9415 2327) cim 
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The next corollary is a simple consequence of this. 


4.47 Corollary. Let g(x) and h(x) be polynomials in F[x] and suppose 
that there is a set (c,,...,c,) of k distinct elements of F such that 
g(c)) = h(cj) for each j =1,...,k. If k> degg(x) and k > degh(x), 
then g(x) = h(x). 


PROOF. Let usset f(x) = g(x) — h(x), and then we have f(c;) = Ofor the 
k elements c,. If f(x) # 0, then f(x) has a degree which certainly cannot 
exceed the degrees of either g(x) or h(x); this would be a nonzero 
polynomial having more roots than its degree. This is not possible 
because of the last result, so f(x) = 0 and g(x) = h(x), as required. 


Let us consider an example of these ideas to show the relation between 
the roots of polynomials and the problem of factorization. We consider the 
field Q of rational numbers and the polynomial f(x) e Q[x] given by 


f(y) =x -x -3x-1. 


If we want to express this polynomial as a product of irreducible polynomials 
as in Theorem 4.39, it is necessary to find the irreducible divisors of f(x). By 
inspection, we find f(— 1) = 0 and so by the factor theorem, 


f(x) = (x + Dh). 
By long division we find h(x) and obtain 
= F(x) = (x + I(x? - 2x - 1) 


Now it is necessary to factor the quadratic term or determine that it is 
irreducible. By the quadratic formula we find the two roots are 1 + 2. We 
shall give a formal proof later that /2 is not a rational number. For now we 
shall simply use this fact. Then c = 1 + /2 isa real number which is a root of 
h(x) = x? — 2x — 1. Since c cannot be the root of a polynomial of degree one 
in Q[x], it follows that h(x) is a polynomial of least degree in QL] which has : 
as a root. By Theorem 4.44(i) it follows that h(x) is an irreducible DN 
Q[x]. Thus the factorization 447 of f(x) is the one assured by db cra id 

Finally, we give the following application of the Euclidean Algorithm. 


i lement 
4.49 Theorem. Let L be an extension field of F and let c beane. : 
of L which is the root of some nonzero polynomial in F [x]. Then the ring 
F[c] is a subfield of L. 


PROOF. Since F[c] is already known to be à NE 5 e 
remains to prove is that every nonzero element ol [4 
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multiplicative inverse. Let z be a nonzero element of F [c]. There is a 
polynomial u(x) e F[x] such that u(c) = z. By assumption c is the root of 
some nonzero polynomial in F[x], so by Theorem 4.44, there is an 
irreducible polynomial g(x) in F [x] with c as a root. Since z = u(c) # 0, 
g(x) does not divide u(x). Since g(x) is prime, it follows that the g.c.d. of 
g(x) and u(x) is 1. By Theorem 4.25 there exist polynomials a(x) and b(x) 
in F[x] such that g(x)a(x) + u(x)b(x) = 1. Now evaluate at c: 


1 = g(c)a(c) + u(c)b(c) = 0 + zb(c). 


This shows that b(c) is the inverse of z and since b(c) e F[c], it follows 
that every nonzero element of F [c] has a multiplicative inverse in F [c]; 
thus F[c] is a field. 


chapter we shall Prove a much better result; namely, if we start with any prime 
polynomial g(x) in F[x], there is some field extension of F in which g(x) = 0 
has a solution. It will follow then that any polynomial equation f(x) = 0 hasa 
solution, perhaps not in F, but in some extension field of F. 


Í glx) + x(-x* + 3x —3) 2 3 
and substituting « for x yields 


Otala? 4.34 —3) 23 


Po) Land only if f(e) = 0, that is if and on g Ta” = 6C € Fisa factor of 
ition introduces 
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4.50 Definition. The element c of Fis said to be a root of multiplicity 
m 2: 1 of the polynomial f(x) over F if f(x) is divisible by (x — e)" but 
not by (x — c)"*!. A root of multiplicity two is called a double root. 


It follows that c is a root of f(x) of multiplicity m if and only if in the ay 
factorization 4.40 of f(x) one of the prime factors occurring is x — c and, 
furthermore, it occurs with the exponent m. 


EXERCISES 


1, (a) Prove that a polynomial f(x) of degree 2 or 3 over a field F is a prime 
polynomial over F if and only if the polynomial f(x) has no root in F. 
(b) Show, by means of an example, that a corresponding statement does not hold 
for polynomials of degree 4. 

2. Determine whether or not each of the following polynomials is prime over each of 
the given fields. If it is not prime, factor it into a product of prime factors over each | 
given field. As usual, Q is the field of rational numbers, R the field of real numbers, 
and C the field of complex numbers. 


(a) x? + x + 1 over Q, R, and C; 
(b) x? + 2x — 1 over Q, R, and C; 
(c) x? + 3x — 4 over Q, R, and C; 
(d) x? + 2 over Q, R, and C; 
(e) x? + /15 over R and C; 
(f) x? + 4 over Q and Q[i]: 
(g) x? + 2./2x + 2 over Q[4/2] and R. 
4. In each case the polynomial over the given field has as a root the specified PEN d 
the field. Find the multiplicity of this root and complete the factorization © 
polynomial into prime factors over the given field. $ 


(a) x* 4 x? — 3x? — 5x — 2 over Q, root -h 
(b) x* + 2x? + 1 over C, root i. 
. Find an irreducible polynomial in Q[x] which h 
the following choices of c: 
(a) 1+/2 (3-4/3 (95—9 @7-V5 ia 
1 eld F and EF. 
Let f(x) 2 ag +a xac a,x" be a polynomial over the fiel i i 
Denote by f! x + b) the polynomial obtained from f(x) by substituting x + b for x: 
foe + a(x + BY 


jucible. Moreover, show 
bisa root of f(x + b} 


as the number c as à root for each of 


w 


a 


f(x + b = a + ay + b) 


Prove that f(x) is irreducible if, and only if, fix + b)isirred 
that if c is a root of f(x) in some extension field of F, then c — 


7. If 
i 
o= 5a 
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dea polynomial over a commutative ring S, let us define the derivative f (x) of f (x) as 
follows: 


f'&) - Y jax, 
i=1 
Prove that 


L/69 + gG9T = f(x) + g'(x) 
and that 


Lf 69869]' = f Ggg'(x) + S ‘(x)g(x). 
8. Suppose that f(x) is a polynomial over the field F and let f (x) be the derivative of 
(x) as defined in Exercise 7. Prove each of the following: j 
(i) If an element c of F is a root of f(x) of multiplicity greater than one, then c is 
also a root of the polynomial f'(x). 

(ii) If an element c of F is a root of f (X) of multiplicity one, then c is not a root of 
f(x). 

(ii) If f(x) can be expressed as a product of elements of F[x] of the first degree, 


then f(x) and f'(x) are relatively prime if and only if f(x) has no root of 
multiplicity greater than one, 


48 UNIQUE FACT ORIZATION IN 
EUCLIDEAN DOMAINS 


n this section we establish 


I the Unique Factorization Theorem for 
Euclidean d 


omains in general, and the ring of integers in particular. 


451 Definition, Let R be any integral domain. An element peRis 
called irreducible if in any fact. 


c i orization p = ab with a,b € R, either aor b 
is a unit of R, 


In the case R = F[x], the irreducible elements are the prime elements. 
In more general integral domains, the term prime is usually reserved for 


elements which have the Property proved in Theorem 4.36 for the ring of 
Polynomials, 


Let R be any inte 
called prime if p is not a unit in R 
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However, such an example cannot be a Euclidean domain in view of the 
following result. 


4.53 Theorem. Jf R is a Euclidean domain, then an element p of R is 
irreducible if and only if it is prime. 


PROOF. Assume p is an irreducible element of R and that p|ab, for 
a. b e R. It is necessary to show that either p|a or p |b. If p|a, then we 
are finished, so assume p does not divide a. Then 1 is a g.c.d. of a and p 
and so by Theorem 4.32, there exist u, ve R such that 1 = up + va. 
Multiply this equation by b to obtain b = bup + vab. Since p divides ab, p 
divides the right side of this equation and so p divides the left side; that is, 
p |b, as required. We leave the converse statement as an exercise for the 
reader. 


Yet one more point requires discussion before the Unique Factor- 
ization Theorem can be proved. An assertion about the uniqueness of 
factorization must take into account several problems which are illustrated by 
the following factorizations of the integer 10 in Z: : 


10 = 2:5 = 52 =(—2)-(—5) = (+1)2: (5). 


Of course, the first pair of factorizations differs only in the order in which the 
primes 2 and 5 occur; this is not a significant difficulty. However, in the third 
d in the last factorization we find 


factorization some different primes appear an: Y 
three terms instead of two. The reason for the existence of these different 
factorizations is the existence of the units + 1. The numbers 2 and —2 are both 
prime, but one is a unit multiple of the other. 

In a more general integral domain R, if à [ 
element, then up is also a prime element. If p and q are two primes of R, then 
pq = (upY(u- ! q) gives two factorizations of the element pq (assuming u # 1). 
In order to take this into account, it will be necessary to agree that p and up 
are regarded as sufficiently the same so that we will not give up the hope 
of a uniqueness statement. This difficulty was overcome in the case of R =. 
F[x] by insisting that we use only monic prime polynomials in the 
factorization theorem. This requirement has the effect of selecting one prime 
p(x) from the many possibilities up(x), for ua nonzero element of F. In the case 
R = Z, the ring of integers, we will again be able to make a uniform ae do 
because U(Z) = {+1}. For any prime p, the set (p, —p} contains only ii 
positive element, so in the factorization statement below we shall scot y 
positive primes. Unfortunately, it is not possible to make this kind of uniform 
choice in a general Euclidean domain. This will be taken into account by using 


the following notion. 


uisa unit of Rand pisa prime 
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4.54 Definition. Two elements a and b of the integral domain R are 
called associates if a|b and b| a. 


Note that Theorem 4.31 implies that a and b are associates if and only if there 
is a unit uin U(R) such that a = ub. il i j 

For the case of primes in a Euclidean domain, associates arise when 
one of the primes divides the other. 


4.55 Lemma. If p and q are prime elements of the Euclidean domain 
R, then p|q if and only if p and q are associates. 


PROOF. If p| g, then q = pt for some t € R. Since qis a prime and Ris a 
Euclidean domain, g is irreducible: thus Definition 4.51 implies either p 
ort isa unit; p cannot be a unit because it is prime. Thus t isa unit and pis 
an associate of q. The converse is immediate from the definition. 


Finally we can state our main result about factorization. 


4.56 Unique F; factorization Theorem for Euclidean Domains. Lei R 
be a Euclidean domain and f a nonzero nonunit of R. Then there exist 
prime elements p,,..., Py of R (not necessarily distinct) and a unit u such 
that 


457 S = up, py. 


Moreover, if q,, 7114, are also primes of R and if v is a unit of R such 
that f = vq, q,, then k = s and the q; may be renumbered so that for 
each i, p, is an associate of qi. 


PROOF. There are two main steps in the proof: The first is to show that 
each element has a factorization into a product of irreducible elements 


Factorization for F[x]. We begin by proving the following assertion: 


; 4.58 If there is a nonzero, nonunit element J € R which is not itself 
irreducible and cannot be expressed as a product of irreducible elements 


of R, then there is an infinite Sequence fi, f, f,,... of elements of R 
which satisfies 


() f; 
(ii) for each i > 1, fi; = Sih, for some nonunit h; € R; 
(iii). f; is not a product of irreducible elements.of R. 
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To construct this sequence begin with fı = f. Then f, is not irreducible 
and so it can be factored as a product fi = ab, with neither a nor b a unit. 
Now if it happens that both a and b can be expressed as a product of. 
irreducible elements, then forming the product of these two expressions, 
we would obtain an expression of f, as a product of irreducible 
elements. Such a product does not exist, so either a or bis not a product 
of irreducible elements; to be specific let us suppose it is a. Then we set 
JS, =a and h, =b and we have f, = Jjh;, with h, not a unit. This 
construction may be repeated because f, is not a product of irreducible 
elements; f; = fsh}. This construction may be repeated to produce the 
unending sequence required by 4.58, 

Now we use the fact that Ris a Euclidean domain with Euclidean 
function d to show that no infinite sequence of elements of R can satisfy 
conditions 4.58, Let 


M = (dxf)|x e Rx € 0,j = 1,2,3,..,}. 


So M isa set of nonnegative integers and, by the well ordering property, 
M has a least element. Let w = tf, bean element of R such that d(w)is the 
least integer in M; thus 


4.59 d(w) = d(vf,) € d(x), x eR, x#0,j21. 
Now use the Division Algorithm to divide each fj by w; 


Sj = wq; ry rj =0 
d(r;) < d(w). 
We shall now prove that r; = 0 for every j. Suppose this is not the case. 
Then there are two cases to consider. If k < j, then 
Se = Ses thes = Ses aterahess = 0° = Shj- he 

Thus, more simply, f, = fix, for some x eR. Substitute this into the 
expression involving r; to get 

rj = f, — wa; = f, — fwa = f, — fod, 

= f1 — xvqj). 


This says that rjis a multiple of f; and so d(r;) is in M. But d(r;)is less than i 
d(w), the smallest element of M. This situation is impossible. We van 
the next possibility; assume k > j. By the same reasoning as just used, i 
follows that yf, — fj, for some y e R. Once again we obtain 


r; = fj — way = Via — fud = fir — va 


5 é : Hest element of 
So r;is a multiple of f, and so d(r,)is smaller than the smallest el 
M, an impossiblity. The only alternative to these situations is that every 


or 
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rj = 0. Now we exploit the fact that r,,, = 0. We have two equations 


Á = feas 
St = Waiti = foo, ,. 


Combine these to get 


h= Áo. hu, 
and so 


l= GK + hk 13 


this implies that hy, is a unit, contrary to the condition 4.58(ii) stated 
above. 


elements. This Proves that for any nonzero nonunit f e R, there is a 
factorization 4.57, 


Now the uniqueness Statement must be proved. Suppose the 
element f has the factorization 4,57 and also 


4.60 S 294, 4; 4 prime, v a unit. 


Let us arrange the Notation so that KSs; if this we 
reverse the roles of the p, and 4j. Then p, | f, 
of 4.60. Since D, is a prime, it must divide o; 
divide the unit v, so Pı |g; for some J. Renumber if necessary to obtain 
Pı |41. Thus p, and 4; are associates by Lemma 4.55, and there is a unit 
vı With p, =q, 7. After cancelling g,, we obtain the equation 


W.pi p = "42°" qs. 


Repeat this with P; and continue until all the Pj 


have been caricelled to : 
Obtain 


Ux 770,7 v: (product of remaining 4). 


The number of uncancelled qis 5 — 
4;. However, the term on the left is a 
Tight are also units. Since a prime 
remaining on the right. Thus k 
as We were required to prove, 


k, since each D; Was paired with one 
unit, so any remaining terms on the 
cannot be a unit, there are no primes 
= S, and each p, isan associate of some qj; 
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expressed as a product of two integers, neither of which is a unit — the same as 
an irreducible element in Z. The first few positive primes are 


2,3,5, USAT 1972900 SEEN 


The theorem about unique factorization is so important in the case of the 
integers that it has become traditional to give it the following formidable title. 


4.61 Fundamental Theorem of Arithmetic. Every integer n which is 
not equal to 0, +1 can be written as a product n = ep,pz *'* p, where e = 
+1, and each p, is a positive prime. When the integer n is given, the unit e 
and the primes p; are uniquely determined except for the ordering of the p,. 


Of course most of this theorem has been proved in the more general 
case of a Euclidean domain. One obtains the uniqueness in this case because if 
two prime integers, p and q, are associates, then p = +q. When we insist upon 
positive primes, then p and q are associate positive primes if and only if p = q. 
The sign e = +1 if n » 0, ande — —1 if n « 0. 

Of course, the primes occurring in a factorization of an integer into 
prime factors need not all be distinct. By combining the equal primes, we see 
that every integer a > 1 can be expressed uniquely in the form 


4.62 a= pip? prt, 


Where the p's are distinct positive primes and each of m n2,.. ., "ty isa positive 
integer. The right side of 4.62 may conveniently be called the standard form of 
the integer a. As an example, 2? : 3: 5 is the standard form of the integer 60. 


49 SOME APPLICATIONS OF THE . 
FUNDAMENTAL THEOREM 


If a and c are positive integers and c is a divisor of a, then a = cd for 


some positive integer d. If c and d are expressed as products of prime factors, 
then clearly a is a product of all prime factors of c times all prime factors of d. 
Moreover. the Fundamental Theorem then states that this gives the unique 
factorization of a as a product of prime factors. It follows that the only 
Possible prime factors of c (or of d) are the primes that are factors of a. If thena 
is expressed in the standard form 4.62; any divisor c of a is necessarily of the 
form ù 


c= pm py pks I au 
Where 0 < m, < n, (i = 1,2,.... k). ‘Conversely, any integer c of this form is 
clearly a divisor of a. j 
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It is now easy to obtain the g.c.d. (a, b) of two integers a and b if botha 
and b are expressed in standard form. Clearly, (a, b) is the product of those 
primes which are factors of both a and b, each such prime occurring to the 
smaller of the two powers to which it occurs in a and in b. For example, 
60 = 22:3- 5 and 252 = 2?-3?-7, It follows that (60, 252) = 2?.3. 

Previously we have had a method for computing the g.c.d. of two 
integers by the use of Euclid’s algorithm: this method does not involve finding 
arly prime factors of the given integers, Froma computational point of view, 
the previous method may involve much less work than the present one sinceit 
ray be exceedingly difficult to find the prime factors of fairly large numbers, 
and therefore difficult to express them in standard form. Exercise 1 at the end 
of this section is designed to illustrate this point. 

We conclude this section by giving a formal proof that certain 
polynomial equations do not have solutions in the rational number field. The 
Fundamental Theorem of Arithmetic plays an important part in the proof. 


4.63. Theorem. Let n be an integer with n > 1 and let m be any posi- 
tive integer. If the polynomial x" — m has a rational root, then 
that root is an integer and m is the nth power of an integer. 


PROOF. Suppose a/b is a rational number which satisfies (a/b)" = m. 
We may assume that a and b are positive integers having g.c.d. equal to 1. 
If this were not the case, we could write a and b in standard form, then 


cancel any prime factors common to both without changing the fraction 
a/b, Then we have 


4.64 a" = mb". 


Our goal is to show that b = 1. If b # 1, then bis divisible by some prime 
integer p. Then Equation 4.64 implies that p also divides a". By the 
Fundamental Theorem we reason that the prime divisors of a^ are 
exactly the same as the prime divisors of 4; only the powers of the primes 
are different. Let us make this argument explicit: Suppose the standard 


form of a is 
ac pip? o pi. 
Then we have 
a" = py pito pet. 


By the uniqueness of the factorization, this must be the standard form of 
a". Thus p also divides a; this conflicts with our choice that g.c.d. of a and 
b equals 1. It follows that b = 1 and m is the nth power of the integer a. 
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Here are two applications of this result. The real number 4/2 is not 
rational. The number 4/2 is the solution of the equation x29 20) The 
theorem says that any rational solution must be an integer and 2 must be the 
square of an integer. However, 2 is a prime and the unique factorization of 
integers tells us that 2 is not the square of any integer. Hence 49 isnot rational. 

The number | + 42 is not rational. If it were rational, then adding the 
rational number —1 to it would produce the rational number i By the 
theorem, this is rational only if 2 is the third power of an integer. Again since 2 
is prime, this is not the case. 

More general results along these lines will be considered when we 
discuss rational roots of polynomial equations having rational coefficients. 


EXERCISES | 


. Express each integer a, b listed below in standard form and then use this to tind the 
g.c.d. of a and b. Compare the amount of calculation required with tlie amount of 
calculation required to find the g.c.d. using the Euclidean Algorithm: 


a 120 970 53,599 
b | 4851 | 3201 | 1333]. 
. (i) Using a method similar to that used in the proof of Lemma 4.5 
is a divisor of bc and (a, b) = 1, then a is a divisor of c. 


(ii) Prove the same result by use of the Fundamental Theorem. 


+ 3. Show that a positive integer a > 1 is a perfect square (that is, is the square of an 
integer) if and only if in the standard form of a all the exponents are even integers. 
Show that if b and c are positive integers such that bc is a perfect square and 
(b,c) = 1, then both b and c are perfect squares. Mit 
5. If nis a positive integer and pi, Pz»: -> Pa 0€ distinct positive primes, show that the 
integer (p,p2°*" Px) + bis divisible by none of these primes: 
6. Use the previous exercise to prove there exist infinitely many prime integers. 
Hint: Consider the possibility that pi». -Pu is the set of all primes. 
. List the 25 positive prime integers less than 100. For the ambitious reader, we 


xention that there 9: 00. For the reader with a 
tive primes less than 500. hi 
are 95 positi p! 


computer, we mention that there are 669 positive primes 
8. Let R be any integral domain. Prove that a prime element of R is an irreducible 


element of R. 2 
9. = nf x: ia subring of the field OL V — 51and so 
Let R = {a+b 5:a,be Z) Then RBS 2 Ma cie clement Ghich is not 


is an integral domain. Prove that R contat! AEREA ` 
prime. Do this by showing first that the integer 3isan irreducible element of F- 


- 


3, show that if a 


MN 


> 


xN 


yay 
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Then show 3 is not prime because 3 divides 


21 = (1+ 24/-5)( — 2/735) 
but 3 does not divide either factor on the right side, 
10. Let G be the ring of Gaussian integers, G = {a + bi:a,b € Z}. Then G is a 
Euclidean domain (Section 4.3) and so the results of this section apply to G. Show 
| + iis a prime in G. Show that the integer 2 is not prime in G (even though it 


is a prime of Z) and that 1 + i is one of the prime factors of 2. Show that the 
prime integer 3 is also a prime of G. 


4.10 RATIONAL ROOTS OF A POLYNOMIAL OVER THE 
RATIONAL FIELD 


4.65 Theorem. Ler 


f69 = anx" + a, x71 $s as, a, # 0, 


be a polynomial of positive degree n with coe ficients that are integers. If 
r/s is arational number, in lowest terms, which is a root of the polynomial 
F(x), then r is a divisor 0f a, and s is a divisor of a,. 


We may recall that by saying that r/s is in lowest terms we mean that r 


and s are relatively prime integers and s 0. However, the requirement that s 


be positive Plays no role in the proof of this theorem. 


PROOF. Since r/s is assumed to be a root of f(x), we have that 


rM rw 
a, a +a..(5) Prag 0; 


If we multiply throughout by the nonzero integer s", we obtain 


4.66 a" a, mms pew airs" iE aps" = 0. 


By transposing the last term to the right side, this equation can be 


F 
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written in the form 
(ay" ^! + apr" 25 Hii + as" t)r = aos". 


Since all letters here represent integers, we see that the integer aos” is 
divisible by the integer r. But we are given that r and s are relatively 
prime, and it therefore follows that ag is divisible by r. 

By a similar argument, if in 4.66, we transpose a," to the other. 
side, we can see that a, is divisible by s. 


Asanexample of the use of this theorem, let us find all rational roots of 
the polynomial 


g(x) 2 4x5 + x? c x? — 3x L. 


I r/sisa rational number, in lowest terms, which isa root of this polynomial, 
then r must be a divisor of 1 and sa positive divisor of 4. It follows that r = 
+1, s = 1, 2, or 4; and we see that the only possible rational roots are the 
following: 1, 4,4, — 1, —4, —4. It is easy to verify by direct calculation that 
g(1) #0, gd) = 0, g(t) #0, g(—1) = 0, o(-4) #0, and g(—4) # 0. Hence, 
land —1 are the only rational roots. If we divide g(x) by x — 4 and then 
divide the quotient by x + 1, we find that 


g(x) = (x — J)x + dx? — 2x? + 4x = 2) 


Any root of this third degree factor is naturally a root of g(x) so its only 
possible rational roots are therefore 3 and — 1. It is easy to verify that is a root 
and if we again divide by x — 3, we can express g(x) in the form 


g(x) = (x — 3G 4x? + 4) 
or 
36 g(a) = 4 lk + 1? + D. 


We see therefore that 4 is a double root of g(x). Since the quadratic polynomial 
x? + 1 has no rational root, it is a prime polynomial over Q and hence in 4.67 
we have g(x) expressed as a product of prime polynomials over Q. For that 
matter, the polynomial x? + 1 is prime over the field R of real numbers and so 
4.67 also gives the factorization of g(x) into prime polynomials over R. 


EXERCISES 


1. Complete the proof of Theorem 4.65 by showing that s is a divisor of ån: 
5. A rational root of a monic 


2. Prove th i f Theorem 4.6 ; 
y ce ecessarily an integer which is a 


Polynomial with coefficients that are integers is n 
divisor of the constant term of the polynomial. 
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3. Find the factorization of the polynomial g(x) of the example given above into prime 
factors over the field C of complex numbers. 


4. Find all rational roots of each of the following polynomials over the rational 
field Q: 
(a) 33 + 5x? + 5x 42, 
(b) 2x* — 11x32 + 17x? — 11x + 15, 
(e) x3 Sx + x3 x22 2. 
(d) x? + x? — 2x — 3, 
(e) 6x — 7x? — 35x + 6, 
(f) x5 + 5x* + 13x? + 19x? + 18x + 8, 
(g) x3 — (Dx? — 4x +4, 
(hb) x7 + x9 - x5 o x* a xà xà 


5. Find all rational roots of each of the following polynomials over the rational field 
Q, and factor each polynomial into a product of prime polynomials over Q: 
(a) 9x* + 6x? + 19x? + 12x + 2, 
(b) x? xt — 3x? 4 6x? — Ax 4.1, 
(c) 4x^ + 20x? 4- 33x? + 20x + 4, 
(d) 2x* + 3x3 + 4x 4- 6, 


6. Show that each of the following polynomials over Q has no rational root: 
(A) act — x00 Dy plot hla 
(b) xi? — x? 4 x$ — x3 1; . 
(Q x" + 2x"^* — 2, ma positive integer > 2. 


*4.11. INTEGER SOLUTIONS OF 
LINEAR EQUATIONS 


The solution of an equation ax — b, with a, b e Z is given by x = b/a. 
This yields a rational solution so long as a £0. If we ask for an integer 
solution, then, since the equation has only one rational solution, either there is 
no integer solution (in the case a does not divide b) or the unique rational 
solution happens to be an integer. The equation 3x — 7 has no integer 
solution; the equation 3x = 6 has a unique rational solution which happens to 
be an integer: X = 2. Suppose we consider a similar equation having two 
unknowns in place of one. We ask for the integer solutions of the equation 
ax + by = c, where a, b, c are given integers and the unknowns are x and y. 
This will have rational solutions so long as not both a and b are zero. The 
problem we intend to solve is that of deciding if there are integer solutions, 
and if there are, to find all of them. It may not be immediately obvious what 
the situation is; for example, do there exist integers x and y such that 


4.68 1547x + 3367y = 455? 


Let us consider a less dramatic example. The equation 2x + 6y = 19 
cannot have any integer solutions because no matter what integer values are 
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substituted for x and y, the left side of the equation is an even integer (that is, it 
is divisible by 2) whereas the right side is not an even integer. This simple idea 
turns out to be the key to this problem. 

We shall give a theorem which shows how to systematically determine 
if a solution exists and how to find all solutions when they do exist. 


4.69 Theorem. Letaand b be nonzero integers and g = the g.c.d. of a 
and b. 


(I) For an integer c, the equation ax + by = c has a solution with x, y € Z 


if and only if. glc. 
(2) Suppose c = gc,, a = 941, b = gb, with cy, a, by E Z. Then every 
solution to the equation ax + by = € with x, y € Z is obtained by the 
following method: let x; and y, be integers which satisfy ayx1 + 


by y, = 1. Then 
x= xc — bit 
4.7! LOL cane 
o y= yc; + ait, 


where t is any integer gives every. solution to ax + by = €. 


proor, If xand yare integers such that ax + by = c, then g = the g.c.d. 


of a and b must divide c since it divides each term on the left side of the 
equation. Thus, when a solution exists, g divides c. On the other hand 


suppose g divides c so that c = 9¢1» for some c, € Z. There exist integers 
uand vsuch that au + bv = g, by Theorem 4.32. Now multiply by & and 
use x = uc,, y = vc, to get ax + by = c. Thus when g divides c, Integer 
solutions to the equation exist. This proves statement (1). 

Before we begin the proof of statement (2), it should be noted that 
the numbers a, and b, are relatively prime (see Exercise 3 following 


Section 4,5) and so there do exist integers x, and y; such that 


‘ 


4.71 axi by = K 
If we set x =: x161 — bih Y = Yati t a,t, for any integer ^ then. 
— byt) + gb (vier + ait) 


ax + by = gay(%1e 
y-8 10361 biat + gbi! 


= g(a, X, + biyi) 7I 
= g(l)c 

zm 

he equation. Next it is 
s way. Let x and y be 
ach divisible by g. 


teger solutions to t 
lution is obtained thi 
= c. Since a, b, c are € 
tain the equation | 


This choice of x and y gives in 
necessary to show that every SO 
any integers such that ax + by 
we may cancel this factor to ob 


472 ax t biy = e 
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Next we multiply Equation 4.71 by c, to obtain 
4,73  sayxycy + by vic, = ci. 
Subtract Equation 4.73 from 4.72 to obtain 

4.74 a(x —X,¢,) + bily — ye) = 0. 


From this equation we conclude that a, divides b,(y — y,c,). However 
a, and b, have no common factor greater than 1, so a, divides (y 
— y,C,); let us write ta, = y — y,c, for some integer t. Substitute this 
into Equation 4.74 to obtain 


a(x — x40) + b,(a,t) =0. 


It follows that x — x,c, = —b,t. After we rearrange some terms in these 
last equations, the form of the solution 4.70 is easily seen to be true. 


Now let us apply this theorm to determine if Equation 4.68 does have a 
solution. First apply the Euclidean Algorithm to find the g.c.d. of 1547 and 
3367: 


3367 = 1547-2 + 273, 
1547 = 273:5 + 182, 
273 = 182:1 +91, 
182 = 91:2. 


So 91 is the last nonzero remainder, 91 = (3367, 1547). By working back 
through these equations, one finds 


: 91 = 3367: 6 + 1547: (— 13). 
Since 455 is divisible by 91, Equation 4.68 has integer solutions and they are all 
given by 
x = 5(—13) — 37t = —65 — 371, 
yz5:6-171—2304175, tez. 


With the choice t = —2, we have x = gy 


—4 as one solution of Equation 
4.68. 1 


EXERCISES 


1. Find all integer solutions to the equations listed: 
(i) 4x + Ty = 19, 
(ii) 14x + 49y = 70, 
(ii) 144x + 256y = 10000. 
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2. State and prove a theorem which gives a necessary and sufficient condition for the 
equation ax + by + cz = d to have integer solutions for the unknowns x, y, z and 


given integers a, b, c, d. 


3. The monetary system of a rather unusual country is such that all items for purchase 
are priced in a unit called the cento. For some unexplained reason, the country is 
able to produce only two types of coins; a 4 cento piece and a 7 cento piece. What are 

| the possible number of centos that a purchaser can pay for an item exactly without 

the need for change? (What numbers N can be expressed as 4x + 7y = N with x and 


y nonnegative?) 


Chapter 5 


Field Extensions 


In this chapter we introduce a fundamental algebraic construction which 
describes, in some sense, all the homomorphic images of a given ring. This 
construction will be used to solve several problems. By applying it to the ring 
F[x] of polynomials over a field, it will be possible to show that every 
polynomial equation f(x) = 0 has a solution— not necessarily in F, but in 
some field containing F. By applying it to the ring of integers, we construct a 
large class of finite rings which appear in many algebraic problems. Some of 
these rings will be finite fields. When these two results are combined, we shall 


be able to describe all finite fields and study some of their properties which are 
not shared by all fields. 


5.1 SPLITTING FIELDS 


Let F bea field and f(x) an element of positive degree in F[x]. We want 
to consider the polynomial equation f(x)=0 and the question of the 
existence of solutions of this equation. We have seen examples where the 
equation has no solution in the field F but a solution did exist in a larger field L 
contaming F. The classical example occurs with F = R, L = C, and f. cds 
x? + |. Our goal is to show that given any polynomial equation f(x) — 
there is always some extension field L in which the equation has a solution. 5 
order to motivate the construction of L, let us consider the situation in which 
Lis known to exist and there is an element c € L with f(c) = 0. We saw in Sec- 
tion 4.7 that there is an irreducible polynomial g(x) in F[x] with g(c) = 0 and 
g(x) dividing f(x). Moreover, the subring F[c] of L is actually a field; it 
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consists of all elements of the form 


5.1 2H ag diet dc d Fn aie 

where n — degg(x) and all the a; are elements of F. Moreover, given the 
element z, the expression 5.1 for z in this form is unique. Since F [c] is a field 
that obviously contains the solution c of f(x) =0, we may restrict our 
attention to the field F[c]. Our method will be to show how the field F[c] may 
be constructed without knowing in advance that the field L containing à 
solution c exists. The evaluation map at c will be used to indicate the main 
ideas. Recall from Section 4.7 that the map 6: Fx] > L is a homomorphism 
defined by 0,(h(x)) = hlc) and F [c] is the set of all elements of the form 


5.2 z = 6,(h(x) 


for some h(x) in F[x]. This provides us with this first important observation: 
When the field F[c] containing a solution of g(x) = Oexists, this field is 
a homomorphic image of the polynomial ring F [xt rod ; 
Next we examine this more closely to see how a suitable homoraorphic 
image of F[x]is constructed. Every element 2 in F[c] has the form 5.1 and also 
the form 5.2. For a given z, however, there are many choices for the polynomial 
h(x). If h(x) is one choice, then h(x) + g(x) is another. This is so because 
0 = gle) = 6909) 
z = (hix) +0 = Oho) + g(x). 
we find that additional choices may be made by 


taking the elements h(x) + g(x)a(x), for any polynomial a(x) € Fx) Lets 
now verify that these are the only choices. Let b(x) be any polynomial in FLX] 
for which 2 = &(b(3)) = &h(9). Then by the homomorphism property of 0 


we conclude 


By using the same reasoning, 


(bx) — GM) = BO. idm 1757 9 


^ i ia ivide b(x) — h(x); thus 
By Theorem 4.44, the irreducible polynomial g(x) must divide B(x) i 
bi) - o9) gata) for some ath and 80 9) = FE) ea iil 
our assertion. With the element z in F [c], we now associate this collection 


elements of F[x]: 

5 TQ) = (boob e FEX 069) = 2; 

we may describe this set as 

2-1 4 g(x)a(x):a(x) e F[x]} 


and where the a; are the coefficients appearing in dn bus oes 
polynomial g(x) is characterized as the nonzero gene pa í ius EL 
the subset T(0). This point will arise again later Ne Reve new p 


In view of the argument just given, 


S4 .T()-ía, tax ho te 
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collection of subsets of F[x] indexed by the elements of F[c]. What is 
significant here is that these subsets may be defined once the irreducible 
polynomial g(x) is known; there is no particular need to use the field F[c] to 
construct the subsets. 

There is more to the definition of F[c] than simply the set of its 
elements; we must consider the operations of addition and multiplication. 
These operations are reflected by the operations in F[x] as we see in the 
following computation. 

Let z, w € F[c], and let u(x) be any element in the set T(z), v(x) any 
element in the set T(w). Then u(x) + v(x) is in the set T(z + w), u(x)v(x) is in 
the set T(zw), To see this we first note that u(c) = z and v(c) = w and also that 


T(z + w)is the set of all elements of F[x] which give z + w when evaluated at 
c. We compute 


&u(x) + v(x) = u(c) + v(c) = z + w, 


and so u(x) + v(x) e T(z + w). A similar argument yields u(x)v(x) e T(zw). The 
point of this computation is that the operations defined on F[c] can be defined 
entirely in terms of the operations in F| [x]. This gives all the ideas necessary to 
carry out the construction we have in mind. We shall make the definitions 
using an arbitrary polynomial rather than an irreducible polynomial. Later we 
shall restrict our attention to the case of an irreducible polynomial. 


The Construction 


Let g(x) be a nonzero polynomial in F[x]; for each polynomial 
h(x) e F[x] define a subset [h(x)] of F[x] by the rule 
5.5 [h(x)] = {h(x) + g(x)a(x):a(x) e F[x]]. 
These subsets are the equivalen 


ce classes of an equivalence relation which can 
be defined on F[x] as follows: t Bend 


5.6 Definition, Let g(x) be a fixed nonzero polynomial in F[x]. For 
two polynomials m(x) and n(x)in F[x], the phrase “m(x) is congruent to 
n(x) modulo g(x)" means g(x) divides m(x) — n(x); we indicate that this 
holds by writing m(x) = n(x) (mod g(x)). 


Let us show that this is indeed an equivalence relation according to 
Definition 1.8. Clearly g(x) divides m(x) — m(x) = 0 so that m(x) = m(x) 
(mod g(x). If m(x) = n(x) (mod g(x)) then g(x) divides m(x) — n(x); thus g(x) 
divides n(x) — m(x) and so n(x) = m(x) (mod g(x)). Finally suppose 
m(x) = n(x) (mod g(x)), m(x) — n(x) = g(x)a(x); 

n(x) = pix) (mod g(x)), n(x) — p(x) = g(x)b(x). 
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m(x) — p(x) = g(x)(a(x) + (x) 


and so 


m(x) = p(x) (mod g(x). 


Thus the three conditions in the definition of an equivalence relation are met. 
Asanillustration of this congruence relation let us take g(x) = x? — 2inQ[x]. 
Then we have 


x? +3 = 2x + 3(modx? + 2) 


because 
x-3-Qx43)2x3-2x— x(x? — 2) = xg(x). 


Similarly x? = 2 (mod g(x).  : 

Next let us verify that in the general case, 
relation are those defined in 5.5. If h(x) is any element o 
class of h(x) is the set of all polynomials f(x) for which h(x) = f(x) (mod g0); 
that is, h(x)—f(x)=g(x)a(x) for some. a(x). It follows that f =h) 
g(x)a(x), so f(x) e [h(x)]. It is also obvious that every element in [h69] is 
congruent to h(x) modulo g(x), so we see indeed that [h(x)] is the equivalence 
class containing h(x). 

Next, let us observe that each class [A(«)] contains one and only off 
polynomial which equals 0 or has degree less than the de Bret ph ala) Pots 
division algorithm, we have h(x) = g(x)q(x) +r) with either r(x) fhe or 
deg r(x) < deg g(x). Since r(x) = h(x) (mod g(x), it follows palit p 
Moreover, if s(x) is another polynomial which is either oiar ae EE ia 
than deg g(x) and if r(x) = s(x) (mod g(9). then g(x) divides r(x) — iu ince 
this is zero or has degree less than deg g(x), it must be that s(x) = r(x). One v 
of interpreting this fact is to say that the totality of equivalence classes M 
set in one-to-one correspondence with the elements of the form ag + 41 


Ut a x") if n = deg g(x). ini 
Th Gan cna SAM g(x) = x! — 2, the class x + 3] gone 
x? 43 is the same class as that containing 2x + SOTO: Te aber: ' 
only polynomial in [x? + 3] having degree less than degalha ipn 
More, every class contains à polynomial of the forma + bx, "t d jval ax 
Let us use the notation F[x]/g(9) to denote the set of auto g(x). 
classes of elements of F[x] subject to the relation of congruenc® re d apticu: 
The next step in this construction is to define adanan dition and 
tion of equivalence classes. The rules are apop e O elements of 
multiplication in the ring F[x]. Let [u(x)] and folol Pan eS 


the equivalence classes of this 
f F[x], the equivalence 
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F[x]/g(x). Addition and multiplication are defined by the rules 


H {u(x)] + [969] = Lu(x) + ve), 
{u(x} -Lo(%)] = Lulo). 


A precaution must be taken before we declare that we have defined two 
operations on F[x]/g(x). It is necessary to show that addition and multiplica- 
tionare well-defined. This point arose in the discussion of the field of quotients 
in Section 3.5. We repeat the point for emphasis. The element u(x) is just one of 
many elements in [u(x)]; yet we used that one element in a definition which 
must apply for the entire set. It is necessary to show that any other choice of 
element from the set [u(x)] will not affect the sum or product. The crucial 
information is contained in the following lemma. 


5.8 Lemma. Jf u(x) = u, (x) (mod g(x)) and v(x) = v,(x) (mod g(x), 


then 
(i) u(x) + v(x) = u, (x) + v, (x) (mod g(x)), 
(ie) u(x)v(x) = u(x)v(x) (mod g(x). 


IL PROOF. To prove these properties, we observe that u(x) = u,(x) 
(mod g(x)) means. that | there is a polynomial A(x) with u(x) = 
4, (x) + g(x)h(x). Similarly, we have v(x) = v,(x) + g(x)k(x) for some 
polynomial k(x). It follows that 


uix) + (x) = us (x) + vil) + a9 8G) + ko); 
Y this implies statement (i). To prove the second statement, we observe 
u(x)v(x) = u(x)v, (x) + gx)(k(x)ui Q9) + hovi (x) + gG)hGo)k(x)). 
which implies (ii). 
The lemma may be restated as follows: 
Tf [u(x)] = [u,(x)] and [v(x)] = [v, (x)], then 


[69] + [v9] = (u,(3)] + [0,9] and 
Euo E69] = [u.C91Eo. (9)]. 


This shows that addition and multiplication of elements in F[x]/g(x) 
are well-defined. 
It is now easy to prove the following result. 


5.9 Theorem. The set F LxV/a(x) of all Nine classes of F[x] 
modulo g(x) is a commutative ring. with te when | addition. and 
multiplication are defined by 5.7... E 


us 
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proor. Allof the axioms for a commutative ring follow for F[xl/g(9) 
from the corresponding axioms for the ring F[x]. We give just one 
illustration, the associative law for multiplication. If u(x), v(x), w(x)e 
F[x], then ; i 


(Eu) Eo) Ew) = Ceo) LO] 
= [(ux)v(9)wGQ9] 
= [u(y(oQ9w09)] 
= [u(x)] ow] 
= [u(x) (Co) oD). 


In a similar way the remaining properties may be verified. These steps 
are left as an exercise for the reader. In particular, notice that the unity of 
F[x1/g(3) is [1] and the zero element is [0]. 


As an illustration of the operations, let us, consider the ring QLx]/ Í 
(x? — 2). We have already pointed out that in this example every class is equal 
to [a + bx] for some suitable elements 4, b e Q. Here is a sample product: 


[3 + SqL-24.2x] = [76 — 4x + 10] = L4 Aai 
This last equality holds because 
-6 — 4x + 10x? = 10(x? — 2) + 14 — 4x, 
and so f 
_ 6 — 4x + 10x? = 14 — 4x (mod x* — 2) ja 


: Bata i ; we always ; 
Of course when doing calculations in the ring F[x]/g(x). We may a i 
replace the class of a polynomial u(x) by the class of its remainder m 


division by g(x). i nib 
Now we come to an important feature of this constru + 


5.10 Theorem. If F is a field, then the ring FD) ^ field if and 
only if g(x) is an irreducible polynomial in Ffal. ig 
PROOF. First suppose that g(x) is not an irreducible polynom 

there exist ui) pe v(x) in F[x] with gia) = uenta deed bod 
nor v(x) h: zero. In particular. ; i mdi 
v(x). aaah u(x) # 0 (mod g(x)) and 0) # 0 (mod g(x); this 
translates to [ux)] # [0] and [009] # [2- But 


Hence we have found the product 
zero. This means that F[x]/g(x) is not 
is not a field. s UM 
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Now let us suppose that g(x) is an irreducible polynomial. We 
must show that every nonzero element in F[x]/g(x) has a multiplicative 
inverse. Let u(x) be a polynomial with [u(x)] [0]. Then u(x) #0 
(mod g(x)) and so g(x) does not divide u(x). Our assumption that g(x) is 
irreducible implies that g(x) is a prime polynomial and so it follows that 
the g.c.d. of u(x) and g(x) is 1. By Theorem 4.26, there exist a(x) and b(x) 
in F[x] such that u(x)a(x) + g(x)b(x) = 1. Now use the equivalence 
classes to interpret this as 


[1] = Lua) + gb) = [utal] + Egbo] 
= [u(x)]La(x)] + [0] 
= [u(x)]La(x)]. 


Thus the class [u(x)] has an inverse, namely, the class [a(x)]. This proves 
that when g(x) is irreducible, every nonzero class in F[x]/g(x) has an 
inverse; that is, F[x]/g(x) is a field. 


The construction just given starts with a field F and an irreducible 
polynomial g(x) e F[x ], and produces a field F[x]/g(x). Let us now show how 
this field may be interpreted as an extension field of F containing a root of g(x). 

Define a mapping 0 from F[x] to F[x]/g(x) by the rule 


(fe) = Efe. 


The definition of addition and multiplication given in 5.7 implies that 0 is a 
homomorphism of F[x] into F[x]/g(x). Clearly this map is in fact onto 
F[x]/g(x). The function @ is used as a device to identify certain elements of 
F[x] /g(x) with elements of F. Let F' be the set of classes in F[x] /g(x) which 
contain an element of F. For cach b e F, 0(b) = [b] isin F’. Thus 0 establishes 
a mapping from E to F'. Itis easily verified that this mapping is one to one and 
onto; that is, 0 establishes an isomorphism between F and F’. Thus F Ex]/g69 
contains a subfield isomorphic with F and we shall use this isomorphism to 
identify the elements of F' and F. In place of [5] in F’, we shall simply write b; 
in place of [bx] = [b][x], we write b[x]. More generally, 


[bo + bix + b buxF] = by + by [xP E b,[x*]. 


Now we goonie step further and introduce a symbol for [x]. Let c — [x]. Then 
we have c* = [x] — [x*] and so a typical element of F[x]/g(x) has the form 


[bo + bx F= F b,x] = bo + bic +: b.c 


With this agreement on notation, the map @ is nothing more than the eval- 
uation map at c. Let us see why this is the case. Set L = F[x]/g(x) so L is a 
field. The map 0 has values in L and for 


h(x) = bo + byx +- + xk, 
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we have 
0(hGo) = Eh] = bo + Ex] i + bI 
x bo t b.c Tc b,c* 
= h(c). 


Thus 0 is the evaluation at c. Observe also that the class of g(x)is the zero class, 
[a(x] = [0], so 
A(g(x) = 0 = gl): 


Thus c is a root of g(x) in the field L. We generalize this result in the following. 


5.11 Theorem. Let F be any field and f(x) a polynomial of positive 
degree in F(x]. Then there is a field L containing F and containing a root 


of f(x). 
PROOF. Let f(x) = g(x)h(x) with g(x) an irreducible factor of positive ` . 


degree. Then the field L = F [x]/g(x) contains F and a root ¢ of g(x). 
Then f(c) = g(c)h(c) = 0, so c is also a root of f(x). 


We can extend this result slightly to obtain the following. 3 


5.12 Theorem. Let F be any field and f(x)a polynomial of positive 
degree n in F[x]. Then there is a field exiension E of F such that 


p F(x) = alx — e) — 2) 7 09 
with a = leading coefficient of f(x) and €i. Ca- On Clements of E. 
PROOF. By Theorem 5.11, there is à field extension Ly of F which 
contains a root c; of f(x). By the Factor Theorem, f(x) = (= c,h), 
with h(x) in L, [x]. If h(x) has positive degree, repeat this using h(x) in 
place of f(x) and L, in place of F. There is a field Lz containing Ly anda 
root c; of h(x) so that 


fae crx — c2)h2(%) 


peated sufficiently, 
field containing Ke 


with ha(x) in L,[x]. After this is re the factorization 
5.13 is obtained with the c; in some 


If f(x) has the factorization 5.13 in & field L containing F, then ud 
called a splitting field for the polynomial f(x) over ^ For example, RU] = 
is a splitting field for f(x) =x? + l For another example, consider the 
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polynomial f(x) = x° — 1 in'Q[x]. The complex number w = (—1 + i/3)n 
is a root of f(x) (check this!) as is also w? and w? = 1. Thus 


x*—12(x- 1)(x — w)(x — w?) 


and Q[w] is a splitting field for f(x) over Q. 

If f(x) has the factorization 5.13, then the smallest field containing F 
and each of the roots, c;, is denoted by F[c;,...,¢,]. It can be shown that this 
field is uniquely determined up to isomorphism by F and f(x). We will not 
carry out the proof of this result. It may be considered as the beginning of the 
subject known as Galois theory. Some further illustrations of Galois theory 
will be given in the section on finite fields, 


EXERCISES 


1. Find the unique element in each equivalence class z of Q[x] mod g(x) which has 
degree less than the degree of g(x); 


Q z= [x? — 3x +2], g(x) = x? ~2; 
(i) 2 = [x* + x? + 1], g(x) 2 x? +x 41: 
(iti) z = [x? + 4][x? — 3x], g(x) = x? + 1; 
(iv) z= [x? — 3x + 2][x 2] - [2x2 - x + 1), g(x) = x? - 3. 

2. In the field Q[x]/a(»), find the inverse of z for each z and g(x): 
O z-[x 1], glx) = x? -2; 
(ii) z= [x + 1], g(x) =x? +2; 
Gi) z = (3x? — 5], g(x) = x3 — 5, 

3. e R denote the field of real numbers. Give an explicit isomorphism of R[x]/ 
(x? + 1) with the field C of complex numbers. 

4. Let g(x) be any irreducible Polynomial of degree 2 in R[x]. Write g(x) = x? + 
bx + c; then give an explicit isomorphism of R[x]/g(x) with C. 

5. Let E be a field containing the rational numbers Q and an element c 1 which is à 
Foot of the polynomial f(x) = x5 — 1. Show that the subfield Q[c] of E contains 5 
roots of f(x) and hence that Q[c] is a splitting field of F(x). 


6. Let f(x) =X" a, x"! 4+ 4 ap and suppose f(x) has the factorization 5.13 
with the c; in some splitting field. Prove 


(i) c; +e, 46 —a 
(ii) €4€2°*' €, = (— T)'ag. 


5-1 


7. Let g(x) be an irreducible polynomial of degree 2 in F[x] and let L be a field which 
contains a root c of g(x), Show F[c] is a splitting field for g(x). 


8. The polynomial g(x) =x? is not irreducible in Q[x], so Q[x]/x? is not a field, Find 
all the zero divisors in this ring. Find all the elements which have a multiplicative 
inverse. Prove that every nonzero element is either a zero divisor or has an inverse. 
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52 IDEALS 


In this section, the construction of the ring F [x]/g(x) as a homomor- 
phic image of F[x] is put into a more general context. We shall describe how 
to obtain homomorphic images of any ring. Even though we are primarily 
interested in commutative rings, the definitions are given to allow for . 
noncommutative rings as well. 

Let us begin with the following definition. 


5.14 Definition. Let A be a subring of the ring R. Then 


(i) Ais said to be a right ideal in R if A is closed with respect to 
multiplication on the right by elements of R (if a € Aandr e R, then 
ar € A). 

(ii) A is said to be a left ideal in R if A is closed with respect to 
multiplication on the left by elements of R (if a € Aand r € R, then 
ra € A). 

(iii) A is said to be an ideal in R if it is both a right ideal in R and a left 
ideal in R (that is, it is closed with respect to multiplication on either 
side by elements of R). 


~ Weshall primarily be interested in ideals in a ring although the study of 
right (or left) ideals plays an important role in more advanced ring theory. 
Inany ring R, the subring consisting only of the zero element is clearly 
an ideal, and the entire ring R is also an ideal. These two ideals are often called 
trivial ideals. Another simple observation is that if R has a unity e and à right 
ideal A in R contains an element a with a multiplicative inverso, then A — R. 
Forifae A andaa^! = e, then e e A and ex = XE A for every x in R. Clearly, 
a similar result holds for left ideals and ideals. ji d 
As a first example of an ideal (other than the trivial ones mention 
above), we may observe that the subring E of even integers in the ring Z is an 
ideal in Z. This is true since the product of an even integer by an arbitrary 
Integer is an even integer. , 
À The subring Z of integers in the ring Q of rational numbers is not an 
ideal in Q since, for example, 3 € Z and} €Q, but 3°4 £z. DIR 
: In order to give an example of a right ideal (or left ideal) which is no the 
ideal, we must clearly have a noncommutative ring It is easy to verify that 
Subring {a,b} of the ring K of Example 6 of Section 2.3 is a left ideal, but pee 
Tight ideal, in K. A more significant example is the following. Let M A) be A 
ring of all two-by-two matrices over the integers (Example 9 of Section 2.3) 


Then the set of all elements of M;(Z) of the form 


x y xyeZ 
0 oJ i k | 
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is a right ideal but not a left ideal; the set of all elements of M;(Z) of the form 


x 0 
x yeZ, 
b 4} i 


is a left ideal but not a right ideal; and the set of all elements of M;(Z) of the 


form 
NU 
ey A O 
where x, y, z, and t are even integers, is an ideal in M,(Z). We leave to the reader 
the verification of these statements. : 
Throughout the rest of this section we shall consider commutative rings 
only, and hence there will be no distinction between ideals and right (or left) 


ideals. Moreover, for our purposes the most important caseis that in which the 


ring has a unity. Accordingly, let S bea commutative ring with unity e. If a € S, 
let 


A = (as|s e S), 


and let us verify that A is an ideal in S. If s, t€ S, then as + at = a(s + t) and 
(as)t = a(st), so that A is clearly closed with respect to addition and with 
respect to multiplication by arbitrary elements of S. Moreover, —(as) = 
a(—s) € A, and hence additive inverses of elements of A are elements of A. 
Thus, A is indeed an ideal in S. This conclusion holds whether or not S has a 
unity, but the presence of a unity now assures us that a e A since a = ae. It is 
customary to denote this ideal A by (a). As an example of this notation, the 
ideal of all even integers in the ring Z would be denoted by (2). Similarly, the 
ideal consisting of all multiples of 3 would be denoted by (3), and so on. 
Some convenient terminology is introduced in the following definition. 


5.15 Definition. 


‘ Let S be a commutative ring with unity. If a e S, an 
ideal of the form 


(a) = (as|se S) 


is called a principal ideal. It is also called the principal ideal generated by a 
and a is called a generator of the ideal. 


The next theorem shows that in certain important rings there are no 
ideals except principal ideals, 
5.16 Theorem. If R is a Euclidean domain, then every ideal of Ris 
principal. 
PROOF. Let d be the Euclidean function for R and let A be any ideal of 
R. If A consists of only the zero element, then A is principal with A = (0). 
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Suppose then that A is not the zero ideal. Then the set 


M = {d(a)|a € A,a# 0} 


is not the empty set. Since M consists of nonnegative integers, the well- 
ordering property implies there is a least element in M. Select b e A so 
that d(b) is the least element of M; then d(b) < d(a) for each a e A with 
a #0. We now prove that A is the principal ideal generated by b. To do 
this, we must show that every element of A is divisible by b. Take any 
a € A; by the division algorithm we have a = bq + r with either r = Oor 
d(r) < d(b). This second alternative is not possible for the following 
reason. The element r = a — bg is an element of A, since both a and b are 
in A. If r is not zero, then d(r) is in M and is smaller than the smallest 
element of M, namely, d(b). This is an impossible situation, so in fact | 
r = Qand a = bq; this shows every element of A is a multiple of band $0 
A = (b). 


We have proved earlier that the rings Z and F[x] are Euclidean rings. 
The theorem gives us the following. 


5.17 Corollary. Every ideal is a principal ideal in 


(i) The ring Z of integers, 
(ii) The polynomial ring FLx] over a field F. 
Let us observe that the rings Z and F[x] ate quite special rings. and the 

result just proved for these rings does not hold in general. We shall now 
emphasize this fact by giving an example of an ideal which is not à principal 
ideal. For our ring we take Z[x], the ring of polynomials over Z. It may 
verified that the set T of all elements of Z[x] with even constant terms is an 
ideal in Z[x]. However, we shall show that T is not à principal ideal. Suppose» 
on the contrary, that T = (f(x). Since 2 € T, we must have 2 = feats) for 
some element g(x) of Z[x]. It follows that both f(x) and g(x) are of : i 
zero, that is, they are integers. Now f(x) # +} since this would impy ^^ 
(fŒ) = Z[x], which is false. Accordingly, we must have f(x) = +2, 902 i 
+1. However, there are many elements of T (for example, x + 2) which are one 
multiples of +2. We have obtained a contradiction, and T is therefore no 


Principal ideal in Z[x]. 
EXERCISES 
d n i 1 
L r Aand B are ideals (right ideals, left ideals) ina ring R, prove that An Bis an ideal 
(tight ideal, left ideal) in R. Generalize to any nume jd 
2. If A and B are ideals (right ideals, left ideals) in à T 
A&B- (asbjae Abe B... 


R, let us define 
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Prove that A + B is an ideal (right ideal, left ideal) in R and that A c A + Band 
BcA-B. 


3. Let A = (x° — x — 6) and B = (x? — 4) be principal ideals in Q[x]. Then A+B 
and A ^ B are principal ideals. Find generators for each of them. 


4. Let s and t be nonzero integers having g.c.d. equal to d. Prove that in the ring Z, 
(s) + () = (d). 


5. Verify that the only ideals in a field F are the two trivial ideals (0) and F. 


6. Let R bea commutative ring with unity such that the only ideals of R are the two 
trivial ideals (0) and R. Prove R is a field. 


5.3 IDEALS, CONGRUENCE RELATIONS, 
AND HOMOMORPHISMS 


We begin by usin 


g an ideal A of a ring R to define an equivalence 
relation. 


5.18 Definition. 


the relation “u is congruent to v modulo A” to mean u — ve A. We write 


= v (mod A) to indicate that this holds. 


If Ais an ideal of a ting R and if u, v € R, we define 


The relation of congruence modulo A is an equivalence relation; the 
three conditions of Definition 1.8 are easily checked and will be left as an 
exercise, It should be observed that in the case R = F [x] and A = (g(x)), the 


relation just defined, u = v (mod A), is exactly the same as the relation u = v 
(mod g(x)) defined in 5.6. 


The use of the symbol “=” is intended to suggest "equality" since many 
properties which are taken for 


; granted when using “=” are valid also for “=.” 
We make this explicit with examples. 


5.19 Theorem. Let y, v, u,v, be elements of thering Rand let A be an 
ideal of R. If 


u =u; (mod A) and p= v, (mod A), 
then 


(i) u+v=u +0, (mod A), 
(i) uv = uv, (mod A). 


PROOF. Thecondition u = u, 


(mod A) implies there is an clement a € A 
With u — u; 


+ a; similarly v = v, + b with be A. Then we obtain the 


| 
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equations 


u +v=u; +0, + (a+b), 
uv = u,v, + (av, + u,b + ab). 


The definition of an ideal implies that (a + b) and (av, + u,b + ab) are 
both elements of A. Thus statements (i) and (ii) are valid. 


We continue the analogy with the construction of the ring F [Dxl/g09- 
Let R/A denote the set of equivalence classes of R modulo the ideal A. This 
symbol may be read as “R modulo A” or more simply “R mod A.” Our planis 
to define operations on R/A to make it a ring. Our previous notation would 
dictate the use of the symbol [u] for the equivalence class of the element u. We 
shall, however, introduce a change of notation which will be more suggestive. 
The set [u] consists of all elements v in R which satisfy u = v (mod A); this is 
the same as saying v — u is in A. Putting this yet another way, we see that the 
equivalence class [u] consists of all v such that v = t 4+(v—u) =u + aforan 
element a in A. This suggests the notation 


5.20 utA={utaaed}. 


The set u + A is called a coset of A or, more precisely, the coset of A contain- 
this notation, We repeat some 


ing u. In order to gain some familiarity with : A 
Properties of cosets which are consequences of the properties 1.11 of equiv- 
alence classes: 


521) u4 A — v + A if and only if u — v € A; 
(ii) (u + A) n (o A) z Ø if and only if u + A 
A if and only if we A. 


=vt+A. 
In particular, 0 + A = A is a coset of A and u + A= 


5.22 Theorem. Let A be an ideal of the ring R. Operations of Nai 
and multiplication are defined on the set R/A of cosets of A by the rues 


Il (c A) E A) e(t) A 
ae (u + AYo + A) = uw 4 A. 
ver the mapping 6:R—>R/A 


With these operations, R/A is a ring. Moreo 
defined by 6(u) = u + A is a homomorphism of Ronto R/A. 


i i i int is to 
PAOD several times previously, the marn po r 
x eddie dE well-defined. We carry this 


show that addition and multiplication are E 
out only for addition. Suppose v 4+Aauyt+4 ne nid VN a 
9, + A, Then u = u, (mod A) and v = ?1 (mod A) otis Ln \+ A; 
conclude (u +v) & (u; + v) (mod A). Thus (u + +A 1 H 
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as a result of this, the sum of the cosets given in 5.23 is the same no 
matter what elements are used to represent the particular cosets. 
Similarly, one can use 5.19(ii) to show that multiplication is well-defined 
by 5.24. At this point we have the set R/A with two operations defined on 
it. In order to show that R/A isa ring, we use the map 0: R > R/A which 
is defined by 0(u) — u-- A. Clearly this maps R onto R/A. The 
Equations 5.23 and 5.24 can be rewritten as 


Olu + v) = 0(u) + 0(v), 
O(uv) = 0(u)O(v). 


The validity of the ring axioms in R now implies the validity of the 


same axioms in R/A. For example to show the associative law for 
multiplication in R/ A we have 


(u + A)[(v + Alw + AJ] = O(u)[O(v)O(w)] = 0(u)8(ow) 
= O(u(ow)) = 6((uv)w) 
= O(yv)O(w) = [0(u)8(v)]0(w) 
=[(u+ A)(v + Ay]J(w + A). 


Ina similar way all the ring axioms are seen to hold for R/A. Thus R/Ais 


a ring and, moreover, this reasoning shows that 0 is a homomorphism of 
R onto R/A. 


The ring R/A is called a factor ring of R. 

Itis worth noting that 0 + A = A is the zero element of R/A.Yf R hasa 
unity element e, then e + A is the unity of R/A. If the ring R is commutative, 
then every factor ring R/A is also commutative. The converse is not true, 


however. The ring R/A may be commutative even though R is not. (See 
Exercise 6 below.) 


Next we shall indicate 
fact, an essential part of the 
We begin with a definition. 


how this construction of factor rings of R is, in 
construction of the homomorphic images of R. 


5.25 Definition, If ¢:R— Sisa homomorphism from the ring R to 


the ring S, then the set K = {r:r € Rand (r) = 0} is called the kernel of 
$. The kernel of à is denoted by ker ¢. 


The relation of this idea with that of the preceding material is given in 
the following result. ; 


5.26 Theorem. If $9:R— Sisa homomorphism of the ring R into the 
ring S, then ker $ is an ideal of R. Moreover, ġ is a one-to-one mapping if 
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and only if ker $ = (0). If @ maps R onto S, then $ is an isomorphism if. and 
only if ker ġ = (0). 


proor. Let A =kerg.In order to show A is an ideal, it is necessary to 4 
show two facts. For the first, we assume a and b are elements of A. Then 


g(a + b) = o(a) + 9) =0 +0 = 0; 


thus a + b is in the kernel, A. For the second fact assume acAand . 
r e R. Then i 


biar) = d(a)d(r) = 0:64) = 9. 
(ra) = &(n(a) = lr) 0 = 0 


Thus both ar and ra are in A and so A is an ideal of R. 1 
Now suppose $ is à one-to-one mappin 
(a) = 0 = $(0). The one-to-one property implies that 
ker @ = (0). To go the other way, suppose that ker} = (0) and that a 
and b are elements of R such that (a) = (b). Then $(a — b) = Oand 
so a — b is in ker @ = (0); this implies a — 5 = 0. It follows that the 
mapping is one-to-one. Moreover, if it is known in advance that $ 
maps R onto S, then $ is an isomorphism if and only if it is one-to- 
one, that is, if and only if ker = (0). Hence all parts of the theorem 


have been proved. 


The final result in this section gives the fundamental relationship 


between factor rings and homomorphic images of R. 


SOMORPHISM THEOREM). Let $ bea 
s e E : kernel A. Then 5 is 


homomorphism of the ring R onto the ring S with ; vs 
isomorphic with the factor ring R/A. More pr ecisely, the map a:R/A > 
defined by ; 
5.28 a(u + A) = plu) 


is a well-defined isomorphism from R/A onto s. 


proor. We have shown in 5.26 that A is an ideal and ir ue v 
R/ A exists. In order to show that the map * given by s dis pu) = O()- 
it is necessary to show that whenever u +A P ? i 4 
This follows because v = u + 4 for some a € 4, à 
à) = ou + a) = 000 + oa) = $0) 
: e f scs from R/A to S. It i 
since a is in the kernel. Thus 2184 function from i7. to-one map, 
to verify that it is, first, a homomorphism, stu ee 


g If a e ker o then A 
a=0; hence |. 
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third, an onto map. To see that a is a homomorphism we compute 


a((u + A) + (0 + A) = afu +v + A) = ġ(u + v) 
= $(u) + O(v) 
= a(u + A) + a(v + A). 


This shows that a preserves addition; a similar computation shows that « 
preserves multiplication, and so « is a homomorphism. Next we show 
that « is one-to-one; to do this it is sufficient by Theorem 5.26 to show 
that kero = (0). Let u + A be an element of ker. Then 


0=o(u+A)= olu) 


which means that u is in ker  — 4; it follows that u + A = 0 + A = 
A, which is the zero of the ring R/A. Hence ker a = (0). Finally we show « 
is onto. Take any element s € S. We assumed that @ was onto, so there is 
some re R with ó(r) = s. Then alr + A) = ġ(r) = s and this proves a is 
onto. All parts of the theorem hold. 


because it plays a fundamental role in the study of homomorphism. It will be 
referred to frequently. The theorem may be interpreted as stating that if 


Let us give a few illustrations of the use of this theorem. Suppose F is a 
of F onto S. In order to determine some 


* only two possibilities for A = ker ¢. If 
isomorphic with F. The other alternative is that A = 
since every coset f+F=0+F. Thus 


1. Thus S = 0. Finally if g(x) has degree 


construction has produced all the fields which can be obtained as a 
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homomorphic image of F [x]. In the next section, we shall apply Theorem 521 
to discuss all the homomorphic images of the ring of integers. j 


EXERCISES 


. Let A = (g(x)) and B = (h(x)) be two ideals of Q[x]. Show that 4 € Bif and only if 
h(x)| g(x). 

2. Let g(x) = (x + 1)*(x — 2). What are all the ideals of. Q[x] which contain g(x)? 

(There are 12 of them.) 


-— 


Let 9:R >S bea homomorphism of the ring R onto the ring S. Define a map 
6:R[x] ^ SEx] by 

Oro +x + r,x") = diro) 4 é(r)x Fo + $(n)x"- 
Show that 0 is a homomorphism of R[x] onto S[x]. Describe the kernel of 6 in 
terms of the kernel of $. 


- 


the set of cosets of 


> 


(a) Let A and B be ideals of a ring R with A € B. Show that B/A, 
the form b + A with b € B, is an ideal of the ring R/A. 

(b) Since B/A is an ideal of R/A, the factor ring (R/ 4)/B/A) is defined. Show that 

s follows: define a map 


(R/A)/(B/ A) is isomorphic to R/B. Carry this out as 10° lá 
a: R/A — R/B by the rule a(u + A) = u+ B. Show that æ is a homomorphism 


of R/A onto R/B with kernel B/A. Apply Theorem 527. (This result is called the 
Second Isomorphism Theorem for Rings.) 


. Let A be an ideal of the ring R. Prove that R/A isa comm 
rs — sr € A for every r, sE R. 


utative ring if and only if 


w 


e 


. Let R be the ring of all two by two matrices of the form 


x 0 
= a E 
r(x.y,2) b i, » 


Let A be the subset of R consisting of all element (9, y, 0) y € Z. Prove QD 
ideal of R; (ii) R is noncommutative but R/A is commutative. 


be used to prove some facts about divisibility of inteBeIS | We consider a 

It was proved in 5.17 that every idée Ln that is, every 
nonzero ideal (n). It may be assumed that n 7 0 apes “general definition ol 
integer which is divisible by n is also dint Bee 


hel a d here for the 
congruence modulo an ideal given 1n finiti 


on 5.18 is restate 


158 . Field Extensions j CHAP. 5 


case of integers: 
If a, b € Z, then a = b (mod n) if and only if n|(a — b). 


Congruence mod n is an equivalence relation on Z whose equivalence 
classes are defined by 


[u] = {viv € Z and u = v (mod n)). 
Occasionally it will be useful to use the notion of cosets for these classes: 
ud (n) = {u + ntit e Z}, 


As we have seen in the more general case discussed in the previous section, the 
sets [u] and u + (n) contain exactly the same integers. The notation [u] has 
the advantage of being simple to write; the notation u + (n) has the advantage 
of displaying both the integer u and the integer n. The set of all equivalence 

| classes of integers modulo n has been denoted by Z/(n) in the previous section; 
we shall use the simpler notation Z, to denote this set. Then Z, is a ring with 
operations 


[u] + [v] = [u + ej; [4] [o] = [ve]. 


These operations are well-defined and Z, is a commutative ring with unity. 
Since we have several notations for the same objects, let us consider a 


dh numerical examples using the different notations. Take n — 5. Then we 
ave 


18 = 3 (mod 5) and |—9 = 1 (mod 5) 


because 5 divjdes (18 —3) and (—9 — 1). These two congruences are 
equivalent to the statements 


[18] 2 [3] and [—-9]- [1] 


or 
18+(5)=3+(5) and —9+(5)=1 + (5). 
Here are some examples to illustrate the ring operations: 


[18] + [7] = [25] = [0], 

[13] + [6] = [19] = [4], 

[3112] = [6] = [1], 

(21/79 = (2)9)5 = [247° = [16]? = (175 = (1). 


Every element in Z,, is a set with many integers. It is useful to select the 
smallest nonnegative integer in each set in order to deal with smaller numbers. 
This will also help us determine how many elements there are in Z,,. 
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For any integer u, apply the division algorithm to obtain 


u=ngtr, O&r«n. 


— pis divisible by n. Thus every class [u] is 
r < n. Moreover, any given class contains 
suppose that 0 € s < n and [s] = [7], Then 
n divides r — s; the inequalities satisfied by r and s imply that this difference 
satisfies —n « r — s « n. The only integer on this interval which is a multiple - 
of n is 0; thus r — s — 0. This means that the complete list of elements in the 
ring Z, is [0], [1], [2]... [n — 1]. Thus Z, is a ring with exactly n elements. 
We collect these and a few additional facts in a theorem. s 


It follows that [u] = [r] since u 
equal to a class [r] in which 0< 
only one such representative. For 


then the ring Z, i5. 


[0], [1]. a 1 


5.29 Theorem. Jf n is a positive integer, 
homomorphic image of Z having exactly n elements 


proor. We have already proved these statements in the remarks above 


and in the more general case of the previous section. We emphasize that 
the mapping Z —> Z, defined by m> [m] (or mom+ (n) is the 
homomorphism of Z onto Z,. The unity of Z, is [1] = 1 + (n). 

nsider the special case in which n = 5. 
(1, (21, (3), and 
ication tables for 
“Kk? in 
s the meaning clear. 


As an illustration, let us again co 
As pointed out above, the five elements of this ring are [0], 
[4]. The reader may verify the following addition and multiplicatio: 
this ring. For convenience, e brackets and written 


we have omitted th 
place of “[k].” This is often done when the context make: 


(+) 1253/74 (CI D 30r 
D 4 0 0.0 0 
3 0 0 b d 
4 1 0 Wl. 
1 à 0 3152.74 
- 


The Ring.Zs 


on table for this ring we see © 
nd hence that the ring is an integral domain. 
just what integers " 


By examining the multiplicati 
no nonzero divisors of zero, 4 
The following theorem tells us for 
integral domain. 


The ring Z, i5 à iniegral domain if and only if n is a 


5.30 Theorem. 
r when n is a prime, Z, isa field. 


prime integer. Moreovei 
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PROOF. Suppose first that n is not a prime. Then there exist integers n,, 
n; with n = n,n, and 1 < n,, n; < n. Now in Z, we have 


[m]: [12] = [nyn.] = [n] = [0]. 


However [n,] # [0], [nz] # 0 because n does not divide either ni. So we 
have found two nonzero elements of Z, with product equal to zero. This 
shows that Z, is not an integral domain. : 
Now suppose that n is a prime integer, We shall prove that Z, isa 
field; so in particular it is an integral domain. To show Z,isa field, it is 
necessary to show that every nonzero element has a multiplicative 
inverse. Suppose [a] + [0]. Then n does not divide the integer a and, 
since n is a prime, the g.c.d. of n and a is 1. By Theorem 4.32, there exist 
integers x and y such that ax + ny = 1; thus n divides ax — 1 and so 


[1] = [ax] = [a][x] 


which proves that [a] has an inverse, as required. 


Thisconstruction produces a new class of fields that is entirely different 
from the rational numbers, real numbers, or complex numbers which have 
previously been the fields used in all examples. With these finite fields in mind, 
we shall apply the results of Chapter 4 in the next section. 

The main step in Proving Z, isa field when n is prime can be applied 
to identify the elements of Z, which have an inverse even when n is not a prime. 
Recall that in Section 4.4 we called an element of a ring having a multiplicative 
inverse a unit. The notation U (Z,) denotes the set of all units of the ring Z,. 


5.31 Theorem, 


The element [u] of Z, is a unit if and only if the g.c.d. 
of u and n equals 1, 


PROOF. The class [v] is the inverse of [u] if and only if there is an 
integer t such that up — tS 


Euler’s Phi Function 


For each positive integer n, we denote by $(n) the number of elements 
in the set U(Z,,), the units of Z,. In view of the last theorem, $(n) is the number 
of integers k which satisfy 0 < k <n and (k,n) = 1. This function occurs 
frequently in the study of elementary number theory; it is called the Euler Phi 
Function. We have just proved in Theorem 5.30 that $(n) = n — 1 if and only if 


nis a prime. We close this section by giving another of: its properties and, 
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showing in the process, how the ring Z, can be used to prove a result about 
divisibility of integers. i 


5.32 Euler's Theorem. Jf n is a positive integer and a is any nonzero 
integer with (a,n) = 1, then a*'? — 1 is divisible by n. 


PROOF. Let [a,],...,[a,] be the elements of U(Z,); so in particular 
(n) = s. Since (a, n) = 1, it follows that [a] isin U(Z,). We know that the 
product of two units is a unit, so the elements [aa;] = [a][a;] are also 
units. Moreover, these are distinct because the equation 


(a}La,] = [127] 
implies that [a;] = [a;], since the [a] can be cancelled. Thus the set — 


[aa,],...,[aa,] 


is a set of s distinct elements of U(Z,); this subset must coincide with 
U(Z,,). Now let [ p] be the product of all the elements in U(Z,); we have 


[p] = [2:J[22] [a] 
and also 


[p] = [aay [aa]: laa] 
= [a] [a [a] [a 
= [a] [p]. 


We have used the fact the elements of U(Z,) can be expressed in two 
different ways. Now since [ p] is a product of units, [p] is itself a unitand 
it may be canceled in the last equation to give [a]' = [n This is 
equivalent to the statement that n divides a’ — 1, as we were to show. 

The case in which n is a prime produces a. simpler statement which 
follows at once from Euler's Theorem. 


5.33 Fermat's Little Theorem. Lei pibe d prime integer and a any 
integer not divisible by p. Then a” * — 1 is divisible by p. 


; i rems. The integer 
Here are numerical examples of the pur divisible by 101. 


P = 101 is a prime so Fermat's Theorem implies consider n = 15. t is first 
i 


To give an illustration in which n is not prime j 
« i OSS 
necessary to determine ġ(15). Make a list of the integers from 1 to lander 


1i ia ith 15 equal 
Ott those that are divisible by 3 or 5. Those remaining idum wipe 1 
to 1; there are eight of these, so $(15) = 8- (See Exercise 7 Delows 


is divisible by 15, since (11, 15) = 1. 
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EXERCISES 


1. Find integers x which satisfy the following congruences: 
(i) | 3x22(mod 7); 
(ii) 12x = 1 (mod 13); 
(iii) 12x = 38 (mod 5); 
(iv) 6x = 10 (mod 14). 
In cach case interpret the result as an equation over the ring Z, for appropriate n. 


2. Use the results of Section 4.11 to prove the following statement: There isan integer 
x which satisfies the congruence ax = c (mod n) if and only if (a, n) is a divisor of c. 

3. Compute the product of all the units of Z, (as in the proof of 5.32) for the cases 
n= 3,5,7,1), i 


4. For a prime p, use the facts that Z, is a field, that every nonzero element has an 


inverse, and that at most two elements can be equal to their inverses to prove 
Wilson's Theorem: 


(p— 1)! = — | (mod p). 
Here we use the factorial notation n! — 1:2:3:-(n— 1): n. 
5. Find all of the ideals of the ring Z, for the cases n = 4, 6, 8. 


6. Prove that every ideal in Z, is principal. Hint: Z, is a homomorphic image of Z. 
Show that the homomorphism maps an ideal of Z which contains (n)onto an ideal 
of Z, and, moreover, every ideal of Z, is obtained this way. 


7. Let pandq be prime integers with p # q. Show (pq) = (p — 1)(q = 1) = (pola). 
8. If [a] is the equivalence class relative to congruence modulo n which contains a, 
Prove that if x, y e [a], then (x, n) = (y,n). 


9. Prove that if (i,n) = 1, the mapping 0:Z, > Z, defined by [a] = i[a]is a one-one 
mapping of Z, onto Z,,. Is it an isomorphism? 


Prime positive integers greater than 1, prove that the ring Z,,, has at least two 
idempotents other than the zero and the unity. [Hint: If 1 = mx +n y, consider 


13. If mand nare relatively prime Positive integers greater than 1, prove that the ring 
Z,,, has a subring which is isomorphic to Z, . Hint: If am + bn = 1, show that the 
function 6:Z, > Zp, defined by 6(i + (n) = iam + (mn), i Z, is a well-defined 
isomorphism of Z, with a subring of Zma- Exercise 10 may help.] 
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of elements must contain exactly p" elements for some prime p and some 
positive integer n. Moreover, for any such prime power, there is one and only 


one (up to isomorphism) field with p" elements. 


The Characteristic 

Although we are now primarily interested in fields, the concept to be 
introduced in this section applies to any ring and we therefore give the 
definition in its general form. We recall that if ais an elementof a ring and nisa 
positive integer, we have given in Section 2.6 a recursive definition of na. We 
now make the following definition. 


5.34 Definition. Let R be a ring. If there exists a positive integer n 
such that na — 0 for every element a of R, the smallest such positive 
integer n is called the characteristic of R. If no such positive integer 
exists, R is said to have characteristic zero. 


All the familiar number systems of elementary algebra certainly have | 
characteristic zero. However, let us consider, for example, the ring Z, of y 
integers modulo 4. If [r] is any element of this ring, then 2[r] = F] c [r] = 
[2r] and, generally, if k is a positive integer, k[r] = [kr]. The smallest 


positive integer k such that [kr] = [0] for every element [r] of Z4 is clearly 4, — i | 


so Z, has characteristic 4. In general, the ring Z, has characteristic n. 


The definition of the characteristic of a ring makes an asser! 
every element of the ring. However, 
theorem shows that the characteristic is determin 
element. 


5.35 Theorem. Let R bearing with aunity e. If there e 


integer n such that ne = 0, then the smallest such positive integer Is the 


characteristic of R. If no such positive integer B ME : p 
characteristic zero. Dus 

MN. ne = 0, the 
PROOF. If n is the smallest positive integer s auem Ki 


characteristic of R certainly cannot be a positive 
Moreover, if a € R, then 


na = (na)e = (neja = Oa 
So that na = 0 for every element a of R; hence R has 


last sentence of the theorem is an im 
definition of characteristic zero. 


tion about. 


in an important special case, the following. PU 
ed by some one particular — 


xists æ positive ——— 
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We know that the ring Z, isa field if and only if nis a prime. Hence the 
characteristic of every field that has been mentioned so far is either zero or a 
prime. In fact, we shall now prove that this is always true for every integral 
domain and certainly then for every field. 


5.36 Theorem. Let D be an integral domain with unity e. Define amap 
0 from Z into D by the rule (m) = me. Then 0 is a homomorphism of Z 
onto a subring P = (me:me Z} of D. If ker8 = (0), then D has 
characteristic zero and P is isomorphic to Z. If ker 9 = (n) with n > 0, then 
n is prime, n is the characteristic of D, and P is isomorphic to Z,. 


PROOF. The fact that 0 is a homomorphism is an immediate con- 
Sequence of the definition of multiples me; by definition, 0 maps onto the 
subring P. If ker9 = (0), then there is no integer n # 0 such that ne = 
0 = O(n). By 5.35, D has characteristic zero. If ker 9 = (n) with n » 0, 
then n is the least positive integer such that ne = 0; for if me = 0, then 
m € ker 0 = (n) and so n|m. Thus D has characteristic n. By the First 
Isomorphism Theorem 5.27, we have P is isomorphic to Z/ker0 = Z,. 


5.37 Corollary. If Fis a field, then either 


(i) F has characteristic zero and F contains a subfield isomorphic to Q, the 
rational number field: 


(ii) F has characteristic P; p à prime, and F contains a Subfield isomorphic 
to the field Z, 


^ pu (me)-* is an element of F. Thus we may define a map from Q to F 
by the rule q m — (ae)(me)-*. We leave it to the reader to prove that this 
Is an isomorphism of Q with a subfield of F. 


characteristic is zero and that in which it isia prime. 


HAT 
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Extensions of Z, 

Now we study fields which have only a finite number of elements. We 
shall use the term order of F for the number of elements in F. Thus Z, is a field 
of order p. 


5.38 Theorem. Let F be a field with onlya finite number of elements. 
Then F has characteristic p for some prime p, Z is isomorphic to a subfield 
of F, and the order of F is p" for some positive integer n. 


PROOF. Since a finite field cannot contain an infinite subfield isomor- 
phic to Q, 5.37 implies F has characteristic p for some prime p and, 
moreover, F contains a subfield isomorphic to.Z,..We shall simplify the 
notation somewhat by assuming that Z, is actually a subfield of F. This 
amounts to identifying [a] with ae € F. Nowif Z; = F, then the number 
of elements in F is p = p’, and the theorem is true in this case. So we 
suppose that Z, # F. Then there is an element c € F, c ¢ Zp: The 
evaluation map : 


&:Z,[x] >F 


defined by Q(f(x)) = f(c) maps the infinite ring Z,[x] into the finite set 
F. Such Me one-to-one so the kernel of. @ cannot be pd 
the kernel equals (g(x)), then by Theorem 444, g(x) is an Mira le 
| element of Z [x] which has c as a root. The image of (is a field Z [c] 
| contained in F and every element of Z,[c] has a unique expression 


Z=agt+aye+ E nes 

i iei ber of elements 
if deg g(x) = d. The elements a; lie in Z, and so the number 

of the form z is p* Set F, = Z,[¢]. If F, = F, the order of F is a power 
of p. If F,  F, then there is an element se F, s¢Fy. Js brin 
reasoning, the field F, = F,[s] has every element express bg 
unique form 


w= bob bys tite bbe ashy nm 

Jements is (order 
for some k, and each b; € F,. So the number of such elegtente pin 
F,)* = p*. We may repeat this argument, at each step nage process 
field with order a power of p. Since order eh " ^ Poe of p. 
eventually reaches a step at which F = F has orae 


wer of a prime. The next 


We now know that a finite field has order a Powe pel Positive 
Step in this investigation is to show that for each prime p and each post 
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integer ri, there is a field of order p". First we shall record the following very 
useful result. 


5.39 Lemma. If aand bare elements in a ring of characteristic p, then 
5.40 (a + b)” = ah + pr 


Sor every positive integer k. 


PROOF. First consider the case k = 1. The binomial theorem implies 
(a + b)P = a? 4. C19? b pee 4 C, a^ 'b' +--+ + bP, 


where C,, = p!/(p — rtr I0 < r < p, then neither term r! nor (p — r)! 
is divisible by D, and so there is a factor of p in the numerator of 
| Cpr- Thus Cpr is an integer which is divisible by p; it follows that 
C,,,a?^'b' - 0. The only terms remaining are those for r=0 and r — p. 
Thus 5.40 holds for k = l. The case for general positive k follows from 


this case by an easy mathematical induction. We leave this for the 
reader. 


Now we are able to Prove the existence result. 


5.41 Theorem, For each prime integer P and each positive integer n, 
there is a field of order p", 


PROOF. Let h(x) be the polynomial in Z [x] defined by 
h(x) = x" — x. 


By Theorem 512, th 


ere is a field E containing Z, and containing 
elements c, such that l 


5.42 ho) = (x — o"k(x) k(x) e E[x]. 
Now consider the polynomial h(x + c) which is obtained from h(x) by 
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. substituting x + c in place of x. From the definition of A(x) we have 


h(x +c) 2 (x + o9" — (x +0) 
=x" 4ce 
= h(x) + h(c) 
= h(x); 


we have used 5.40 to obtain this. Now evaluate h(x + c) by using 5.42 to 
get B 


h(x) = h(x + c) = x"k(x + c). 


Since we saw that the power of x in h(x) was only the first power, AUN) 
follows that m = 1 and so every root has multiplicity one. Thus h(x) has 
exactly p" roots in E. ig 
Now we show these roots form a field. To do this we must prove 
that if a and b are roots of h(x) in E then also (a + b), ab are roots of h(x) 
and if a ¥ 0, then a^! isa root. Each of these is straightforward. To show 
that a + b is a root, simply use 5.40 and the fact that a and bare each H 
roots of h(x). For the product, we have j S UA 


(ab)" = ab" = ab, 


where the last equality follows because a and b are roots of h(x). A similar f 
argument shows that a7! is a root whenever a is a nonzero dp vr | 
Hence we have proved that the p" distinct roots of h(x) fora A AERON a a 
order p”. qu De aA 


| polynomial in Z [x], and g(x) is irreducible of degree 
field by Theorem 5.10 and the num 


always exists. Although this is a true statement, its Pro 
some of the theory of groups is presented 
i this method — namely, as ze D 
aving degree n, is called the Galois Field oj 43. came order are 
as GF (p It will be seen later that any two ep en hann 
isomorphic, so it is appropriate to call this the field of o sired polynomial is 
For now we give some examples where the Pe dnding an irreducible 
easily found. A field of order four is constructed by cats of polynomials of 
Polynomial of degree two in Z2[x]. The total E The remainingoneis — 
degree 2 is 4; the reducible ones are x7, x(x + DE Jupe 0 
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XPtx¢]= g(x) and it is irreducible, In the field Z al[x]/g(x), we let c denote 


the coset x + (g(x)). Then Since c is a root of g(x), we have c? = c + 1. The four 


Addition and Multiplication Tables 
for the Field of Order Four 


In order to construct a field of order 8 by this method, it is necessary 


presentative computations. 
The powers of c are found using the basic relation c? = c + 1, which follows 
from g(c) = 0. The Powers beyond the third are 


ech = ell o) e+ c 

Pee eet ne) ct PNE 
(c3)? — (c + 1? =¢24 1; 

Pd BOs iom. 


It may be of interest to note that c +1 is a root of the other irreducible 
polynomial of degree three; that is, f(c +1) =0 


ct 
c 
c$ 
c 


EXERCISES 


1. Find the factorization of the given Polynomials as a product of irreducible 
polynomials in the indicated Z,[x]: 


(a) x? + 1in Z,[x]; 

(b) x* + x? tx + Lin Z4 px 
(c) x$ — x* + Lin Zj[x]; 

(d) x?" — (2x)? + 1 in Z,[x]. 
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2. By testing each element of Z,, find all the roots in Z, and their multiplicities for 

polynomials and the given values of p: 

(a) x*+x°+x+ lp 2pz-3 

(b) x -x* x - lp 3p 5. 

The polynomial x? + 1 is prime in Zs[x], so F = Z,[x]/(x* + 1) is a field of 

order 9. Let c be a root of x? + 1. Find the irreducible polynomials in Z3[x] 

which have c + 1 and c — 1 as roots. 

. Continuing with the notation of the preceding problem, express thepowers of c 4- 1 
in the form a + bc, with a, b € Z4. 

. Prove that there are (p? — p)/2 monic quadratic polynomials which are prime over 
the field Z,. [ Hint: First determine the number that are not prime.] 

. Prove that there are (p? — p)/3 monic cubic polynomials which are prime over the 
field Z,,. 


- 


d 


t 


e 


5.6 GALOIS THEORY OF FINITE FIELDS, 


extensions of a given field K. The aim 


Galois Theory is the study of the [he 
subject to some restrictions, 


of the study is to classify in some way all the fields, ; afar 
which contain K. The main result in this subject takes an extension fiel i H 
K, subject to certain assumptions, and gives a description of all the subfields o 


t e E ; j led 
E which contain Ki f an associated, presumably simpler, object cal 
ain K in terms o Lu finitions of these terms here 


the Galois Group of F over K. We shall not give di á ; 
for that would pel considerable preparation. We shall only. iue ^s 
important theory by givinga classification of all the subfields of a vy E m 
order p". The role of K will be played by Zp: In this case the associate’, PUn 
Object" will be the positive integer n. The classification theorem ji ur 
part, that if F is a field of order p", then the subfields of F correspon np ju 
to-one way with the divisors of the integer n. This will imply, for.examp'e, 


a field with order p'? has exactly six subfields, they are the fields with orders p, 


p?, p*, p^, p5, and pi, i f is 
We begin by showing that, up to isomorphism, there semi en 
field having a given order. A preparatory lemma similar to 
3.32 is needed. 
5.43 Lemma. If a field F has order k, then every element of F is a 
root of x* — x. 
jal. Suppose 4 
PROOF. Clearly the zero element is a root of the ae 5 
isa nonzero element of F. Let by, bzs: -»9k-177 dbi fis also the set of 
F and let u be their product. Then ab; ab;; «s 2-1 
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nonzero elements of F so 
i = (abi (ab;) --- (ab, . .) i a^ !p, “by = ar ly, 


Since u is a unit it follows that a*-! = | and at = a. 


5.44 Theorem. If F and L are fields of order p", then F is isomorphic 
toL. 


4509445. If P. F, then there is a subfield P, of F which is larger 


than P and which is isomorphic to a subfield R, of L. 


If this is assumed fora moment, then we may complete the proof 
by repetition of the Same argument. That is, if P, # F, then there is a 
Subfield P, of F which ig larger than P; and which is isomorphic to a 
subfield of L. Since F is finite, the chain of subfields P — Pr nto d 
Must eventually reach a subfield P which equals F and is isomorphic to a 


,. Subfield of L, Since the Order of L equals the order of F, the isomorphism 


ust carry F onto L. 
c... 80 we turn to the Proof of the assertion 5.45. The results from 
Section 4.7 will be used 
element ceF With c d P. The evaluation map 6: P[x] > F maps the 
infinite Ting P[x] into the finite ring F. the map cannot be one-to-one. 
T ker 0, = (a(x) 7 (0), for some irreducible polynomial g(x) in 
[x], and BRS xa 15a subfield of F which is larger thàn P because 


between PEx] and R[x]. If gis the isomorphism from P onto R;then the 
map (which we also call $) defined by 


$.46 (a, + a,x NOR Tax") = (ag) + plax fey $(a,)x" 


reader for this point (see Exercise 3 following Section 5.3). Let G(x) = 
9(g(x)); so G(x) is an irreducible polynomial in R[x]. We'shall select c' 
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to be an element of L which i: 
polynomial 


by 5.43 and, since g(x) is the irr 
root, it follows that 


Now apply ¢ to this equation 


H(h(x)) = oI 


Since the coefficients of A(x) are 
the unity element of both F and 


a mapping 


by the rule 


PROOF. In the pro 
of order p which 


472... 
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Before giving the classification theorem, we shall require the following. 


5.48 Theorem. Let k and m be positive integers and let F be an y field. 
Then x* — 1 divides x" — 1 in F[x] if arid only if k divides m. 


PROOF. Let us apply the division algorithm to obtain m = kq +r, with 
O0 € r « k. Also let 


hya(x) = x" xt ugue xmcdk 
Then the division algorithm in F[x] gives us 
x" —1 = (xt — DA, x) + (x? — 1) 
Thus the remainder after division of x" — 1 by x* — 1 is zero if and only 


if the remainder after division of m by k is zero. 


This idea can be used to prove a result about the divisibility of integers 


in place of polynomials. 


5.49 Corollary. Let m and k be positive integers and let p be any 
integer with p > 2. Then p* — 1 divides p" — 1 if and only if k divides m. 


PROOF. To prove this, use the proof of the Theorem 5.48 and replace x 


by p. The equation in the division algorithm remains valid and the proof 
carries over to this case without further changes. 


Finally we have all the necessary tools at our disposal to prove the main 


result of the section. 


PROOF. If N is any subfield of F (subfield will always mean a nonzero 
subfield), then N has the same characteristic as F and so the order of N is 
p' for some positive integer t. It will be convenient in the rest of the proof 
to use polynomials H,(x) and G,(x) defined for any positive integer k by 


F(x) = xP" — x = xG,(x), 


If N is a subfield of F having order p’, then every root of Hx) is an 
element of N. Every element of F (in particular, every element of N) is 
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also a root of H,(x). It follows that H,(x) divides H,(x); after cancelling a 
factor of x, it follows that G,(x) divides G,(x). Now apply Theorem 5.48 to 
conclude p' — 1 divides p" — 1; and by Corollary 5.49, t divides n. So we 
have proved that the order of a subfield of F must have order p' with ra 
divisor of n. Now let t be any divisor of n. Then H,(x) divides H,(x), and 
since H,(x) has p" distinct roots in F, exactly p' of these elemerits are roots 
of H(x:. We have already seen in the proof of Theorem 5.41 that this set 
of p' elements forms a subfield of F. Hence to each divisor t of n there 
corresponds the subfield F, of order p'. The last assertion in the theorem 
which we must prove is that there is just one subfield of order p' for a 
divisor t of n. If M and N are subfields of F, each having order p’, then 
every element of M and every element of N isa root of H(x). Since H(x) 
has degree p', there can be no more than p' roots of this polynomial in F. 
It follows that M — N, and the proof of the theorem is complete. 


of how the theorems proved in the last few 


Let us give a few examples i 
polynomial equations 


sections may be used to draw some conclusions about 
over finite fields. 


nomial of degree d in Z,[x], then 


5.5 is ani ible pol 2 
nn pean ei factors of degree one In F[x] 


g(x) can be written as a podia Ý 
whenever the order of F is p" and d |n- 

This follows iiaa = Z,[x]/g(%) is a field of order p nes 
contains a root of g(x). If F has order p" with d |n, then, by Theori , d 
F must contain an isomorphic copy of N and so F contains A e sai) 
This implies g(x) divides Hx) and hence g(x) is a product 0f degt 
factors in F[x], because this is so for Hx). 


i iti i dif cisan 
5.52 If g(x)is a polynomial of positive degree In Z,[x] an oa 
element of some extension field of Z, which is a root of g(x), then c” is 
also a root of g(x). 


If g(x) = ay + ax +777 a X with the a; € Zp, then 


pn 
gle?) = à, + aye? i + Ane 
= (ap + aye +777 am 


= g(o = 0. 


In these equations we have used 
which asserts that a? = a for each 
factoring polynomials. 

As an example, consider c 
irreducible polynomial. If c is one of its r 


Fermat's Little Theorem 


d : 
RAM result can be of help in 


a in Zp. This 


2 + Lin Z;(x). It is an 


jal x 
the pou extension field, then 


oots in an 
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c? must be another. Moreover c? #¢,sincec? = —1 ¥ 1, Thus we have 
a factorization 


X «12 (x4 o(x + c3) 


Over the extension field containing c. 


EXERCISES 


In these exercises, P i$ a prime integer and H,(x) is the polynomial in Z,[x] 
defined by Hx) = x?" _ x. 


1. If g(x) is an irreducible Polynomial of degree d in Z,[x], then g(x) divides H,(x) if 
and only if d |n. 


N 


» Prove H,(x) is the product of every monic, irreducible polynomial in Z,[x] which 
has degree dividing n. 


g 


Tf nis a prime integer, then. Z [x] has (p^ — p)/n monic, irreducible polynomials of 
degree n. [Hint: Examine the factors of H,(x) by using the previous exercises. This 
same idea can be applied to count the number of irreducible polynomials of degree n 
when nis a prime Power. A much more subtle counting method can be used to show 
there is always an irreducible Polynomial of degree n for any n.] 


plx] and let F be a splittin 
4 " l 
field for g(x) of order p*. Let L be the subfield of F having order p?. Prove that doi 


a 
c 
aG 
2 
Q 
pn 
= 
gB 
3 
= 
T 
E 
Q; 
A 
o 
bd 
= 
+= 
8 
ER 
= 
e 
= 
n 
eo 
o 
4A 
= 
N 


is not irreducible over L, consider the Possibility that it is irreducible and examine 
the field L[x]/509.] 


t 


Let ax) be an irreducible Polynomial of degree 2 in Z [x] and let F be the field of 
order p?, Show that g(x) is irreducible in F [x]. 


57 PRIME POLYNOMIALS OVER THE 
RATIONAL FIELD 


m In this section Ne apply some information about polynomials over the 
nite fields Z, to obtain information about Polynomials over the rational field 


Q. We seek information that will aid in determining if a given polynomial is 
prime. Generally this is a very difficult prob 


small degree, this will not be a serious pro 


SEC. 5.7 Prime Polynomials Over the Rational Field 


results in this section will be rather special in that fairly restrictive conditions 
must hold before conclusions may be drawn. i 

We shall prove two theorems about polynomials with rational 
coefficients. As usual, Z[x] denotes the ring of polynomials with integer 
coefficients. It will be seen that questions about rational polynomials may 
often be answered by using facts about polynomials in Z[x]. ; 


5.53 Lemma. Let f(x), g(x), and h(x) be elements of the ring Z[x] 
such that f(x) = g(x)h(x). If p is a prime integer which is a divisor of every 
coefficient of f(x), then p is a divisor of every coefficient of g(x) or a divisor 
of every coefficient of h(x). ; 


PROOF. Let us define a homomorphism ý: Z[x] > Z,[x] by the rule | | 
5.54 V(a + bx +- + gx") =a* + bx e + g*x" 


where for any integer a, a* denotes the coset a + (p) in Z,. The 
verification that y is a homomorphism is straightforward. Now suppose ^ 
that the polynomial f(x) e Z[x] has the factorization f(x) = goo) T. 
With g(x) and h(x) also in Z[x]. The assumption that p divides every | 
coefficient of f(x) is equivalent to the statement that V(f(9) pies. 

: follows that W(g(x))y(h(x)) = 0. Since Z,[x] is an integral domain either 
V(g(x)) = O or W(h(x)) = 0. This implies p divides every coefficient of g(x) 
or p divides every coefficient of h(x), as we wished to prove. 


The following lemma, whose proof will be based on the gni pe 
Iemma, shows that a polynomial with integral coefficients Is jdn dr of 

field Q if and only if it cannot be factored into a product of two polyno: iui 

Positive degree with integral coefficients. It will then be possible i4 hac of. LE 
Certain polynomials are prime over Q by making use of special prope 

the integers. 


sh that f(x) = 
5.55 Lemma. Let f(x) be an element of x] such thot Ja 
9(x)h(x), where g(x), ori Then there exist po abeo ds 
h'(x) of Z[x] having the same degrees as g(x) and h(x), respec nir 
that f(x) = g'G)h'(x). “avila CT 
i 
PROOF. Let k be the Lcm. of the denominators of cbe 
g(x), so that kg(x) has integral coefficients. Similar! pim it follows 
En that /h(x) has integral coefficients. Since fe97 g sitae 
at j ^ | 


diri 


5.56 kif) = g. 09h09. 
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Where g, (x) and h,(x) have integral coefficients. We may then apply the 
preceding lemma as follows; If p is a prime divisor of kl, it must bea 
divisor of all coefficients of gi(x) or of h, (x); hence p can be divided from 
both sides of Equation 5.56, and we still have polynomials with integral 
coefficients. By a repetition of this process, we can divide out every prime 
factor of kl and finally get f(x) — g'(x)h'(x), where g'(x) and h'(x) have 
integral coefficients, It is almost trivial that g'(x) has the same degree as 


We are now ready to prove the following theorem of Eisenstein. 


5.57 Theorem. Let f(x) = Ao + aX + °*> + a,x" be a polynomial of 
Positive degree n over the ting Z of integers, and pa prime integer such that 
4j = 0 (mod p) for i = (Us Le al l;a,x 0 (mod p) and ay # 0 (mod p°). 
Then f(x) is a prime polynomial over Q. 


PROOF, The preceding lemma shows that we need only prove that f(x) 


cannot be factored into a Product of two factors of Positive degree over 
Z. Let us assume that 


$58 ^a, Taxon 


= (bo + bx poe PmX™\(Cg 4- €x +--+ cux), 
= g(x)h(x) 


Coefficients of f(x) P. By assumption on the 
S Of f(x) we have WS) = ax" Since this equals 
WIDYA), it follows that Dogs Me 


VOO) = bx” and V(h(x)) = cf x* 
^. We make the supposition that the 


factorization of F(x) is nontrivial; that is, that both m and k are at least 


ents b, for j < mare all congruent to zero modulo 
»this means by = 0 (mod p), Similarly, cy = 0 (mod p). 


5,59 Corollary, If. ncis an arbitrary positive integer, there exist 
polynomials of degree n over Q that are prime over Q. 


PROOF. This result is easily established by examples. As an illustration, 
o 


the polynomial x" — 2 over Q satisfies all the conditions of the preceding 
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theorem with p — 2. Hence x" — 2isa prime polynomial over Q foreach. 
positive integer n. In like manner, each of the following polynomials of 
degree n over Q is prime over Q:x" +2, x" 3, 3x' - 2x"! 4 
2x7? 2x 2, x" - 9x +3 (n> 1). The reader will have no 
difficulty in constructing other examples. 


The homomorphism y:Z[x] > Z,[x] which reduces the coefficients 
modulo p can occasionally be useful for directly proving that a polynomial is 
prime, as we now show. 


ET. 


5.60 Theorem. Let f(x) = ag + ax t^ + a,x" be a polynomial in 
Z[x] and let p be a prime integer which does not divide the leading 
coefficient a, of f (x). If W( f(x) is a prime polynomialin Z,[x], then f(x) is 


a prime polynomial in Q[x]. : 


PROOF. If f(x) is not prime in Q[x], then it has a factorization f(x)= 
g(x)h(x) with g(x) and h(x) in Z[x] and deg g(x) ree deg h(x) = k, 
m» 0 and k >0. The leading coefficient of f(x), namely a,, is not ihe 
by p but is equal to the product of the leading coefficients of g(x) ii ; 
h(x), respectively. Thus neither of these leading coefficients Minen i 
P and it follows that deg y(g(x)) = degg(x) and deg V/(h(x)) = deg i i 
But v(a(x)w(h(x)) = YF) is a prime polynomial and cannot be 
factored as a product of two polynomials having positive degree. Thi a 
an impossible situation caused by the assumption that M rd 


Prime in Q[x]. Thus f(x) is prime after all. 


ult we use the fact that x? + 


As a very simple application of this ion every polynomial of 


* + lisa prime polynomial in Z;[x] and concl : Ma 

the form x* 1 2ax? 4 (2k-+ Dict Orel) is prime in sec EUER dee 
integers a, k, t. For a specificexample we may assert that x ing all the possible 
55 Prime. It would be much more work to verify this by testing i 


Tational roots since 18 roots would have to be tested. 


(ea 


EXERCISES ay mat 
1 Show that each polynomial is prime in Q[x]: i radio i aa 
(a) X+ 4x? 3045, ie sit TE PR a 
Qe aapa go! iil d! eoo 


© x* tax 3x5 2 agent CN n 
O 223 45. 38. i 
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2. Apply Eisenstein's Theorem to f(x + 1) to prove that JGx)-1-x4--4 
(XP = (xf — 1x — 1) is prime in Q[x] for any prime number p. 
. 3. State and prove an analogue of Eisenstein's Theorem which applies to polynomials 
in F[x], for any field F which is the field of quotients of a Euclidean domain R. 


4. Use the version of Eisenstein's Theorem implied in the previous exercise to show 
that xt + Ax? + 3(1 + i)x + (1 + i)is primein F[x], where F = Q[i], and R is the 
ring of Gaussian integers Z[i]. 


$8 POLYNOMIALS OVER THE REAL OR 
COMPLEX NUMBERS 


In this section we shall discuss some properties of polynomials over the 
field R of real numbers or the field C of complex numbers. We begin with a few 
remarks, essentially established in elementary algebra, about. quadratic 
polynomials, that is, polynomials of degree 2. 

Let 


g(x) = ax? + bx + c, a#0, 


bea quadratic Polynomial with coefficients in the field C. Then it is well known 
that the polynomial 9(x) has roots 7, and r,, where 


561 r, = Ot Vb? = ac o af Bie dac. 


| hs 
2a 2 2a 


We may Point out that, by a Special case of Theorem 3.55, every nonzero 
complex number has two Square roots. Hence rı and rz, given by 5.61, are 
complex numbers and It is easy to verify by direct calculation that 


5.62 g(x) = a(x — r3)(x — r3). » 
Since these first-degree factors have Coefficients in C, it is apparent that no 
quadratic polynomial Over C is a prime polynomial over C. 
i It is customary to call b? — 4ac the discriminant of the quadratic 
D uum 4X" + bx + c; For convenience, let us designate this discriminant 
From 5.61 it follows that r, =r. i i 

,Fn ] 1 — r? if and only if D = 0, However, the 
factorization 5.62 holds in any case, so D = 0) is a Necessary and sufficient 
Condition that the polynomial g(x) have a double root. 

Now let us assume that the quadratic Polynomial g(x) has real 
coefficients, Then the roots r, and 7 will also be real if and only if D > 0, for 
only in this case will D have real square roots, The factorization 5.62 of g(x) 
into factors of the first degree ig therefore a factorization over R if and only if 
D = 0. If D < 0, g(x) has no real root and g(x) is therefore prime over R. 
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Let us summarize some of these observations in the following theorem. 


5.63 Theorem. No quadratic polynomial over the field C of complex. 
numbers is prime over C. A quadratic polynomial over the field R of real 
numbers is prime over R if and only if its discriminant is negative, 


We have referred above to Theorem 3.55, where it was proved by use of 
the trigonometric form of a complex number that every nonzero complex 
number has n nth roots. It may be worth pointing out that the square roots of a 
complex number may also be computed by an algebraic process. As an 
illustration, let us seek the roots of the polynomial x? + x — (1 + 3i) over C. 
By 5.61, these roots can immediately be written down in the form 


—1+./5 + 12i 


2 


Now in order to express these roots in the usual form of complex numbers, we 
need to compute the square roots of 5 + 12i. To do so, suppose that sand tare 
unknown real numbers such that s + ti is a square root of 5 + 12i. Thus we 
have 


5.64 


(s - ti =5 + 12i, 


or 
s? — t? + 2sti 2 5 + 12i. 


In turn, this implies both of the following equations involving the real 
numbers s and t: 
s? —t?=5, 2st- 12. 

If we solve these two simultaneous equations by elementary methods os 
remember that s and t are real (so that s? > 0 and t? > 0), we find pi won j 
to be's = 3, t = 2 and s = —3, t = —2. Hence, the square roots i ae 
are +(3 + 2i). Substituting in 5.64, we find that the roots of the polynomi 
x*+x-(1 i i and —(2 + i). ME 

We iem ce Sots mir dise polynomial is aduer F 
Another special case of some interest is the following. Let ri ieis 
Polynomial of the form ax" + b, where a and b are nonzero vis mr 3.55, 
and n is an arbitrary positive integer greater than 1. Since, wi are obviously 
the complex number —b/a has n distinct nth roots ce into a 
Toots of the polynomial ax" + b, this polynomial can bini polynomial can 
Product of factors of the first degree. In particular, dee Af 
never be prime over C. REUNIR 
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5.65 Theorem. If f(x) is ar element of C[x] of positive degree, there 
exists an element of C which is.a root of the polynomial f(x). 


If r is a complex number which is a root of the polynomial f (x) of 
Gegree n over C, then in C[x] we can use the Factor Theorem and write 


f69 = (x —Nf,(0, 


Where fi(x) is of degree n — 1; Tt is then apparent from this observation and 


Theorem 4.39 that the preceding theorem can be expressed in either of the 
following alternate forms, 


\ 


5.66 Theorem. The only prime polynomials of C[x] are the poly- 
nomials of the first degrees 


5.67 Theorem. If f(x) is an element of C[x] of positive degree, then 
J'G9 is itself of the first degree or it can be factored in C[x] into a product 
9f polynomials of the first degree. 


We next consider the question of which polynomials over the real field 
R are prime over R.Of course, the polynomials of the first degree are always 
Prime, and we haye Shown in Theorem 5,63 that the quadratic polynomials 


these are the only prime polynomials over R. First, 
however, we need a preliminary result, which is of some interest in itself. 


‘such that f(r) = 0. We now want to make use 


of a complex number, introduced in Section 3.10. We recall that if u.— a +i 
is a complex number, then the conjugate u* of y is defined by u* = a — bj. It 
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is not difficult to verify that 
L/()]* = a r*)* + a 


m". since f(r) = 0, it follows that [ f(r)]* = 0a 
* is also a root of the polynomia fi (x). This result 


ern AM buses 


“No content. However, if r is not real, then rand ri 
follows that in C[x] we have " 


4 Ses) » & — noc 
: _with the degree of fix) two less than the dej 
.. T'za.- bi, and a simple calculatio sh 


(x—-nDx-r*)-x 2d 
We can therefore write mu 
poe fe) = 6? - 2ax t a? + 
ànd the quadratic factor on the right. clear! 
f(x) has real coefficients, it is easy to 
i te a It follows that 5.69 gives 


deg f(x) > 2, f(x) can therefore | 


result, combined with Theorem 5.63, com, 
theorem, 


nta of quadratic polynomials. 
9dd degree is expressed asa | 
of these prime polynom 
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first degree. This implies that f(x) has at least one real root, and the followingis 
therefore an almost immediate consequent of the preceding theorem. 


5.71 Corollary. A polynomial with real coefficients and of odd degree 
necessarily has a real root, 


Except for quadratic polynomials, and polynomials of the special form 
ax" + b, we have not given any indication as to how one might actually find 
the real or complex roots of a given polynomial. This is a difficult problem but 
some information can be found in texts on the “theory of equations.” In 
Particular, there are algebraic formulas for the roots of polynomials of degrees 
3 or 4 with real or complex coefficients, Although these formulas are of great 
theoretical interest, they are not convenient to use in a numerical case. It is, 
however, not too difficult to develop methods of approximating the roots to 
any desired accuracy, and this is what is usually done in practical applications. 


EXERCISES 


1, Find the roots of each of the following polynomials and express each root in the 
Standard form a + bi of a complex number: 

(a) x? -Qi-2x-5-i 
(©) x -Qix-1 + Ti, 
© xà x24 2i, 

2. Factor each of the 
polynomials over R: 
(a) x3 -2x —4, 

(c) x* 4 1, 
O x* xà 2a xu 


(b) x? + ix 4 1, 
(d) x? +x +4, 
(f) x? c 2x e i. 


following polynomials of R[x] into a product of prime 


(b) x3 — x? — 3x + 6, 
(d) x* + 2x? — 8, 
(f) x31. 


*5.9 THE FUNDAMENTAL THEOREM OF ALGEBRA 
In this section we shall 
every polynomial of positive degree havin 


some sense this should be expected; i 


have information about the field of complex numbers.which distinguishes it 
Out, in fact, that it is properties of the real numbers 
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which we shall require. The theorem which we quote without proof below is 
closely related to Theorem 3.38(ii) which was used earlier. 


5.72 Definition. A real polynomial function of variables u and v is a 
function of the form 


5,73 F(u,v) = dog + joti + Gov +°: + agu'b? + tt guit 


where the coefficients a, are real numbers. 


The fact about real polynomial functions which we shall require is the 
following. 


the 


5.74 Theorem. Jf F(u,v) is a real polynomial function with s 
Vo 


property F(u,v) > 0 for all real u and v, then there is some point (uo, 
for which F(u,v) > F(ug, vo) for all real u and v. 


This result is sometimes paraphrased by saying the nonnegative real 
polynomial function attains its minimum value at some point. | 

The next result gives the connection between complex polynomials and 
teal polynomial functions which is needed for the proof of the main result of 
this section. 


in C[x] and if we write a 


5.75 i li ial 
Theorem. f 10 v real, then there are real 


complex number z as z = u + iv, with u and 
polynomial functions a(u, v), b(u, v) such that 


5.76 f(e) = f(u + iv) = auo) + ible 9) 


k 
PROOF. The polynomial f(a) is asum of terms of the form cs Uf 
Various complex numbers c and nonnegative intege spicis of this 
two real polynomial functions of the form 5.73 is again a function Ifc 
form, it is enough to prove the statement for the case f deis 
r + is, then 
(u + iv)". 
By expanding (u + iv) with the aid of the binomial torm aa 
seen to be a real polynomial function plus i times * V de result is 
function. When this is multiplied by the constant 7s ie theorem: 
again a sum of the form 5.76, and this is enough to prove 


fi = fu + i) = c = (r + is) 
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We now restate Theorem 5.65 and complete its proof. 


5.77 The Fundamental Theorem of Algebra. If f(x) is a polynomial 
of positive degree with complex coefficients, then there is à complex 
number z with f(z) = 0. 


PROOF. We assume the Tesult is not true and will eventually reach a 
Contradiction. Let a(u, v) and b(u,v) be the teal polynomial functions 
which satisfy 5.76. Then the function F(u, v) defined by 


F(u,v) = |f (u + ip)? = a(u, v)? + b(u, v)2, 


is a real polynomial function which satisfies F| (u,v) > 0 for all real u, v. 
According to Theorem 5.74, there is some complex number Zo = Ug + 
ivo such that F(u,v) > E(uo, vo) for all real u, v. Next we shall modify 


form cf(px + q) for certain complex numbers c, p, q. These will be 


to occur at z= Q by Teplacing the variable x with px +z), where p 
ts à nonzero complex number to be selected later. If we set h(x) = 
(Px + zo), with pa nonzero constant yet to be selected, then h(0) = 
f(z) =1 and [h(z)| > 1 forall complex numbers z. At this point we have 


h(x) = of (px + Zo) = L+ byp*xt 4... 4 b,p"x" 


for some constants b,,... b. We assume k is the smallest positive integer 
such that x* has a nonzero Coefficient. Then we select the number p to 
satisfy p*p, = — p this is Possible by Theorem 3.55. With these choices, 
the polynomial A(x) can be written in the form 


h(x) = 1 ~ x*q(x), 


Where q(x) is a polynomial in CL] which satsifies q(0) = 1. We rewrite 
the above inequality as 


1 < |h@)? = [1 — zy 


This may be interpreted geometricall i i 

j Y as saying that the distance 
between z'q) and 1 is never less than 1, for any choice of the complex 
number z; equivalently, this says that the point 2*g(z) always lies outside 


the circle C having radius 1 with Center at (1,0). Now let z = u take on 
real values. From the fact that q(0) = 1, we 


small values of the rea] variable u, the dista; 
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for all sufficiently small real u, 
positive real, the complex num 
when written in trigonometric ft 
precisely, the complex number 
between the origin and the po 
the circle C. This is a conflict with | 
for all complex numbers z. In. 
described cannot really occu 
polynomial had no root in C ca 


\ 


Chapter 6 


Groups 


In all the algebraic systems Studied so far we have always had ius 
operations —name]y. addition and multiplication, We now proceed to study 


| BrOUps and give 4 number of examples tha 


6.1 DEFINITION AND SIMPLE PROPERTIES 

Let “o” be 
that this Statemen ans that if 
G, then acb isa uniquely determined element of G. A 


hatis associated with these words. However, we shall 
using the Symbol “o” for the operation. 


6.1 Definition, A nonempty set G on w 
operation* “o” js called a group (with Tespe 


* The assumption that “e” is ; > pressed by saying 
that G is closed under this operation, 
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the following properties are satisfied: 


(i) If a, b, c e G, then (a« b)» c =a» (b«c) (associative law). 
(ii) There exists an element e of G such that e» a= aoe =a for every 
element a of G (existence of an identity). 


(iii) If a e G, there exists an element x of G such that aox — x »a =e 
(existence of inverses). 


In Section 1.4 we called an element e, whose existence is asserted in (ii), 
an identity for the operation *«." However, we shall now call it an identity of 
the group. As su ggested by the indicated name of the third property, as well as 
by previous use of the term, the element x whose existence is asserted in (iii) is 
called an inverse of the element a. Note that in a group every element has an 
Inverse. As a matter of fact, it is quite easy to prove that ina group the identity 
's unique and also that every element has a unique inverse. j 

i In order to give an example of a group, it is necessary to specify the 
elements of the set and to define an operation on this set in such a way that the 
three properties stated above are satisfied. We now give several examples of 
groups, 


Example 1: The set Z of all integers, with the operation “e” taken as the usual 
Operation (+) of addition. The first property then merely states that 


(a+b)+c=at(b * c) 
and this is just the associative law of addition for the integers. In this case, the 


ident: À : ; =a+0=a for ae Z. The 
entity of the group is the zero integer since 0 + a ee ondine 


inverse of the element ais the element —asince a +(—4) Í 

present notation this is just what is required in the statement of the third Lis 
We have therefore verified all three properties, and fend "sic P 
group may be called the additive group of the integers. ! 

This example can easily be generalized as follows. Let $ be d muni 
elements of any ring, and let the operation “o” be taken as the operation recisely the 
already defined in the ring. Then the three properties of a kd Meta Hence, $ 
Properties P,, P}, and P, of Section 2.2 required of aneen s to this group as 

must be a group relative to the operation of addition. We shall re 

the additive of the ring S. ; 
Example 2: The set T of all nonzero rational numbers, bit ne en) product 
as the familiar operation of multiplication of rational nt al number, the set T is 
of two nonzero rational numbers is also a nonzero ration iion defined on T. If 
closed under multiplication; that is, multiplication isan a for rational 
a, b, c € T, then (ab)c = a(bc) by the associative law of multip’ 
numbers, and this is just 6.1(i) in this case. Moreover, 
number 1, and the inverse of an element a of Tis the ration 


2 iplication. 
15 a group with respect to the operation of multiplicatio 


; This example can also be generalized as follows, If F isan arbitrary field, the 
set of all nonzero elements of Fis a group with respect to the operation of 


field F. We emphasize again that there is exactly one element of F, the zero, which is 
not an element of the multiplicative group of F. 


Example 3: The set R* of all Positive real numbers with multiplication as the opera- 
tion. Properties (ii) and (iii) are satisfied because I € R* andif ac R^, then also 
q'eR*, 


1 In like manner, Q* is a group with respect to the Operation of multiplica- 
tion. More generally, if F is any ordered field, then F*isa group with respect to the 
operation of multiplication, 


is closed under multiplication and, of course, the number 1 is the identity. 
Moreover, | and —] are their own inve; and iand — iare inverses of each other. 


The associative law clearly holds since it holds for multiplication of complex 
numbers in general, 


Example 5: Let H be the set (p. 4.r) with an operation, which we shall consider as 
multiplication, defined by the following table. 


Clearly, p cate of H. Moreover, pis its own inverse, and q andr are inverses 


of each other. The associative law is also Satisfied, al i i 
mune At, ished, although it would be tedious to 


‘Example 6: Let G be the set fe b, i i iplicati 
"nent ^na se {e,a, ;€) with an Operation of multiplication defined 


The associative law holds, although Weshall not verify it; and eis the identity. In this 
verse, 


 Broup, each element is its own in 
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Example 7: Let U(Z,) be the set of all elements of the ring Z, which have multipli 
cative inverses; these are the units of Z, and are the cosets u + (n) with u an integer. 
relatively prime to n. The product of two such cosets is again a coset of this type, so 
U(Z,) is a group. i TUE 
This example can be generalized as follows. Let R be. any ring with unity and 

let U(R) be the set of all units of R, Then U(R) isa group with identity equal to the — 


unity element of R. 


Example 8: Let GL(2, Z) denote the set of all two by two matrices with integer entries 


a b 
P : 4 

where the integers a, b, c, d satisfy ad — be = +1. Ets) 

It can be shown that GL(2, Z) is the set of units in the ring M,(Z) of all two 
by two matrices over the integers. Thus this example is a special case of the previous 
remark. dora : 
This example may also be generdlized, If R is any commutative ring with | 
unity, then GL(2, R) is the set of all two by two mattices of the form g above in 
which a, b, c, d € R and ad — be € U(R). 5 

The notation GL may seem somewhat peculiar; it stands for the "general _ 
linear" group. This terminology is motivated by concepts which arise in the study of 
linear algebra. In that subject, one is most frequently interested in the case of. i 
matrices over a field. If F is à field; then GL(2, F) is the set of matrices of the form g 


above in which a, b, c, d € F and ac — bd #0. We shall consider this example for fi 


1 


various choices of the field F in later sections. 


The groups described in the first seven examiples above té A 
additional property not required by the definition of a group. They ¢ 
examples of abelian groups according to the following definition. 


: MobuAt pibe o 
6.2 Definition. If ina group G with operation “>,” 4 b z herd 
4, b € G, G is said to be an abelian group (or a commutative group. — 


i .The | 
The term abelian group is most commonly used for this concept 


) ) jan 
is deri i ik Abel (1802-1829), a famous Norwegi 
name is derived from Niels Henrik aa dd dia tham 


Mathematician whose fundamental wo 
later mathematicians. f In the 
Most òf the above examples are examples of n Aoin 
following section we shall introduce some very importan 
different from those already introduced. E. Sier 
As in the examples, we shall always call the Magni ien with 
addition or multiplication, and shall use the usual j 
these names. We shall never use addition as the enia We shall always 
&roup. That is, whenever addition is used as the ope 


assume, whether or not it is explicitly mentioned, thai 


ration in à nonabelian | 


that the group is abelian. It f | 
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follows that in such a group all the properties of addition ina ring are satisfied, 
The identity will be denoted by 0 and called "zero"; the inverse of an element a 
will be denoted by —4; we shall write b — a for b + (— a), and so on. 


then be denoted bya”. We shall usually let e be the identity of the group, and 
reserve the symbol “1” for the smallest positive integer, 

Now let G be an arbitrary group with Operation multiplication. The 
following Properties can be easily proved using only trivial modifications of 
Proofs that we have already met in our Study of rings and fields. We may 
emphasize that here multiplication need not be commutative. The first two of 
these properties have already been stated in the preceding section. 


Y 
6.3 Theorem. The following hold in every group G: 


(i) The identity of G is unique. 

(i) If ae G, ahasa unique inverse q`! 

(ii) Ifa, bce G such that ab = ac, then b = c. 

(iv) If a, b,c € G such that ba = ca, then b = c. 

6) Ifa,be G, there €xists a unique element x of G such that ax = b, and 
a oe element y of G such that ya = b. In fact, x = a^!b and 
Yy = ba! 

(vi) The inverse of a product is the Product of the inverses in the reverse 
order, that is, if a, b € G, then (ab)! = b-1g-1, 


Properties (iii) and (iv) are naturally called the cancellation laws. The 
Proofs of the Various parts of 6,3 will be left as an exercise. 


If a € G,wedefine 4^ = e, where eis the identit Then, just 
as though a were a nonzero elem AE UU RDUR The J 


tof a field, we can define a" for ever integer 
n. Moreover, for all choices of intege : 1 


€xponents hold: E M ums 
aM Qh zs gmin 
(a™)" = amn, 
Foran abelian group, we also 


but this is not true in general. 
à S the Operation, we make use 
ers; that is, na takes the Place of a", Such a group is 
belian and we have the following analogues of the 


SEC. 6.1 Definition and Simple Properties 191 


above laws of exponents: 


ma + na = (m + n)a, 
n(ma) = (nm)a, 
n(a + b) = na + nb. 


These are properties that are already familiar as properties of addition in any 
ring. 


Subgroups 
____ Aset H of elements of a group Gis naturally called a subgroup of Gif H 
is itself a group with respect to the operation already defined on G, if e is the 
identity of G, then G certainly has the two so-called trivial subgroups {e} and 
G. Any other subgroup is called a proper subgroup. 

The following theorem is often useful in determining subgroups of a 
given group. 


6.4 Theorem. (a) A nonempty subset K of a group G is a subgroup of 
G if and only if the following two conditions are satisfied: 


(i) If a, b e K, then ab e K. 

(ii) If ae K, thena * eK. 

(b) If K has a finite number of elements, condition (ii) is implied by 
condition (i). 

closed under multiplication. If 
ve aa^! = e is also in K. 
Itiplication in all of G is 
K is associative. All 
K is a subgroup of G 


PROOF. Condition (i) implies that K is 
a € K, then a^! e K by (ii) and so by (i) we ha 
Thus K contains the identity element. The mu 
associative, so in particular the multiplication in 
conditions in the definition of a group are met, $0 


when (i) and (ii) hold. 

Now suppose that K is a finite set and (i) holds. We must show 
that for each a € K, a^! is an element of K. Consider the powers a, a”, 
a?,... of a; by (i) these are all in K. Since K is finite, there must be two 


integers r > s> 0 such that a” =a’. From this we conclude 4^! = 
arts 1 


This element belongs to K so (ii) holds. 


In view of this theorem, we see therefore that a nonempty set of 
elements of a group G having a finite number of clementsis à subgroup of G d 
However, for infinite 


and only if the set is closed under the operation on 6. | ihe 
groups condition (i) is not a consequence of condition @) Azan exam 0 
et of all positive integers is a nonempty subset of the additive group © 


integers which satisfies condition (i) but not condition (ii). 
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; We conclude this section by introducing one additional concept which 
iS analogous to the Concept of direct sum of rings. Suppose that G and H are 


(91, 5,) + (g2, h) = (g; + 42, +h), 91192 € G; h, h; eH. 


(41,4, )(g2, h) T (0193, hh; ), 91,93 € G; h,, h, eH. 


The group obtained in this way is called the direct product of the groups G and 


H, and itis customary to denote it by the Same notation G x H as used for the 
Cartesian Product of the ser; G and H. 


EXERCISES 


1. Which of the following arè groups with respect to the indicated operation? 


(a) The set {1, 3,7, 9} of Elements of Zio, with Operation multiplication, 
(b) The set {0,2,4, 6,8} of elements of Zo, with operation addition 
(c) The Set {1, 3,9} of elements of 7, 10> With operation multiplication. 
hé set of al) rational numbers x such that 02 x — l, with operation 


[ irrational rea] numbers with 9peration multiplication. 
(f) The set of ay integers with operation “o” defined as follows: ash a+b 41. 


(8) The set of all integers with operation “." defined as follows: ach = q— b. 


(h) The set of i i 
desc i d Pisas RON. Other than 1, with Operation “o” defined as 
2. If H, and H, 


are subgroups of a Broup G i 

eee t by proving «UP. G. Prove that H, c, H. is a subgroup of G. 
Generalize this result by proving that the intersection of any Huber of ine 
of Gis 8 subgroup of G. CARN ! d 


VER Find all Subgroups of each of the following groups: 
(a) The additive. Broup of the Ting Zo 
- (©) The additive group op tne ting Z, 
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(e) The multiplicative group of the field Z,. 
(d) The multiplicative group of the field Zj. 


/ 


. Prove that (ab)? = a?b? for all choices of a and b as elements of a group G if and 
only if G is abelian. 


a 


. Let a be a fixed element of a group G. Prove that the set (x|xeG ax = xa} isa 
subgroup of G. 


Let G be the set of all ordered pairs (a,b) of real numbers with a + 0, and on this Seb 
let us define an operation of multiplication as follows: í mu 


(a, b)(c, d) = (ac, bc + d). 


un 


a 


Verify that G is a nonabelian group. 

7. Let Z, be the field with two elements and GL(2, Z5) the group of two by two 
matrices over Z defined in Example 8. Make a list of the six elements of this group. — 
Show that the subset consisting of all elements of the form n 


with ad 0 forms a subgroup. Find at least two other subgroups of GL(2, Z,) other 
than the trivial subgroups which consist of the identity alone or the entire ahs i 


6.2 MAPPINGS AND PERMUTATION 
GROUPS 


Suppose that 4, B, and C are sets and that we have given mappings — 
AB il B:B > C.Itisthen easy to define inanatural wood UA, 
into C. If a e A, we first take the image a(a) of a. under the mapping UR AS 
3(2) € B, so we take the image of this element under the mapping x ; E VAT 
Ble(a)) in C. Thus a > B(a(a)) defines a mapping of ignite du DA n 
two mappings x and f. We denote this mapping by f and call Pre San NANA 
More formally, the mapping fa: A > C is defined by | usta T 
i aeA 


6.5 fala) = plata), 


We may point out that, according to the doininn a eD ER 

"rst perform a and then perform f." It is here that it mà by ala) or by 
difference in notation whether we denote the image pain x ‘denoted by 
the Notation ax. Had we adopted the latter notation, the pes me LAN Ys 
Ba would map an element a of A into a(Pa) of C; it would then perform a.” VT 
m'erpret this as (afa. which would mean “first perform f and ei P mus be — 

Oth notations are used and in reading other books, his AU CS. hs 
Prepared to find either one. re s 
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‘As a simple illustration of Definition 6.5, let A = (1,2,3, 4}, B= 
{x,y,z}, € = {r,s}, and let a: A — B and fi: B — C be defined, respectively, as 
follows: 


a(l) 2 y, a(2)=x, a(3)=x, a(4) =z; 
Be9)2s B()-rn Be) =s. 


Then the mapping fa: 4 — C is obtained by the following calculations: 


Ba(1) = B(a(1)) = By) =r, 
Ba(2) = B(a(2)) = B(x) = s, 
Ba(3) = B(a(3)) = B(x) = s, 
Bald) = f(a(4)) = piz) = s. 


It should be clear that in defining the product of two mappings a 
certain condition on the sets involved is necessary. Thus, if «isa mapping of A 
into B, then fi is defined only if f is a mapping of B into some set. 

We now take one more step as follows. Let A, B, C, D be sets and 
suppose that we have mappings a:4 > B, f: B C, y:C — D. Then Ba is a 
mapping of A into C and y(fa) is a mapping of A into D. In like manner, (yf)a 
E a mapping of A into D. An important fact is that these two maps are equal, 
that is : 


6.6 Y(fa) = (yf)a. 


Let us prove this statement. One shows that two maps defined on A are the 
same by showing the two maps have the same value at each point of A. Thusit 
is required that we prove k 


6.7 [y(Bx)](a) = [pa] (a) 
for each element a of A. 


First, we observe that by the definition of the product of the mappings 
y and Bu, we have 


D») Ya) = »[Ba(a)]. 
Then, by the definition of the product Ba we have 
YLBa(a)] = yC B(a(a))). 
Thus the left side of 6.7 equals YCB(a(a))]. In like manner we obtain 
LADNA) = (¥B)(a(a)) = vt B(a(a))). 


Since both sides of 6.7 are equal to YLB(a(a))), we have proved 6.7 and also 6.6. 
Of course this merely states that multiplication of maps is always associative. 

In connection with our study of Broups we are interested in the special 
case of mappings of a set 4 onto the same set A. Moreover, it is the one-one 
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mappings of A onto A that we wish to study. The following terminology is 
convenient. 


6.8 Definition. A one-one mapping of a set A onto itself is called a 
permutation of the set A. 


The next theorem will show why we have paused to study mappings in 
a discussion of groups. 


6.9 Theorem. The set S of all permutations of aset A is a group with 
respect to the operation of multiplication of mappings defined in 6.5. 


PROOF. First, let us give a formal proof of the essentially obvious fact 
that if x and fi are permutations of A, then a is also. à permutation of 
A. Let x be any element of A. Since a and f are mappings of A onto A, 
there exists y in A with a(y) = x; there exists z in A with p(z) = y. Then 


ap(z) = a(B(z)) = ay) = x. 
This shows aff maps A onto A. Next we show that af is a one-one 
mapping, and therefore a permutation of A. It is necessary to verify that 
if a and b are elements of A such that f(a) = «p(b), then a = b. The 
equation f(a) = aff(b) can be rewritten as a(f(a)) = a(B(b)). Since « 1s 
one-one, it follows that f(a) = B(b). Now since di bie dite bias 
required. This calculation shows that the set $ is closed with respect to 


the operation of multiplication of permutations. — xu 
We have already proved that multiplication of mappings is 


associative, and hence the first requirement of a group is pid ii 
The identity mapping on the set A, as defined in Section '- 


is, the mapping e: A — A defined by 
ane ae A, 


is clearly an element of S and it is trivial to verify that ae = M : E 
every a e S. This shows that e is the identity of our group. 


remains to prove that each element of S has an inverse. MUR ee 
If x € S, since « is a one-one mapping of A onto 4, 


ing a^ by the 
defined in Section 1.2 a one-one mapping 9 ! of A onto A by 
equation 
nine aala) = à. 
ppi have 
f the product of mappings, we 
ris eb the inverse of æ, we must 


ae A. 


Thus «^* e Sand, by our definition 
X !a = e. In order to show that a” 
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show that aa^! = e. To verify this, let a be any element of A; then 
aac! (x(a)) = a(x !(2(a)) = afa (a) = a(a). 


Since every element b of A can be written as b — a(a) for some a, we have 
shown that 


ax Mb)- b 


for every b in A. Hence aa^! = 71e =e and a^! defined by 6.10 is 
indeed the inverse of a. 

We have now established all the properties required by the 
definition of a group, and the theorem is therefore established. This 
group S is naturally called the group of all permutations of the set A. 


So far, the set A has been a completely arbitrary set. However, we are 
now primarily interested in the case in which A is restricted to have a finite 
number of elements. Accordingly, we make the following definition. 


6.11 Definition, Let n be a positive integer. The group of all 
permutations of a set with n elements is called the symmetric group on n 
symbols, and may be designated by S,. 


Let us now consider an example in which 4 — (1,2,3), a set with three 
elements. Then the symmetric group 55, consisting of all permutations of A, 


Paci six elements; we give examples of two of the elements a, f defined as 


61 a(l)=2, a(2)=1, a(3)-3, 
K)-2 B2)=3, p3)=1. 


The product of these two mappin may be i iti 
of the picis ciam M ^ da y be computed by using the definition 


ap(1) = a(8(1)) = aQ) = 1, 
afi) = a(8(Q)) = a(3) = 3, 
&A(3) = a(B(3)) = a(1) = 2. 


This basic process of using the definitio 


computation of products somewhat easier. We illustrate this notation with the 


toexpress the fact that under th 
1, and the image of 3 is 3. Accordi 
the set A (in any order) in the to 
image under the mapping a. Ir 


Using this notation, one may c 
process. In order to compute 


order using i A nd a part ji 
will be the product: " 


af = s » » 


The spaces now filled by a, b, 
elements of A to be placed there. 
at the image of 1 in f and find i 
The eye may be aided by follo 


»-(; aet 


In this way one may quam 
Using this notati 


It may be noted that tho 
express each of the 
4 product involving ¢ 
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table for this group may be determined with the elements expressed as the 
products of æ and f listed above. 


B 
6.14 pP Berater opa sia afta 
[1 ig ope e Bg m 
ap up ap? « e f 
ap! | ag! a of B B^ e 


It will be helpful to understand that even though the entry in the table that 
shows the product of af? and a ought to be written as («7)a, the actual entry 
is f because that is the way the particular permutation is designated in the 
listing of all permutations given above. It would be good practice for the 
reader to verify the correctness of this table. 

We can use a notation similar to 6.13 to denote a permutation of any 
finite set. In general, if {i,,i,,...,i,} is an arrangement of the integers 


1,2,...,n, then by 
Moos Mit sink 
itg Sa 


we mean the permutation « of the set A = {1,2,...,n} such that a(1) = 
i,,%(2) = iz... O(n) =i. We shall use this notation whenever it seems 
convenient to do so. 

We found above that S, has six elements. Let us now determine the 
number of elements in the symmetric group $,, that is, the number of 
permutations of a set A = {1,2,...,n} with n elements. Clearly, the image of 1 
may be any element of A, and hence there are n choices for the image of 1. After 
an image of 1 is selected, there are then n — 1 choices for the image of 2, and so 
on. It follows that there are n(n — 1)-(n — 2):--2- 1 different permutations 
of A. This number is usually denoted by n! and called "n factorial." We 
have therefore shown that S, has n! elements. 

Any group whose elements are permutations is naturally called a 
permutation group or a group of permutations. Any subgroup of a symmetric 
group S, is certainly a permutation group. For example, from the table 6.14 
and Theorem 6.4 it follows that (e, fj, 8?) is a subgroup of S3, and this is 
therefore an example of a permutation group which is not a symmetric group 
since it is not the group of all permutations of any set. 

We conclude this section with a brief indication of how one can 
construct some interesting permutation groups by use of properties of 
symmetry of certain geometric figures. As an example, let us consider a square 
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and study all rigid motions of the square into itself. That is, if the square is 
thought of as being made of some rigid material, such as cardboard, we 
consider motions such that the figure will look the same after the motion as 
before. In this, as well as in all other examples we shall consider, the rigid 
motions will consist of rotations either in the plane or in space. Each rigid 
motion of the square can be used in an almost obvious way to define a 
permutation of the vertices of the square. Let us designate the vertices of the 
square by 1, 2, 3, and 4. Moreover, let E, F, G, and H be the midpoints of the 
sides, as indicated in Figure 12; and let O be the center of the square. A 
rotation, in the plane of the square, through an angle of 90° about point O 
would place the vertices in the position shown in Figure 13. We may interpret 
the result of this rotation as mapping 1 into 2, 2 into 3, 3 into 4, and 4 into 1, 
that is, as effecting the permutation 


LE AU 
KT otag apt 


of the set (1,2,3,4) whose elements denote the vertices. A similar rotation 
through an angle of 180° or 270° leads to the respective permutations 


Py 8 Ae ppl tba 
oa We rer Yat 1452 4022935 


Clearly, « = e, the identity permutation. We also have other rigid motions 
consisting of rotations in space about a line of symmetry of the square. Let f 
be the permutation which arises from a rotation through an angle of 180° 
about the line EF and y the permutation which arises from a similar rotation 
about GH. Then we see that 

T3 i) 

C AESA 


Figure 12 Figure 13 
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There remain two other permutations arising from rotations through 180° 
about the diagonals of the square. These are 


afin My gels If t de 1s, 4 
ic Aries, TAEZ id rA 
The set (e, o, a, «>, fl, y, 1,0) of permutations obtained in this way is closed 


under multiplication, as is easily verified by the multiplication table given 
below. 


B 

QU Re € aa a gy ig 

a DE URN Seti ON PB 

a ditio S oe um) ufi ume 3 

6.15 a3 jurado eb a iain o edo Bis 
Boy Bo ve T e d x e 

y Joop gt Fog Ce TS e 

T TOU Nha eti ele had 

c p y vr B a ES ate 


Moreover, it is evident that each permutation of this set has an inverse in this 
set, and we therefore have a group of permutations, This particular group with 
eight elements is called the octic group. Since we obtained this group by a 
consideration of the rigid motions of a Square, we may also say that it is the 
group of rigid motions of a square. 

In a similar way we may construct the group of rigid motions of other 
geometric figures. We observe that by this process we must actually obtain a 
group of Permutations. In the first place, a rigid motion followed by another 
rigid motion is itself a rigid motion, and hence the set we obtain must be closed 
under multiplication. Since, also, each rigid motion can be reversed by another 
rigid motion, the inverse of each permutation in the set will also be in the set. 
The: fact that. we obtain a group of permutations then follows from 
Theorem 6,4. 


EXERCISES 


I. In the following, * and f are the given permutations of the set A = {1,2,3,4, 5}. 
Compute, in each case, ofi, Bz, a?, and p?. c 


(a) &(1) 22, a(2)— 1, a(3)=3, a(4)- 5, (5) = 4; 
BN =i 5Q-4 B= Md)-3 BS) = 5: 
(b) a(1) =4, a2) =3, a(3)=5, o(4) = 1, a(5) = 2: 
K0-2 62)=3, BG)-1, Bà)-4, B65) = 5. 


b 
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(© a(1)=2, aQ)-l, a)-4, ad) e 5, (5) =3; 
All) =2, B2)=3, B0) 4, Bí) e 5, pS) - 1. 


1-275408 rz 
«(1 12) PP 
"(1.2.3.4 aei E 
O e= 5 2:54) ig qu 
1.273 48 1:293 410 
B: 2:23] Tipi oh 


2. Verify the entry in the table 6.15 giving each of the following products: x?a, fy, 78, 
ay, to. 


3. Find all six subgroups of the symmetric group $3- 

4. Find all ten subgroups of the octic group (6.15). 

S. Show that the group of rigid motions of an equilateral triangle is the symmetric 
group S,. 

6. Find the group of rigid motions of a rectangle that is not a square. Make a 
multiplication table for this group and show that it is a subgroup of the octic group. 


7. How many elements are there in the group of rigid motions of a regular pentagon? 
A regular hexagon? : 
8. Let a: A — B be a given mapping. Prove each of the following: 
(i) If e, is the identity mapping on the set A, there exists a mapping ff: B — A such 
that afi = e, if and only if a is a one-one mapping. é 
(ii) There exists a mapping y:B— A such that yz = eg if and only if a is an onto 


mapping. i a 
(iii) If both the mappings fi and y exist, as defined in parts (i) and (ii), then f = y. 


$3 HOMOMORPHISMS AND ISOMORPHISMS 


The concept of a group homomorphism is essentially the same as that 
of a ring homomorphism except that we now have only one operatiori instead 
of two. However, the operations may be written differently in the two groups, 
SO we shall state the definition in the following general way. 


6.16 Definition. Let G bea group with operation “*” and H a group 
with operation “+,” A mapping 0:G — H of G into H is called a 
homomorphism if for a, b € G, we have : 


6.17 O(a * b) = O(a) * 6(b). 


If there is a homomorphism of G onto H, we may say that H is a 
homomorphic image of G. E 
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The special case in which the mapping is one-one and onto is of such 
importance that we introduce the following terminology which has already 
been used for rings. 


6.18 Definition. A homomorphism which is a one-one and onto 
mapping is called an isomorphism. If there exists an isomorphism of G 
onto H, we say that G is isomorphic to H or that H is an isomorphic 
image of G. 


Of course, just as with rings, if 0 is an isomorphism of G onto H, then 
07! is an isomorphism of H onto G, and we may say that G and H are 
isomorphic. 

The operations “*” and “*” appearing in Definition 6.16 will be 
considered to be either addition or multiplication, but the new feature here is 
that one of them may be written as addition and the other as multiplication. In 
any case, we may for convenience indicate that condition 6.17 holds by saying 
that the group operation is preserved under the mapping 0. 

Let us now illustrate these concepts by a few illustrative examples. 


Example l: Let G be the additive group of the ring Z, and let H be the additive 
group of the ring Z,. For convenience let us designate the elements of G by 
0, 1, 2, 3, and the elements of H by 0*, 1*,...,7*. Now let 0:G > H be defined by 


00) =0*, 0()-2*, 6(2) = 4*, (3) = 6*. 


We assert that the group operations are preserved by this mapping 0. We shall not 
verily this but simply give an illustration in one case: 


0(2 + 3) = 0(5) = 0(1) = 2*, 
(2) + 0(3) = 4* + 6* = 10* = 2*. 


The reader may verify that 0 is a one-one homomorphism of G into H; it is not onto 
H, however, since, for example, there is no element a € G with b(a) = 1*. 


Example 2: Let R* be the group of all positive real numbers with operation multi- 
Plication (Example 3 of Section 6.1) and let L be the additive group of the field of all 
real numbers. If à: R* > L is defined by 


(x) = log, ox, xeR*, 


it is known that ¢ is a one-one mapping of R* onto L and, moreover, one of the 
familiar laws of logarithms assures us that 


(xy) = logio(x)) = logi ox + logoy = (x) + oy), -xyeR*. 


This shows that the group operation is preserved under the mapping 4, and ¢ is 
therefore an isomorphism of R* onto L, It is this fact that is of central importance 


in the theory of logarithms, Of course, in place of 1 
element of R* other than £ : voie e 
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Example 3: Let S, be the symmetric group on three symbols, with multiplication 
table given by 6.14, and let H be the group consisting of the set (1, — 1,i, — i} of 
complex numbers with operation multiplication. Let 0:S, = H be defined as 
follows: 


© Ole) = 0(8) = 0(8*) = 1, Ola) = O(xf) = MaB?) = —1. 


It may be verified that the group operation is preserved under this mapping. As an 
example, we have 


O(ap?-a) = 0(f) = 1, 
O(a?) O(a) = (—1)(—1) = 1. 
Thus 0 is a homomorphism of S, into H: However, Ois clearly not an onto mapping, 
so we cannot say that H is a homomorphic image of S,. However, if we let H' = 
(1, — 1), then H' is a subgroup of H and 0 does define a mapping of S, onto H', 
and hence H' is a homomorphic image of $,- 


Example 4: Let G and H be arbitrary groups with operation multiplication. Then 
the mapping 0:G x H — G defined by 0(g,h) = g (that is, the projection of the set 
G x H onto G) is clearly a homomorphism of the direct product G x H onto G. 
Similarly, there exists a homomorphism of G x H onto H. Thus, both of the groups 
G and H are homomorphic images of the direct product G x H. 


We may point out that there always exists a (trivial) homomorphism of 
an arbitrary group G into an arbitrary group H in which every element of G 
maps into the identity of H. 

Some fundamental properties of homomorphisms of groups are stated 
in the following theorem (cf. Theorem 2.33), in which we shall consider the 
operations of both groups to be multiplication. 


6.19 Theorem. Let0:G > H be a homomorphism of the group G into 
the group H. Then each of the following is true: 


(i) If e is the identity of G, then 0(e) is the identity of H. 
(ii) If a € G, then 0(a ^!) = O(a). ; 
(iii) If G is abelian and 0 is an onto mapping, then H is abelian. 


We leave the proof of this theorem as an exercise. 


The reader may sometimes have to make a suitable modification in 
notation. For example, if the operation in G is multiplication and that in H is 
addition, property (ii) of the preceding theorem should be interpreted as 
saying that (a^!) = —6(a), since — O(a) is the inverse of O(a) in H.. 

The concept introduced in the following definition plays an important 
role in the study of homomorphisms of groups. 
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6.20 Definition. Let 0:G >H bea homomorphism of the group G 
into the group H. The set of all elements of G which map into thé 
identity of H is called the kernel of the homomorphism 6, and may be 
denoted by ker 6. 


In Example 3 of this section, ker 0 = (e, f, 8? }. Thisisa subgroup of 5. 
The next theorem shows that this will always be the case. 


6.21 Theorem. If 0:G-+H is a homomorphism, then ker@ is a 
subgroup of G. Moreover, if eis the identity of G, ker 0 = (e) if and only 
if 0 is a one-to-one mapping. 


PROOF, Let K = ker6. By Theorem 6. 19(i), the identity of H is 6(e). If a, 
b € K, then 0(ab) = 9(a)0(b) = 6(e)0(e) = (e), and thus K is closed with 
respect to multiplication. Moreover, if a e K, by Theorem 6.19(ii) we 
have 6(a~') = 0(a)-! = 0(e)'* = 6(e) and hence a^! e K. Theorem 6.4 
then shows that K isa subgroup of G. 

To prove the second statement of the theorem, suppose first that 
9 is one-to-one. Since e e ker 0, and the mapping is one-to-one, this 
ensures that no other element of G has as image the identity (e) of H. It 
follows that ker 0 = {e}. Conversely, let us Suppose that ker 0 = (e). If a, 
b € G are elements with (a) = 0(b), then 


Ó(ab*!) = f(a)8(b)-* = 8(a)6(a)^' = 0(e). 


This shows that ab^! € K and thus ab-' = e and a = b. This shows that 
Gis a one-to-one mapping. This completes the proof of the theorem. 


The result just established is often useful in the following way. To show 
that a mapping of a group G into a group H is an isomorphism, we may first 
show that it isa homomorphism of G onto H and then verify that its kernel 
consists of the identity only. 

We conclude this section by proving a theorem which is due to the 
famous English mathematician Arthur Cayley ( 1821-1895). 


6.22 Theorem. Every group G is isomorphic to a group of 
Permutations, 


PROOF, In order to prove this result we need first of all to determine the 
Set some of whose Permutations we shall associate with the elements of 
the given group G. We make what is perhaps the most obvious choice, 
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namely, the set of elements of G itself. Moreover, we shall let G denote 
both the group and the set of its elements as it suits our convenience. 
Actually, the desired permutations will be obtained by multiplication 
by the elements of the group. More precisely, let us first observe that if 
a € G, then 


(ax|x e G} 7 G. ' 


Therefore the mapping 6,:G — G defined by (x) = ax is a mapping of G 
onto G. It is easily seen to be one-one and so 6, is a permutation of the set 
G which is associated with the element a of the group G. 

Now let us set 


H = {Q |a e G}; 
that is, H is the set of all permutations of the type introduced above 
associated with the elements of G. Now for every a, b, x e G, we have 
(6, °O,)(x) = (65:)) = (bx) = a(bx) = Bool), 
we see that 
6.23 8,:0, = 05, 


and H is therefore closed with respect to multiplication. Moreover, H 
has identity 0,, where e is the identity of G; and 6.23 shows that 6, has 
inverse equal to 6, if b = a^. It follows that H is a subgroup of the group 
of all permutations of the set G. 

We now assert that the mapping x: G — H defined by a(a) = f, is 
an isomorphism of G with H. It is clearly an onto mapping. Moreover, it 
is a homomorphism since, by 6.23, 


a(ab) = bs, = 6,: 0, = «(a)a(b). 


There remains only to prove that « is one-to-one. Suppose a(a) = a(b); 
that is, 0, = 6,. Then these two functions have the same value at each 
point of the set G: in particular, at the identity we find 


a= 0,(e) = 6,(e) = b. 


Thus « is indeed a one-one mapping, and the proof is complete. 


In view of this theorem, in order to prove a result about all groups, it is 
sufficient to prove it for groups of permutations. Although the subject of 
group theory is not usually approached in this way, we shall see in the next 
chapter how the study of finite groups is facilitated by ingenious use of certain 
groups of permutations. 
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EXERCISES 


1. Verify that there exists an isomorphism of the additive group of the ring Ze onto 
the multiplicative group of the field Z, such that the image of the element 1 of the 
first group is the element 3* of the second group. 


2. Find four different homomorphisms of the additive group Z, into the additive 
group Zg. 

3. Prove that a group G is abelian if and only if the mapping 0:G — G defined by 
O(a) = a^! , a e G, is an isomorphism. 

4. If Gis the additive group of the ring Z,, and H is the additive group of the ring Zs, 
find a homomorphism of G onto H. 


5. Show that two groups are necessarily isomorphic if each of them has exactly two 
elements, Show that the same conclusion holds if each has exactly three elements. 


6. Find two groups, each with exactly four elements, which are not isomorphic. Do 
the same thing, with “four” replaced by “six.” 


7. If G is the multiplicative group of the field Zs, use the method of proof of 
Theorem 6.22 to find a group of permutations which is isomorphic to G. 


8. If 0:G — H and $:H — K are group homomorphisms, show that $6 is also a 
homomorphism. : 


9. The subgroup (e, «?, f, y) of the octic group (6.15) is sometimes called the four- 
group. Verify that the four-group is isomorphic to the additive group of the ring 
Z: ® Z,, and also to the group of Example 6 of Section 6.1. 


10. 10:G + H is a homomorphism of G into H and ae G, prove that 0(a*) = 0(a)* for 
every integer k. 


11. Let G be the set of all two by two matrices of the form 


LIS b sedan 
2 5 oun A az o 


Show that G isa group with the operation of matrix multiplication. Furthermore, 
show that G contains a subgroup isomorphic to the multiplicative group of 


He real numbers and also a subgroup isomorphic to the additive group of real 
numbers. : 


12. For each ordered pair (a,b) of real numbers with a # 0, let a, :R — R be the 
mapping of the field R into the field R defined by a, ,(x) = ax + b, x e R. Prove 
that the set H of all such mappings «;, isa group of permutations of R, and that H 
is isomorphic to the group G mentioned in the preceding exercise. 


13. Determine the set L of all elements o, y of the group H of the preceding exercise 
such that a, »0;,2 = a 50, p: How do you know without detailed calculation that L 


is a subgroup of H? Verify that the group Lis isomorphic to the additive group of 
the field R. 
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and H merely a set on which a binary operation is defined. If there 
exists a mapping 0:G + H of G onto H which preserves the operation, prove that H 
isa group with respect to the given operation and that 0 isa homomorphism of the 
group G onto the group H. (This fact is usually expressed by saying that a 
homomorphic image of a group is à group.] 


14. Let G be a group 


T -— —-—BNNE A a A "v i 


15. Let G be the multiplicative group of the field Q, and let H be the set of all rational 


f numbers other than 1. If a,b € H, let usdefineaeb = a + b — ab. Prove that H isa 
| group with respect to this operation. Prove also that the mapping 0:G — H defined 


by O(a) = 1 — a, a€ G, is an isomorphism of G onto H. 


64 CYCLIC GROUPS 


If a is an element of an arbitrary group G, then since G is closed with 
respect to the operation (which we will consider to be multiplication), we see 


that a* € G for every positive integer k. Moreover, a° is the identity e of G by 


definition, and a^ * is the inverse of at. It follows easily that the set (a*|k e Z] is 
in which this 


a subgroup of G. We are particularly interested in the case in W 
subgroup turns out to be all of G. Accordingly, let us make the following 


definition. 


tains an element a such that 


6.24 Definition. If the group G con 
group and that G is generated 


G = (a* |k e Z}, we say that G is a cyclic 
by a or that a is a generator of G. 


Since a'- a! = a! a' for i, j e Z, we see that a cyclic group is necessarily 
J 


abelian. 
, Whether or nota group Gis cyclic, if a € G, the subgroup (a* |ke Z} of 
G is a cyclic group which we naturally call the subgroup of G generated by a. 


Let us now give some examples of cyclic groups. 
Example 1: The multiplicative group of the field Zs. Let us write the elements as 
1, 2, 3, and 4; and remember that multiplication is to be carried out modulo 5. It is 
easily verified that 2! = 2,2? = 42 =3,2' = 1;henceeach element of the group is 
of the form 2* for some integer k. It follows that the group must be cyclic with 
generator 2. The reader may show that 3 is also a generator of this group. The 
element 4 generates the cyclic subgroup {1,4}. 
Example 2: The additive group of the ring Z of integers. In a ring with addition as 
the operation, ka is the analogue of at used above. The integer 1 is a generator of 
this group since every element is of the form k-1 for some integer k. 


g Z, of integers modulo n. This group is 


Example 3: The additive group of the rin 
rse, it may have other generators as well. 


generated by the element 1 of Z,. Of cou 
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Example 4: The subset {¢, B, f?) of the symmetric group $5, whose multiplication 
table is given in 6.14 is a cyclic group. Itis seen from that table that f^ = e and so the 
set is closed under multiplication. The group $; is not cyclic. This may be seen by 
direct calculation or, more simply, by noticing that $4 is nonabelian, whereas a 


cyclic group is always abelian. 


Example 5: Let a be an element of any symmetric group, S,. The set {a,a7,...} 
consisting of all powers of a is certainly closed under multiplication. Since S, is a 
finite group, the set of powers of «is a subgroup of S,. By definition this is a cyclic 
subgroup. 


“We are now ready to give another definition as follows: 


6.25 Definition. (i) If a group G has n elements, where n is a positive 
integer, G is said to have finite order or, more precisely, to have order n. 1f 
there exists no such positive integer, G is said to have infinite order. 


(ii) The order of an element a of a group G is the order of the cyclic 
subgroup of G generated by a. 


In the language introduced here, we may say that the additive group of 
the integers has infinite order, the symmetric group S, has order n!, the additive 
group of the ring Z, has order n, and the multiplicative group of the field Z, 
has order p — 1. All of these, except the first, are groups of finite order. 

The next theorem gives an important characterization of the order of 
an element of a group. In fact, in order to compute the order of a given element 
it is usually simpler to apply this theorem than to use the definition. 


6.26 Theorem. An element a of a group G has order n if and only if n 
is the smallest positive integer such that a" = e, where e is the identity of G. 
If no such integer exists, a has infinite order. 


As a first step in the proof, we shall prove the following lemma. 


MT Lemma. Let a be an element of the group G, and suppose that 

Herme with n the smallest such positive integer. If k e Z, then a* = e if 

and only if k = 0 (mod n). More generally, if i,j € Z, then a' = a! if and 
only if i = j (mod n). 


PROOF.. By the Division Algorithm, we may write any integer k in the 
form k = qn + r, where q and r are integers and 0 <r < n. Then, since 


: 
3 
L 
i 
r 
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a^ = e, we have 
k — attr Mta — pta = a’. 
a*=a = (a")*:a' = e*:a' — a. 


If at = e, we see that a’ = e, and it follows that r = 0 since, otherwise, r 
would be a positive integer less than n and we have assumed that n is the 
smallest positive integer such that a" =e. Hence, if a* = e, we have 
k = qn and k = 0 (mod n). Conversely, if k = qn, it is apparent that 
at = (a^)* = e* = e. This establishes the first part of the lemma. The 
second part now follows easily. For if a! = aj, it follows that a/^! = e, 
and by what we have just proved, this is true if and only if i- j= 
0 (mod n) or i & j (mod n). 

Let us return to the proof of the theorem, and suppose first that 
a" = e, with n as the smallest such positive integer. We now assert that 
the elements 


6.28 6e,0,a),...,a" ! 
are distinct and are all of the elements of the cyclic subgroup of G 
generated by a. Since no two of the integers 0,1,2,...,n — ] are 
congruent modulo n, the preceding lemma shows that the elements 6.28 
are distinct. Moreover, since every integer is congruent modulo n to 
some one of the integers 0, 1,2,..., — 1, italso follows that a* is equal to 
one of the elements 6.28, for every integer k. Hence the cyclic subgroup of 
G generated by a has exactly the n distinct elements 6.28; that is, it has 
order n and therefore a has order n. 

To prove the converse, let us now assume that a has order n. Then 
not all positive powers of a can be distinct; that is, we must have a! = a! 
for different positive integers i and j. Suppose that i > j, and it then 
follows that a'~/ = e, with i —j > 0. Hence, there exists some positive 
power of a which is equal to e. Suppose that m is the smallest positive 
integer such that a" — e. Now, by what we have proved above, a has 
order m. Since it was given that a has order n, we must have m = n. This 
completes the proof of the first sentence of the theorem. 

If there exists no positive integer n such that a" = e, it is easy to 
show that a, a?, a?,... must all be distinct. (Why?) Hence a must have 
infinite order, and the theorem is established. 


Theorem 6.26 makes it easy to determine the order of an element of a 
given group. For example, let us find the order of the element 3 of the 
multiplicative group of the ring Z;,. By computing the successive powers of 3, 
we find that 3? = 9, 3° = 5, 3* = 4,35 21. Hence, the element 3 has order 5. 
As another example, let us find the order of the element 10 of the additive 
group of the ring Z,,. By Theorem 6.26, with the proper change of notation, 
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this order will be the least positive integer n such that n-10 = 0 (mod 18). It 
follows easily that n — 9, and the element 10 therefore has order 9. 

In view of Theorems 6.26 and 5.35, we see that if a ring R has a unity e 
and has nonzero characteristic, the characteristic of R is simply the order of e 
in the additive group of R. 

It is not difficult to prove that two cyclic groups are isomorphic if and 
only if they have the same order. This fact will follow immediately from the 
following theorem. 


6.29 Theorem. (i) Every cyclic group of infinite order is isomorphic to 
the additive group of the ring Z of integers. 
(ii) Every cyclic group of order n is isomorphic to the additive group of the 
ring Z, of integers modulo n. 


PROOF. Let G bea cyclic group with generator a and let 0: Z — G be the 
mapping defined by 


O(k) = a*, keZ. 
if i, j € Z, then 
Oi + j)=a'*4 = aa! = 0(i)0(j); 


thus 6 is a homomorphism of the additive group of Z to the group G. In 
fact, @ maps Z onto G because every element of Gis a power of a. Now we 
consider two cases. If G has infinite order, then there is no positive 
integer n such that a" = e, e = the identity of G. This means there is no 
positive integer in the kernel of 0. Since ker 0 is a subgroup of Z, there is 
no negative integer in ker 0 either, and so ker 0 = {0} and 0 is one-one. It 
follows that 0 is an isomorphism of Z with G; that is, in the case that G 
has infinite order, G is isomorphic to the additive group of integers. 

j Now suppose G has finite order n. Then n is the smallest positive 
integer for which a" — e. It follows that a* — e if and only if k is a 
multiple of n. This means that ker — (n), the set of all multiples of n. 
The distinct elements a, a?,...,a” = e, correspond in a one-to-one way 
with the cosets 1 + (n), 2-r(n)...,n-F (n) 2 0 + (n. We define a 
mapping from the set of these cosets, which is the additive group of the 
ring Z,, by the rule i + (n) +a‘; since this can be expressed as the 
mapping s$ (n) > 0(s), for any integer s, it is easily seen that this 
mapping is well-defined, and it is a one-one homomorphism of Z, onto 
G; thus these two groups are isomorphic. 


It may be useful to point out that an isomorphism from the additive 
group Z, to a group G is completely. determined once the image of the coset 


SEC. 6.4 Cyclic Groups — — 211 


1 + (n) is specified. By this we mean that there is only one homomorphism 
which sends 1 + (n) to a specific element b. Once this has been specified, 
then for any positive integer k, we have 


k + (n) =k[1+(n]) ^ * 


and so the image of every element of Z, is determined. 

Asan example, consider the multiplicative group of the field Z,. It isa 
group with four elements and the powers of the coset containing 2 are the 
elements [2], [4], [22] = [3], [24] = [1]. Since these are the four elements of 
this multiplicative group, the group is cyclic with [2] as generator. The map of 
the additive group of Z, onto this multiplicative group is given by 


i-(4)2Q0] 
Written out in full detail, we have 
1«()2(2) 2*(4)-[4, 3+@-GB) 0+ (5-7 [1 


There is another isomorphism between these groups which can be obtained by 
using another generator of the multiplicative group. The class [3] is also a 
generator in this example, so the mapping defined by i + (4) ^ [3] provides a 
different isomorphism. 

Our final theorem about cyclic groups is the following. 


6.30 Theorem. Every subgroup of a cyclic group G is itself a cyclic 
group. 


PROOF. Suppose that G is generated by a, and let H be a subgroup of G. 
Let m be the smallest positive integer such that a" € H. We shall show 
that H is a cyclic group generated by a". Since H € G, any element of H 
is of the form a* for some integer k. By the Division Algorithm, we may 
write k = qm + r, where 0 < r < m. Hence, 


ak — a" ** — (a): a', 
and from this it follows that 
a’ — (a^) *:a*. 


Since a" e H and a* c H, this equation implies also that a” € H. In view 


of the choice of m as the smallest positive integer such that a" € H, and 
since r « m, we must have r — 0. We conclude that k = qm, and hence 


that every element a* of H is of the form (a")' for some integer q. This 
shows that H is a cyclic group generated by a". 
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‘Ks an’ almost’ immediate consequence of the proof of the preceding 
‘theorém, we obtain the following result. °°" 


6.31 Corollary. ‘If acyclic group G has finite order n and is generated 
by a, every subgroup H of G is generated by an element of the form a", 
where m is a divisor of n. Pes : 


"'pROOK. " Since Theorem 6.26 shows that 4" = e, and ee H, we Apply the 
above argument with k = Wand obtain = qm. Hence mis a divisor of n. 
Consider the cyclic group of order 18 which has generator a. It hasa 
subgroup consisting of all powers of the element a!°. However, since 10 does 
not divide 18, this subgroup must have a different generator of the form a*, 
with k a divisor of 18. In fact, the proof of 6.30 indicates that k may be selected 
as the least positive integer with the property that a" = qa‘. for some integer t: 
thatis, a* is equal to some element of the subgroup consisting of all powers of! 
a9, A little calculation will show. that ais, not in this subgroup but a? isin the 
„subgroup; thus|the subgroup consisting of; all powers of-a} is. generated not 
; only by.a!? but also bya’: Its no coincidence that 2 happens tobe the g.c.d. of 
10 and 18. We leave as an exercise for the reader the. proof, of. the following 
general statement,cic odi 2 eguo otlovo ts ; 


_ 6.32 Corollary. If G is a cyclic group of order n with generator a, 

then the subgroup of G generated by a” is also generated by a^ where 

d = (r,n). In particular, the elements which generate G are those a* with 
so S mel 
roi» Hsda sW H Stedt ig: 15951ni ovitieod j yd 
1 3610: Oficourse, by a:simple change in notation, these results apply equally 
(well to theicase in which the operation is addition. As an illustration of the 
preceding corollary, let us find all subgroups of the additive group of the ring 
Z,4- This is a cyclic group of order 14 generated by the element 1; hence the 
only subgroups are the cyclic subgroups generated by 1, 2, 7, and 14. The 
subgroup generated by 14 consists only of the identity 0. The subgroup 
generated by 2 has order 7 and the subgroup generated by 7 has order 2. The 
subgroup of Z,, generated. by 8 'is;the same as the subgroup generated by 
(8,14) = 2—namely, the subgroup of order 7. 


In» 


1) *! "EXERCISES 

) A} UDIO SN 23 z 1 

"Y. Find:thé order of each elenient of tlie'octic group (7:15): 

2. Find an element of the symmetric group 5, of order 4. Similarly, find an element of 
Ss of order 5; of S, of order n. j 
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3. It will be proved later that for every prime p, the multiplicative group of the field Z; 
is cyclic. Verify this statement now for the primes p — 7, 11, and 13. 


4. Find all subgroups of the additive group of the ring Z2o. 


8. Prove: If G is acyclic group of order n and k is a positive divisor of n, there exists a 
subgroup of G of order k. 


6. Prove the two statements in Corollary 6.32. 
7. Find all generators of the additive group Z3- 


8. Prove that if 0:G — H is a homomorphism of a cyclic group G with generator a 
onto a group H, then H is a cyclic group with generator (a) and that if G has finite 
order, the order of 0(a) is a divisor of the order of a. 


9. Let Gand H be cyclic groups of the same order, and let g bean arbitrary generator 

of Gand han arbitrary generator of H. Show that there exists an isomorphism 0 of 
G onto H such that 0(g) = h. 

10. Determine all isomorphisms of the multiplicative group of the field Z,, onto the 
additive group of the ring Z,9. 

11. Determine all subgroups of the additive group of the ring ZL. 

12. Let G bea cyclic group of order nand let H bea cyclic group of order m. Prove that, 
if m is a divisor of n, then there is a homomorphism of G onto H. 


13. Let G be a cyclic group of order n and H a cyclic group of order m. Prove that a 
subgroup K of Gis isomorphic to some subgroup of H if and only if the order of K 
divides the g.c.d. of n and m. 


65 COSETS AND LAGRANGE'S THEOREM 


Let G bean arbitrary group and H a subgroup of G. If a e G, we shall 
designate by aH the set of all elements of G of the form ah, where h e H. That 
is, aH = (ah|h e H}. 


6.33 Definition. If H isa subgroup of the group G and a € G, we call 
aH a coset of H (in G).* 


Since eH — H, we see that H is itself a coset. Moreover, since e € H, itis 
Clear that a € aH. i 


š More precisely, we have here defined a left coset, and one can similarly define a right coset Ha- 
owever, in accordance with the definition just given we shall in this section use the word coset to 
mean left coset. 
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The following lemma will be very useful in studying cosets. 


6.34 Lemma. If H is a subgroup of the group G and a, be G, then 
each of the following is true: 


(i) If aH c bH # Ø, then aH = bH. 
(ii) aH = bH if and only if ae bH. 


PROOF OF (i). Suppose that aH and bH have at least one element in 
common. Thus, there exist h,, hz e H such that ah, = bh,. Then a= 
bh;h;' and any element ah of aH can be expressed in the form 
bh;h; th. Since h;h; th € H, it follows that ah e bH. We have therefore 
shown that aH € bH. In a similar way we can show that bH € aH and 
therefore we conclude that aH = bH. One way of stating the property we 
have just proved is to say that two cosets either coincide or have no 
element in common. 

Since a c aH, each element of G is in some coset; thus the 
property just proved shows that the different cosets of H in G form a 
partition of G. 


PROOF OF (ii). Since a'e aH it is obvious that if aH = bH, then a € bH. 
Conversely, suppose that a € bH. Then a e aH ^ bH, and part (i) of the 
lemma implies at once that aH — bH. 


À As an example of cosets, consider the symmetric group 53 with 
multiplication table 6.14. We know e is the identity, and it is easy to verify that 
H " (e, a} is a subgroup. By use of the table, we find the following cosets of H 
in $4: 


eH = (ex), aH = {a,¢}, 
BH = {B, 087}, afH Ez {oB, p^), 
BH = (faf), af^H = (o^, B). 


We see, therefore; that there are three different cosets of H in S, that every 
coset contains two elements, and that every element of S; is in exactly one of 
the cosets. As an illustration of Lemma 6.34 (ii), we observe BH = «f^ H since 
aß’ e BH, but that BH # «BH since wf € BH. 

So far we have used multiplication as the operation but, as usual, it is 
easy to make the necessary modifications if the operation is addition. In this 
case, a coset is of theforma + H = {a + h|he H}. Asanexample, let G be the 
additive group of the ring Z, and H the subgroup ([0], [3], [6], [9]}- Then it 
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may be verified that the different cosets of H in G are the following: 


[0] + H = ([0] [3], [61 [9), 
[1] + H = (L1) [4], C7) L10]), 
[2] + H = (2), E5] (8), £119}. 


Let us now make the following definition. 


6.35 Definition. If the group G has finite order and H is a subgroup 
of G, the number of distinct cosets of H in G is called the index of H in G. 
The index of H in G is denoted by [G:H J; the order of G is denoted by 


iG. 


If E is the subgroup of G consisting of the identity alone, then every coset of E 
contains exactly one element; so the number of cosets of E equals the number 
of elements of G. Using the notation just introduced, this may be expressed as 
]G| = [G: E]. 

Although we have been using coset to mean left ‘coset, we should 
perhaps point out that Exercise 7 below shows that there are the same number 
of right cosets as of left cosets of H in G. Accordingly, in the definition just 
given, it does not matter whether we think of left cosets or of right cosets. 

We shall next prove the following theorem of Lagrange which is of 
fundamental importance in the study of groups of finite order. 


6.36 Theorem. Suppose that the group G has order n. If H isa 
subgroup of G cf order m and of index k, then n — km. In particular, both 
the order and the index of H are divisors of the order of G and we may 
write this as |G| = |H|: [G:H]. 


PROOF. We first observe that every coset of H in G has exactly m 
elements. For if ae G and hy, h; e H, then ah, — ah; if and only if 
h, = h,. Hence an arbitrary coset aH has the same number of elements 
as H, namely, m. 

We have already shown that the distinct cosets of Hin Gform a 
partition of G. Since there are k distinct cosets and each of them contains 
melements, G must contain km elements. This shows thatn = kmand the 
proof is complete. ; 


There are some interesting consequences of the fact that the order of a 
subgroup of a finite group is a divisor of the order of the group. First of all, 
since the order of an element of a group is the order of the cyclic subgroup 
generated by that element, we have at once the following corollary. 
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6.37 Corollary. The order of anelement of agroup of finite order isa 
divisor of the order of the group. 


If the order of a group is a prime p, then every element of the group, 
other than the identity, must have order p. This yields the next result as follows. 


6.38 Corollary. 4 group of order P, where p is a prime, is a cyclic 
group. Moreover, every element except the identity is a generator of the 
group. 


If the group G has order n, and the element a of G has order m, then, by 
Corollary 6.37, we have n = mk for some integer k. By Theorem 6.26, we know 
that a" = e, and hence a" = (a")* = e = e. We have established the following 
corollary. 


6.39 Corollary. If a is an element in a group of order n, then a" = e. 


Corollary 6.39 may be used to give a different proof of Fermat's 
Little Theorem 5.33. Fora prime p, the multiplicative group of the field Z, has 
order p — 1. If a is an integer not divisible by p, then the equivalence class [a] 
of a modulo p is an element of this multiplicative group and so, by the 
corollary, [a]’~' = [1]. This is equivalent to a?^! — 1 js divisible by pas had 
been proved earlier. A proof of Euler's Theorem 5.32 may be given by the same 
reasoning. 


EXERCISES 


l. Exhibit all cosets of the subgroup (e,a, «?, x3} of the octic group (6.15). 


2. Let G be the multiplicative group of the field Z;, and H the cyclic subgroup of G 
generated by the element [8]. Exhibit all of the cosets of H in G. 


3. Exhibit all cosets of the subgroup (0,4,8, 12, 16) of the additive group of Z;,. 
4. Prove that a group of order n has a proper subgroup if and only if nis not a prime. 


5. Prove that if an abelian group G of order 6 contains an element of order 3, G must be 
a cyclic group. 


6. Let H be a subgroup of a group G. If a, b € G, let a ~ b mean that b^! a e H. Show 
that “~” is an equivalence relation defined on G. If [a] is the equivalence class 
which contains a, show that [a] = aH and therefore the cosets of H in G are the 
equivalence classes relative to this equivalence relation, 


E 
1 
| 
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7. Let H be a subgroup of a group G and define a mapping f of the set of left cosets of » 
H into the set of right cosets of H as follows: fi(aH) = Ha~! Prove that f is a well- . 
defined mapping and that, in fact, it is a one-one mapping of the set of all left cosets., 
of H onto the set of all right cosets. ae se ihar E 


8. Let G bea group of order n, and let H and K be subgroups of G of respective orders | 
hand k. If the subgroup D = H ^ K of G has order d and we set HK = (Ak|h e H, 
keK}, prove that HK contains exactly hk/d distinct elements. [Hint: If 
(Dki; Dk;,..., Dkw} is a complete set of distinct cosets of D in K, show that 
(Hk, Hk, ,..., Hk, ) isa partition of HK.) 

9. Let H and K be subgroups of a group G. If a G, the set HaK = {hak|he H, 
ke K} is called a double coset of H and K in G. ; 
(i) If a,b e Gand HaK ^ HbK # Ø, prove that HaK = HbK. 

(ii) If G has finite order, either prove that all double cosets of fixed subgroups H and 
K in G have the same number of elements or give an example to show that this 
need not be true. 


66 THE SYMMETRIC GROUP S, 


We now return to a further study of permutations of a finite set 4 — 
{1,2,...,n}. We have already defined the symmetric group S, to be the 
group of all permutations of A. Throughout this section the word permutation 
will mean an element of S, for some positive integer n, and we shall sometimes 
find it convenient to refer to the elements of A as “symbols,” 

We shall first study permutations of the particular type described in the 
following definition. 


6.40 Definition. Aneclement« of $, is said to be a cycle of length kif 
there exist distinct elements ay, @3,-.-4, (k = 1) of A such that 


2(a,)) — aj, a(a;)— a45,..., Alak) = à, Ola) = 4, 


and a(i) = i for each element i of A other than ay, a5, ..., a,. This cycle a 
may be designated by (a, a; :** a). AT 


It will be observed that a cycle of length ! is necessarily the identity 
Permutation. It sometimes simplifies statements to consider the identity 
Permutation as a cycle, but we shall usually be interested in cycles of length 
Breater than 1. 

As an example of a cycle, suppose that / is the element of Sg defined by 


B()-3 B3)=2, 80)-5, B(5-6, BO)=1, B(—4 


Then Bisa cycle of length 5, and we may write 8 = (13256). Ina cycle, Bass 
(13256), the symbols appearing are permuted cyclically; that is, each symbol 
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written down maps into the next one, except that the last maps into the first. A 
symbol, such as 4 in this example, which is not written down is assumed to map 
into itself. There are other ways of writing the cycle defined above. For 
example, f = (32561) = (25613), and so on. Also, in another notation intro- 
duced in Section 6.3, we have 


a A ee ear Seema) 
DAS. 2,4 1661): 
As further illustrations of all the various notations used, let us consider 
elements of S and verify that 


aaus- (1 2345 " 


ao ze asd cb. 


In the first factor 1 maps into 3, and in the second factor 3 is unchanged; hence, 
in the product, 1 maps into 3. The symbol 2 does not appear in either factor; 
hence, 2 maps into 2. In the right factor 3 maps into 4, and then in the second 
factor 4 maps into 6; hence, in the product, 3 maps into 6. Similarly, the other 
verifications are easily made. 

Now let a be the cycle (a,a,---a,) of S, of length k, and let us consider 


the powers of a. Under the mapping a2, we see that a, maps into a, (if k > 3), 
for 


«7(a,) = a(a(a;)) = o(a5) = az. 


Similarly under the mapping «°, a, maps into a, (if k > 4), and so on. 
Continuing, we find that a*(a,) = 4,. Since we could just as well have written 
a = (a583***a,4,), a similar argument shows that a*(a,) = a, and, in gen- 
eral, that æ*(a;) = a; for i — 1,2,...,k. It follows that a* = e, the identity per- 
mutation, and, moreover, k is the smallest power of which is equal to e. The 
following result is an immediate consequence of Theorem 6.26. 


6.41 Theorem. A cycle of length k has order k. 


Two cycles(a,a,*++a,)and (b, b; --- bj) of S, are said to be disjoint if the 
sets (4,05, ...,a,) and {b;,b3,...,b)} have no elements in common. A set of 
more than two cycles is said to be disjoint if each pair of them is disjoint. The 


next result shows why cycles play an important role in the study of 
permutations. 


6.42 Theorem. Every element y of S, that is not itself a cycle is 
expressible as a product of disjoint cycles. 
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Before considering the proof, let us look at an example. Suppose that 


Ni. 
Pa armo ee 


and let us start with any symbol which does not map into itself, for example, 
the symbol 1. We see y(1) = 3, )(3) = 4, (4) = 2, and y(2) = 1. Next take any 
symbol that has not yet been used and that does not map into itself—for 
example, 5. Then (5) = 6 and (6) = 5. Since all symbols have been used, we 
see that y = (1342)(56). 


proor. The proof in the general case follows the same pattern as in this 
example. Since the identity permutation is a cycle (of length 1), we 
assume that y is not the identity. Start with any symbol a, such that y(a,) 
# a,,and suppose that p(a,) = a2, )(@z2) = 43, 7(@3) = 44 and so on until 
we come to the point where, say y(a,) equals one of the symbols a;, 
Q3,...,,- already used. Then we must have y(a,) = a, since every 
other one of these symbols is known to be the image of some symbol , 
under the one-one mapping y. Thus y has the same effect on the symbols — 
à,, 5,..., d, as the cycle (a4; ``" ay), but of course y may move other 
symbols whereas the cycle leaves other symbols unchanged. Suppose 
there is some symbol b, which is not equal to any of the a; and for which 
y(b,) # b,. Then proceed as above and obtain a cycle (bb, °°" b,). If all 
the symbols that do not map to themselves under y have been used, then 
we have 


T^ (a,a; :* a, b;b; bj). 


If there is another symbol c, such that p(c,) # cı, we can similarly 

obtain another cycle. This process can be continued until all the symbols 

which are moved by y have been used and appear in some cycle. Amore 
_. formal proof can be completed by using mathematical induction. 


Transpositions 
The cycles of length two are of special interest, and we make the 
following definition. 


6.43 Definition. A cycle of length 2 is called transposition. 


A transposition (ij) merely interchanges the symbols i and j, and leaves 
the other symbols unchanged. Since (ij (ij) = € it follows thata transposition is 
its own inverse. 

It is quite easy to show that every cycle of length more than 2 can be 
expressed as a product of transpositions. In fact, this result follows from the 
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observation that 
(2,4; `" a) = (à, -1a,)(a, -2 a) (a22,)(2,a,) 


which can be verified by direct calculation. In view of Theorem 6.42, it follows 
immediately that every permutation can be expressed as a product of 
transpositions. However, it is easy to verify that there is more than one way to 
express a permutation as such a product. As examples, we see that 


(1234) = (34)24)(14) = (14)(12)(32) = (14)(34)(12)(42)(34), 
(123)(45) = (13)(12)(45) = (45)(23)(13) = (34)(35)(24)(14)(34), 


and so on. Since (ij)(ij) = e, we can insert as many such pairs of identical 
transpositions as we wish. Clearly, then, a permutation can be expressed as a 
product of transpositions in many different ways. In spite of this apparent 
randomness, there is something which remains constant in these represen- 
tations. We shall prove below that the number of transpositions appearing in 
the product for a given permutation will always be even or always be odd. As a 
first step toward a proof of this fact, we establish a lemma. 


6.44 Lemma. The identity € of 8, cannot be expressed as a product of 


an odd number of transpositions, 


PROOF. We assume the lemma is false and will reach an impossible 
situation. Suppose we have a representation 


6.45 €21,18, 


in which each z; is a transposition and k is odd. From all such possible 


7 (pq); Suppose further that from all possible products of k trans- 
positions of the form 6.45 that we have selected one in which the symbol 
P appears in the least possible number of transpositions. Since the 
product equals the identity, p must appear in some transposition t j with 
J #k. If this were not the case, then the product on the tight of 6.45 
would move q to p, and so the product could not equal the identity 
permutation. Let j be the largest index less than k such that x (p) # p, say 
1; = (pr). Thus none of the transpositions between t jand x, involve the 
Symbol p. The next Step is to arrange to have the case j = k — 1; that is, 


these two transpositions are adjacent, This Will be accomplished by 
using the following two formulas: 


646 . (ü (pris) (syp) itp, s, t are all different; 
(i) (pr)(rt) = (ró(pt) — if P. r, t ate all different. 
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These equations show that the nearest transposition to the left of tę 
which involves p may be moved to the right of each transposition not 
involving p. It may be necessary to make a change in Tj, but the total 
number of transpositions remains the same— namely, k, and the 
number of transpositions which involve p remains the same. With all this 
done, we may then assume that the product of the last two transpositions 
in 6.45 is of the form 


Tk- 114 = (pm)(pq). 


Now if m = q, the product (pq)(pq) = e, and so we have a product of 
k — 2 transpositions equal to the identity, a conflict with the supposi- 
tion that k was the fewest possible number of transpositions which could | 
be used. Thus m # q. Now we use the equation (pm)(pq) = (mq)(pm) to 
replace the last two terms in 6.45 and thus obtain a product in which the 
number of occurrences of the symbol p is smaller than the number of 
occurrences in the original product. Since we had assumed this number 
was already the least possible, we again have an impossible situation, 
and the lemma must be true. 


The following theorem, of which the first statement has already been 


proved, is one of the principal theorems about permutations. 


6.47 Theorem. Every permutation a. can be expressed as a product 
of transpositions. Moreover, if œ can be expressed as a product of r 
transpositions and also as a product of s transpositions, then either r and s 
are both even or they are both odd. 


PROOF. Suppose that « is a permutation of the set A = {1,2,...,n}. 
Suppose, further, that 


6.48 a = fifa Bm 3e 


where each f and each y is a transposition. To establish the theorem, we 
need to prove that r and s are both even or that they are both odd. Note 
that (ij)(ij) =, so that any transposition is equal to its inverse; 
moreover, a^! = y, 1 «y; yr! = y?) Thus we have 


€ = aa" = By Bey 3 


this expresses the identity as a product of r + transpositions. By 
Lemma 6.44, r + s is an even integer; it follows that either both rand s 
are even, or both r and s are odd, since the sum of an even integer and 
an odd integer is odd. : 
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46.49 Definition. A permutation is called an even permutation or an 
odd permutation according as it can be expressed as a product of an even 
or an odd number of transpositions. 


If the permutation « can be expressed as a product of k transpositions 
and the permutation f can be expressed as a product of / transpositions, it is 
obvious that af can be expressed as a product of k + l transpositions. It 
follows that the product of two even, or of two odd, permutations is an even 
permutation, whereas the product of an odd permutation and an even 
Permutation is an odd permutation. We shall denote the set of all even 
permutations in S, by A,. If «and fl are elements of A,, then their product « is 
also in A,. Since S, is a finite group, Theorem 6.4(b) implies that A, is a 
subgroup of S,. The group A, is called the alternating group on n symbols. We 
now prove a theorem which determines the number of elements of A,. 


6.50 Theorem. The alternating group A, is a subgroup of S, having 
index [$,:4,] = 2 and order |A,| = n!/2. 


PROOF. The remarks before the statement of the theorem prove A, is a 
subgroup of S,. Now we show there are just two cosets of A4, in S,. Let t 
be any odd permutation— say t = (12) to be specific. If o is an even 
Permutation in S,, then c € A, and so 90A, — A,. If o is an odd 
permutation, then cc is an even permutation and so zcA, = A,; this 
implies oA, = «714, = tA, Hence every coset of A, is equal to A, or 
tA, : Moreover, these two cosets are not equal because every element in 
14, is the product of an odd number of ‘transpositions; thus the identity 
is not in this coset by Lemma 6.44, Hence (S,:4,] = 2 and it follows 
from the formula in 6.35 that IA,] = |S,|/2 = n!/2. 


We conclude this section with a result about A, which is similar to the 
result that every element of S, is a product of transpositions. 


6.51 Theorem. Every cycle of length three, (abc), in S, lies in Ay. 
Moreover, every element of A, may be expressed asa product of cycles of 
length three. 


PROOF. The formula (abc) = (bc)(ac) shows that every cycle of length 
three is an even permutation and so lies in A,. Now we show that every 
element of A, can be expressed as a product of cycles of length three. 
Any element of A, is a product of an even number of transpositions; if 
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the transpositions are arranged as products of pairs of transpositions 
(1,13)... , we see that it is sufficient to prove that the product of any two 
transpositions is equal to a product of cycles of length threc. This can be 
done directly. In the following products, different letters are assumed to 
stand for different symbols being permuted. We have 


(i) (ab)(cd) = (abe)(bed), 
(ii) (ab)(ac) = (acb), 
(iii) (ab)(ab) = € = (abc). 


Thus any product of an even number of transpositions can also be 


expressed as a product of cycles of length three. d 
This theorem is sometimes used to show that a certain subgroup of S, 


must in fact contain A, by proving that the subgroup contains every 
cycle of length three. 


EXERCISES 


1. In each of the following, y is an element of S7. Express it as a product of disjoint 
cycles. 
@ 423, »2=4 v=1, 9277, 10)= 5, 16) =6 (7) =2 
(90-5, v223, 309-4, 3427. 9-6 WO=1, 02-2 


à oa (1-2 See 
1713.4. 1o P 
4 


1234567 
Dye ; 
e riv. 


2. Express each of the following elements of $; as a product of disjoint cycles: 


(a) (123)(16543), 

(b) (213456)(172), 

(c) (4215)(3426)(5671), 
(d) (1234)(124)(3127)(56). 


3. Verify that a cycle of length k isan even or an odd 


or even, respectively. 
4. Define a function f:S, > Za, the additive group of integers modulo 2, by the rule 
odd permutation. Show that 


f(a) = O if a is an even permutation, f (a) = 1 if ais an 
f is a homomorphism of S, onto Z;. 


5. Exhibit the elements of the alternating 


6. Let G be a subgroup of the symmetric group S,, and suppose that G contains at leas 
one odd permutation. By a suitable modification of the proof of Theorem 6.50, 
prove that the set of all even permutations in G is a subgroup of G, and then prove 


that G contains'the same number of odd permutations as óf even permutations. 


permutation according as kis odd 


group A, and of the alternating group Ag. 
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6.77 NORMAL SUBGROUPS AND FACTOR GROUPS 


If H isa subgroup of the group Gand ae G, the set aH. = {ah |^ e Hj, 
which in Section 6.5 was called a coset, we shall for the present call a left coset 
of H in G. Similarly, the set Ha = (ha |h € H} iscalled a right coset of H in G. It 
need not be true that a left coset aH is equal to the right coset Ha. However, we 
shall be interested in subgroups which do have this property, and we therefore 
introduce the following definition. 


6.52 ‘Definition. A subgroup K of a group G issaid to be a normal (or 
, invariant) subgroup of Gif and only if aK = Ka for every element a of G. 


We may emphasize that this definition does not state that necessarily 
ak = ka for each ae G and ke K; it merely states that the sets aK and Ka 
coincide. In particular, if a ¢ G and k € K, there must exist an element k; of K 
(not necessarily the same element k) such that ak = kya. 

- Clearly, every subgroup of an abelian group is a normal subgroup. As 
;anexample of a subgroup which is not normal, consider the symmetric group 
S, with multiplication table 6.14 and the subgroup H = (e,«) of S,. It may be 
verified that BH = {B,ap?}, whereas HB = {B,aB} and hence that BH + HB, 
so H is not a normal subgroup of S;. However, S, does have the alternating 
group A; = (e, fi, ^) às a normal subgroup. Instead of verifying this fact by 
direct calculation, let us prove that for each positive" integer n » 1, the 
alternating group A, is a normal subgroup of the symmetric group S,. If a is an 
even permutation, then «€ A, and «A, = Aa = An If ais an odd per- 
mutation, the proof of Theorem 6.50 shows that, «A, is the set of all odd 
Permutations of Sn. A similar argument will show that also A,« is the set of all 
odd permutations of $. Hence for every à € S, we have &A, = Aa, and A, is 
therefore a normal subgroup of S,. peal ye 
} Now let G be an arbitrary group and K a normal subgroup of G, Since 
K is normal, we need not distinguish between left cosets'and right cosets; so we 
shall again simply call them cosets and write them as left coséts: 

Let. G/K denote the set of all cosets of K in G. We propose to define an 
operation of multiplication which will make this set intoa group. Accordingly, 

silet us define 


6.53 (aK )(6K) = (ab)k;^ a,be G. 
In order to verify that this does define an operation on the set of all cosets, we 
need to show that multiplication is well-defined by this equation. That is, we 
Must show that if aK E aiK "and BK —bK; ‘then (ab)K = (a,b,)K. By 
, 633(ii) this fact can be established by showing that if a c a, K and be b, K, 
shen ab € (a1b,)K. Suppose then that a = a,k arid b = b,k’, where k, k’ € K. 
Thus ab = a, kb, k' and, since K is a normal subgroup of G, there exists k” € K 
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such that kb, = b, k". Hence ab = a,b, k"k' and it follows that ab € (a,b,)K, 
as we wished.to show, This proves that 6.53 does indeed define an operation of 
multiplication on.the set of all cosets of K in G, and we proceed to prove the 
following theorem. ix 


6.54 Theorem. Let K be a normal subgroup of the group G. With 
respect to the multiplication 6.53 of cosets, G/K is a group. Moreover, the 
mapping 0:G — G/K, defined by 0(a) = aK, is a homomorphism of G onto 
G/K, with kernel K. 

PROOF, The associative law in: G/K' is'an'almost. immediate con- 
sequence of the associative law ini.G, and we leave this part of the proof 
to the reader, Now, if eis the identity of G, then since by 6:53. 


(aK)(eK) = (eK)(aK) = aK, $6 ae G, 
we see that eK = K is the identity of  G/K. Finally, 6.53 implies that 
(aK)(a;  K) = (aa })K — eK — K.: 


and, similarly, (a^! K(aK) = K. Hence a ^ K is the inverse of aK;and we 
have proved that G/K is à group. (Cf. Exercise 14 ‘of Section 6.3.) 
Furthermore, the definition of the mapping 0 shows that it is a mapping 
of G onto G/K, and the definition of multiplication of cosets shows that 


@(ab) = (ab)K. = (aK (bK) +014) 90), .. .. e b E G, 


and hence that @ is a homomorphism. Finally, since K is the identity of 
G/K, an element a of G is in ker 0 if and only if aK = K, that is, if and 
- only if a € K. This completes the proof of the theorem. j 


The group G/K constructed in this theorem is called the factor group of 
G by K. We may point out that since the elements of the factor group G/K are 
the distinct cosets of K in G, if G has finite order, the order of the group G/K is 
the index of K in G. In fact, if-G has finite order, Theorem 6.36 shows that 


order of G 
order of K` 


In the above, we have used multiplication as the operation in.G. If Gis 

abelian and the operation is considered to be addition, it is important to keep 
in mind that a coset is of the form a + K, and the multiplication 6.53 of cosets 
is replaced by addition of cosets defined as follows: 


order of G/K = 


6.55 (a+ K)++K)=(@+b)+K, | a,be G. 
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In this case, the identity of G is called the "zero" as usual, and the zero of the 
factor group G/K is the coset K. 

We have shown that if K isa normal subgroup of an arbitrary group G, 
then there exists a homomorphism of G, with kernel K, onto the factor group 
G/K. We shall next prove that “essentially” all homomorphisms of G are of 
this type. More precisely, we shall show that the kernel of every homomorph-  : 
ism of G isa normal subgroup of G and that every homomorphic image of G is 
isomorphic to a factor group G/K for some choice of the normal subgroup K. 
This is the content of the following theorem. 


6.56 Fundamental Theorem on Group Homomorphisms. Let 4: 
G — H be a homomorphism of the group G onto the group H with kernel 
K. Then K is a normal subgroup of G, and H is isomorphic to the factor 
group G/K. More precisely, the mapping a: G/K — H defined by 


6.57 a(aK) = (a), aeG, 


is.an isomorphism of G/K onto H. 


.PROOF. Let us first show that the kernel K of a homomorphism 
$:G >H is necessarily a normal subgroup of G. We have already 
proved in Theorem 6.21 that K must be a subgroup, so there only 
remains to prove that it is normal. If a € G and k e K, then 


plaka’) = plapola). 


But if e is the identity of G, $(e) is the identity of H and p(k) = (e) by 
definition of ker ġ. Thus ġ(aka™ +) = $(e) and aka! e ker ġ = K. Hence 

' aka! = k, for some element k, of K. It follows that ak = k,a and this 
shows that aK c Ka. In like manner, it can be shown that Ka € aK, so 
that aK — Ka and K is indeed a normal subgroup. Thus we can now 
speak of the group G/K. 


\ 4 


GIK 


Before proving the rest of the theorem, its meaning may perhaps 
be clarified by reference to the accompanying iegriit. Mere is the 
given homomorphism of G onto H, K = ker ¢, and 0:G — G/K is the 
homomorphism of G onto G/K defined by 6(a) = aK, ae G, as in 
the preceding theorem. Our present theorem may then be interpreted 
as stating that $ = a0— that is, $(a) = a(8(a)) = a(aK) for each ae G. 
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> 


m 


Otherwise expressed, an element a of G has the same image in H no 
matter which of the two paths from G to H is taken. 

Now let us show that a mapping x of G/K into H is well-defined 
by 6.57. That is, we shall show that if aK = a, K, then (a) = $(a,). If 
aK = a,K,thena = a,k for some element k of K. Hence $(a) = (ak) 
= $(a,)b(k) = (a) since k e ker d, and therefore $(k) is the identity of 
H. This proves « is well-defined. 

Next, using the fact that $ isa homomorphism, and the definition 
of multiplication of cosets, we see that for any a, beG, 


a[(aK )(bK)] = x[(ab) K] = (ab) = 6(a)o(b) = a(aK)a(bK). 


This shows that « isa homomorphism and clearly it is a mapping onto H. 
There remains only to prove that it is an isomorphism. 

Suppose that aK e ker a. If e is the identity of G, then ó(e) is the 
identity of H and so a(aK) = (e). The definition of « gives us a(aK) = 
(a), and so $(e) = d(a). However, this implies that a € ker @ = K, so 
aK e ker « implies that a € K and therefore that aK = K. Since K is the 
identity of the group G/K, we conclude that ker æ consists only of the 
identity of G/K. By Theorem 6.21 it follows that à is an isomorphism, 
and the theorem is proved. 


EXERCISES 


1 


. If His a subgroup of a group G and a € G, prove thataHa^' = {aha ! |he Hj isa 


subgroup of G which is isomorphic to H. 


. Prove that the intersection of two or more normal subgroups of a group G isa 


normal subgroup of G. 


. If G is a group, prove that the set (a |a € G, ax = xa for every x € G} is a normal 


subgroup of G. 


. Verify that the subgroup {e,a,27,a°} of the octic group (6.15) is a normal 


subgroup. 


If eis the identity of G,and Hand K are normal subgroups of G with H ^ K = (e); 
prove that hk = kh for any he H, k e K. (Hint: Show that hk hkeHoK.] 


. Prove that if every right coset of a subgroup H in G is also a left coset, then H is 


necessarily normal. [Hint: If Ha = bH, show that bH — aH.] 


. Let G be the cyclic group of order 20 generated by an element a, and let H be the 


subgroup of G generated by a*. Write out the cosets of H in G and verify that the 
quotient group G/H is a cyclic group of order 4. 


- It can be shown that the set of elements K — {(1),(1.2)(34), (13)(24), (14)(23)} of the 


alternating group A, on four symbols is a normal subgroup of As- Without 
calculation, explain how you know that the group A4/K must be cyclic. 
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9, Prove: If there exist exactly two left cosets (or right cosets) of a subgroup H in a 
group G, then H is necessarily a normal subgroup of G. 


10. Let Q be the additive group of the field of rational numbers and Z the additive 
group of the ring of integers. Show that every element of the quotient group Q/Z 
has finite order. Does the group Q/Z have finite order? 


11. Let K be a normal subgroup of the group G, and let A be a subgroup of the 
quotient group G/K. Thus we may consider A to bea set of cosets of K in G. Prove 
that the union of these cosets is a subgroup of G. 


12. Let H and K be subgroups of a group G, with K a normal subgroup of G. Prove 
each of the following: 


G) H ^K isa normal subgroup of H. 
(i) If HK = (hk|h e H,k e K}, then HK is a subgroup of G. 
(iii) K is a normal subgroup of the group HK. 


13. If H and K are as in the preceding exercise, prove each of the following: 


(i) Every element of the factor group HK/K is expressible in the form hK, h € H. 

(ii) The mapping a: H > HK/K defined by «(h) = hK, he H, is a homomorphism 
of H onto HK/K, with kernel H ^ K. 

(iii) The group H/(H ^ K) is isomorphic to the group HK/K. 


14. Let 0:G + H be a homomorphism of the group G onto the group H, with kernel 
6 = K. If A is a subset of G, let us use the notation introduced in Section 1.2 and 
write 6(A) for the set of elements of H which occur as images of elements of A 
under the map 0. In particular, ((G) = H since is given as an onto mapping. If U is 
a subset of H, let us define 0^! (U) = (x|x € G, (x) e U}.* Prove each of the 
following: 


(i) If A is a subgroup of G, then 6(A) is a subgroup of H. 

(ii) If U is a subgroup of H, then 0^ (U) is a subgroup of G which contains K. 

(iii) The mapping A — 6(A) is a one-one mapping of the set of all subgroups of G 
which contain K onto the set of all subgroups of H. 


*6.8 THE 15-PUZZLE 


The 15-puzzle is a children’s game (for children of all ages) to which we 
apply the theory of the symmetric group in order to make some adult 
observations, 

The 15-puzzle isa4 x 4frame holding interlocking squares, numbered 
from 1 to 15 with one space left vacant (Figure 14). The squares may be moved 
horizontally or vertically into the vacant space, but no square may be lifted out 


* This is here a convenient notation but is not to be confused with the inverse mappi 

" "n n ng s 
introduced in Section 1.2. Actually, as here used, 0^! is not a mapping of H into G, but it does 
define a mapping of the set of all subsets of H into the set of all subsets of G. 
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Starting 


A Simple Move 
Figure 14 


of its plane. A simple move consists of sliding one square into the blank space, 
thus in effect moving the blank space to an adjacent location. 

The problem we shall discuss is this; Starting from a given arrangement 
of the numbered squares, what new arrangements can be obtained by 
performing a series of simple moves? Putting it another way, find a way to 
determine if a given arrangement can be obtained from the starting position 
by a sequence of simple moves. For example, we shall be able to tell rather 
quickly after proving Theorem 6.58 that only one of the positions in Figure 15 
may be reached from the starting position by a series of simple moves. 


Position I Position II Position IH 


Figure 15 
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Now we set up the notation which permits us to solve this problem. Use 
the numbers 1 through 16 to indicate locations in the frame which holds the 
squares. In the starting position square 1 is in location 1, square 2in location 2, 

„and so on; the blank space is location 16. The location numbers remain fixed; 
the numbered squares in the locations may change. After a series of moves is 
applied, the squares will be in different locations and the new position may be 
viewed as a permutation of the set (1,2, ..., 16}. We take the point of view that 
a permutation c € S; is applied to any arrangement A: This produces a new 
arrangement o(A) by moving the square in location i of A to the location c(i) in 
the new arrangement o(A) for each i= 1,...,16. Thus the transposition 
(15, 16) when applied to the starting position produces the new arrangement in 
which the 15 square has been moved into the blank space, and the blank space 
has been moved into the 15 location. This position is clearly obtainable by a 
simple move. The transposition (15,16), when applied to the Position I 
arrangement, produces a new arrangement in which the two squares 
numbered 13 and 15 are interchanged. 

We now set up a one-one correspondence of the arrangements of the 
squares in the frame and the elements of S,¢. If A is any arrangement of the 
squares and SP is the starting position, then there is a unique permutation 
a € S,s with the property «(SP) = A. We let the arrangement A correspond to 
a. We now have a correspondence of arrangements with group elements. Of 
course, the set of arrangements does not form a group, so there is no question 
of isomorphism here. But there is a group lurking in the background and we 
shall exploit it. If we apply a series of simple moves to the starting position 
and thereby produce an arrangement A corresponding to the permutation 
a, it would be possible to perform the same series of simple moves on any 
arrangement— provided that the arrangement to which the moves are applied 
has the blank square in location 16, the same as in the starting position. The 
group in the background has for its elements all the series of simple moves 
which leaves the blank square in its initial location 16. The product of two 
such series of moves is "juxtaposition"— that is, perform one series of moves 


after the other. This gives the main idea which will be made precise in the 
following theorem. 


6.58 Theorem. Let H be the subset of S, consisting of all elements 
that correspond to arrangements which are obtained from the starting 
position by aseries of simple moves which ends with the blank square in the 
location 16. Then H is a subgroup of S,s and H consists of all the even 
permutations which leave 16 fixed; that is, H = A5. 


PROOF. The proof will require several steps. 
(A) H is a subgroup of S,,. 


Every simple move corresponds to a transposition (ab) where 
either a or b is the location of the blank square just before the move is 
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applied to a position, Any sequence of simple moves which is applied to 
a position in which the blank is at location 16 before and after the move 
has the form 


6.59 a = (16,x,-1)09 128-2) Hae 16). 


Note that in this product, any two adjacent transpositions must have a 
common symbol; (ab)(bc) occurs in the product if the blank space is 
moved from location c to b and then to a by this part of the product. The 
16 must occur im the first and last transposition because we begin and 
end with the blank in location 16; also, the locations a and b must be 
adjacent so that a square may be moved from a to b or from b to a. This 
description of the elements of H makesit clear that H isa subgroup since 
the product of two elements of the form 6.59 is again an element of this 
form. 


(B) HS Ais. 


Every element a in H is a permutation of the form 6.59; let us 
prove that «æ is an even permutation. Since a is the product of t 
transpositions, it is necessary to prove that t is even. Think of & as 
moving the blank space from 16 to x, to x2, and so on until the blank 
returns to 16. Every move of the blank is left, right, up, or down. Let f, r, 
u, and d stand for the number of left, right, up, and down moves of the 
blank space. Then t=f r ru * d: Since the blank returns to its 
original position, the number of left moves equals the number of right 
moves, f = r, and the number of up moves equals the number of down 
moves, u = d. Hence t = 2r --2d, which is an even number. Thus 


The next steps are designed to show that H — As. This will be 
accomplished by proving that every cycle (x, y, 2) of length three is in H 
and then invoking Theorem 6.51 to conclude that every element of A;siS 
in H. 


(C) H contains the elements a, B.» c defined by 


a = (16,15)14,15)(14,13)(13,9)(9,5)5. 11,202,3)0,44,8)8. 12)(12, 16) 
= (1,5,9, 13,14, 15,12,8,4,3,2), 
B = (16,15)(15, 14)(14, 10)(10,6)(6,7)(7, 88, 12)(12, 16) 
= (6,7,8, 12, 15,14, 10), 
y = (16, 15)(15, 11)(11, 12)(12, 16) 
= (11,15, 12), 
a = (16,15)(15, 14)(14, 10)(10,6)(6,2)(2, 313,44, 808, 12)(12, 16) 
= (4,8,12,15, 14, 10,6,2,3). 
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Each element is presented as a product of simple moves which are 
applied to the starting position to achieve the indicated permutation. 
The effect of each move is illustrated in Figure 16. 


Figure 16 


(D) H contains every cycle (x, y, z) with 1 € x,y,z < 15. 


We havey = (11,15,12) e H. For any 0 € S, s we have the relation 
6x, y, z)07' = (0x), Oy), 0(2) 


showing that the element 0y0*! is also a cycle of length three which is 
easily computed by applying 6 to the entries of the cycle. When 0 € H, 
then 070^ ' € H. We first use ff to conclude f5y875 = (11,8,7) € H. Note 
that æ and ø fix both 11 and 7 so that if x isa power of or a power of a, 
then :(11,8,7)t' = (11,1(8),7). Now observe that every x with 
1 &x < 15, x #7, 11, has the form o'(8) or o/(8) for a suitable i or j. It 
follows that every cycle of length three having the form (11, x, 7) is in H. 
Now we use two elements of this form to obtain 


(11x, 7(11, y, 711, x, 7)! = (x, y, 11); 


so every element of this form belongs to H. Now finally we have the 
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product 
(11,2,7)05 y, (11,2, 7) * = (x,y,z) 


is an element of H. 

Every element of A, is a product of cycles of length three, and 
every such cycle is an element of H; thus 4,4 € H, and in view of (B), 
H = A,5, and the theorem is proved. 


Now let us apply this theorem to examine the Positions I, II, and III 
given earlier. In order to see if Position I can be obtained from the starting 
position by a series of simple moves, we first apply a small number of simple 
moves (in this case, four) to the Position I to move the blank square to location 
16. The result of this is the Position I’ (Figure 17). 


Position I 


Figure 17. 


Then Position I’ corresponds to the permutation 


1-2:3,;24 02 EA Ed 
ne7130 439b 7D i 


- (i, 11, 12)(2, 6, 13, 15, 14)(3,7,4, 10, 5)(8, 9) 


of the starting position. The first three cycles in this product lie in As but the 
transposition (8,9) is not in A, 5; hence this element is not an even permutation 
and the theorem implies that Position I’ cannot be obtained from the starting 
position by a series of simple moves. Of course, this implies that Position I 
cannot be so obtained either since Position Lis obtained from Position I' by a 
series of simple moves. 

We shall let the reader decide whether Position II or Position III can be 
Obtained from the starting position. EET NA 

The theory developed in this section permits one to decide if a given 
arrangement can be obtained from the starting position but one does not 
Obtain a method of carrying out the solution through the theory. In fact, the 
proof of Theorem 6.58 shows that any possible arrangement can be o i 
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by repeatedly applying the moves a, $, y, ø in some order. In fact, this would 
not be a practical method to solve the puzzle since there are much shorter 
moves to carry out some of the required steps. Interested readers wishing to 
solve the 15-puzzle should use the theory to be reassured that a given 
arrangement is possible and then seek a solution by trial and error. 


EXERCISES 


- Determine which of the Positions II and III can be obtained from the starting 
position by a series of simple moves. 


N 


. Show that A, is the smallest subgroup of S,s which contains a, $, and y defined in 
(C); in other words, the element v was not required to complete the proof of the 
theorem. 


3, Prove the general result based upon the proof of Theorem 6.58: If N is a normal 
subgroup of S, and if N contains a cycle (x, y, z), then N = A, or N = Sp. 


Lad 


Develop a theory of the 8-puzzle which consists of a 3 x 3 frame of squares 
numbered from 1 to 8, one space left vacant, and give a method to decide which 


arrangements can be obtained from a given starting position by a sequence of simple 
moves. 


| 
1 
1 
h 


Chapter 7 


Finite Groups 


A great deal more is known about finite groups than is known about groupsin 
general. One important reason for this is the ability to use certain types of 
counting arguments that are not available when working with infinite groups. 
The usual method is to construct some finite set closely related to the group in 
question and count elements that have special properties. This theme will be 
exploited throughout this chapter. One of the main results to be proved is 
Sylow’s Theorem which asserts the existence of subgroups of prime power 
order in a finite group. 


7.1 GROUPS ACTING ON SETS 


Let G be a group and X aset. We say G acts on X if for each element 
g € G there is assigned a permutation 4, of X in such a way that the equation 
6,0, = 6, holds for all elements g. h € G. Another way to state this is that the 
mapping g — 6, from G to the symmetric group of all permutations of X is a 
homomorphism. If the mapping 0 is one-one, then G is isomorphic to a 
subgroup of the group of all permutations on X; this will not always be the 
case, however. In most cases, the map @is not written explicitly; an abbreviated 
notation in which we write gx or g(x) as an abbreviated version of 0,(x), for 
9€G, x c X, is used frequently. The condition required by the definition of an 
action of G upon X takes a simpler form in this notation; that is, we require 
g(hx) = (gh)x or g(h(x)) = (gh) for allg, h e G and xe X. Since 8 isa 
homomorphism, 0, must be the identity permutation on X if eis the identity of 
G. This means x = 6,(x) or x = ex = e(x) for all x e X. 
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Example .1: Let G = S, and X = (1,2,..., n) and the action of an element g € G 
upon the element x € X is the usual action of a permutation x — g(x). 


Example 2: Let G = 5, and let X be the set of all ordered pairs (i, j) with 1 < i, j € n. 
The action of an element g € G upon the element (i, j) of X is defined by g(i,j) = 
(g(i), g(j)). Using this definition, it is easy to verify that (gh)(i, j) = g[h(i, j)] since 
both sides are equal to (gh(i), gh(j)). Thus S, acts upon the set of ordered pairs. 


Example 3: Let G be any group and let X — G. For each g € G let 0, be the function 
defined on X by the rule (x) = gxg~'. Note that since X = G, the multiplication of 
the elements g and x and g^! is the group operation. Let us verify that 6, is a 
permutation of X. First we show 6, is one-to-one; if ,(x) = 6,(y), then gxg !- 
gyg `. Multiply this equation on the left by g`" and on the right by g to conclude 
that x = y; thus 6, is one-to-one. To show that 0, is onto, select any z in X; then 
6,(g" 'zg) = g(g 'zg)g ' = z, and this shows 6, is an onto map. In order to show 
that this gives an action of G on X we must verify 6,0, = 0,,. We show these 
functions are equal by verifying that each has the same effect upon every element of 
X: 


6,0,(x) = O (hxh*') = g(xh7!)g^! = (gh)x(gh)! = hi9, 
which proves the assertion. 
This is a very important example in the study of groups. We call this action 
of G upon G the conjugation action. An element gxg' ! is called a conjugate of x. 
Thereis another important property of this action. For each g € G, the map 6, is not 
only a permutation of the set G but it is in fact an isomorphism of the group G with 


itself; that is, 0, preserves the multiplication in G. This is verified directly from the 
definition: 


Bxy) = gxyg^ ' = gxexg^! = gxg^-gyg^' = 6,(x)4,(y). 


Example 4: Let G be any group and let X be the set of all subgroups of G. For each 
g € G and subgroup H of G, define 


YAH) = gHg^! = (ghg *:he H}. 


It is necessary to verify that this does define an action of G upon X. Let 0, denote the 
conjugation action defined in the previous example. Then ¥,(H) is the set of all 6, (A) 
with h € H. Since we saw that 6, is an isomorphism of G with itself, it follows that 6, 
maps a subgroup onto a subgroup; that is, XH) = 6(H) is a subgroup of G. Now 
just as in Example 3, except that subgroups replace elements, one shows that Yisa 
permutation of X and that jy, = Ypy. 

By analogy with the terminology introduced just above for elements, we 
call gHg^' a conjugate of the subgroup H if H is a subgroup of G and g € G. The 
conjugate gHg™' is a subgroup isomorphic to H. 


cepa esee Let G be any group and H a fixed subgroup of G. For X take the 
cosets of H, X = {aH |a e G}. For each g eG, define , by the rule 


6,(aH) = gaH. One may now show that 0, is a permutati i 
defines an action of G on Y. dn UTI eee ae 
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Now that we have several examples of groups acting on sets, it is 
necessary to develop some properties that will be applied later in some specific 
situations. We assume G is a group acting on the set X. 

Define a relation on X by the rule x ~ y if there is some g € G for which 
g(x) = y. Let us verify that this relation is in fact an equivalence relation. Since. 
e(x) = x, it follows that x — x; if g(x) = y, then x = g (y) and so x ~ y 
implies y ~ x; finally, if g(x) = y and h(y) = z, then (hg)(x) = 2, and it follows 
that if x ~ y and y ~z, then x ~ z. The equivalence classes defined by this 
relation are: ; 


7.1 [x] = {y]y € X and y = g(x) for some g € G}. 


The equivalence:classes are certain subsets of X defined by reference to a 
certain action of the group G upon X. It may be convenient at times to 
emphasize the role of G in this definition, so we may sometimes call the set 7.1 a 
G-equivalence class. Next we use the action of G upon X to define certain 
subgroups of G. For any x € X let 


7.2 G, = (g|g € G and g(x) = x}. 
We may sometimes refer to G, as the subgroup of G fixing x since it consists of 


all the elements of G which do not move the point x. Of course, it must be 
verified that G, is indeed a subgroup. If g, h € Gy, then 


gh(x) = g(h(x) = g(x) = x 


so that G, is closed under multiplication. Furthermore h(x) = x implies x = 
h^ (x), so that h^! is in G,. Thus by Theorem 64, we see that G, is a sub- 
group of G. 

Now we may give our first of several counting results. 


7.3 Theorem. Let G be a group which acts on the finite set X. For 
each x € X, the number of elements in the equivalence class [x] defined by 
7.1 is equal to the index [G:G,]. 


PROOF. The proof of this theorem is carried out by establishing a one- 
one correspondence between the set of all the cosets of G, in G and the 
elements in [x]. To establish the correspondence, we define a function y 
from the set of cosets of G, to the elements in [x] by the rule 


V(gG.) = 99. 


It is necessary to first show that y is well-defined. Suppose that gG; = 
hG, and so g — hu for some u € G,. Then 


W(gG,) = gr) = hu) = hu) = h(x) = WhG,), 
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and so the map is well-defined. It is clearly onto [x] since this set consists 
of all elements g(x) for g € G by Definition 7.1. Finally it is necessary 
to show that v is one-one. Suppose that v(gG,) = V(hG,) so then 
g(x) = h(x). It follows that x = g7 'h(x)so that the element v = g^ !his in 
G,, and so gv = h which means h € gG,. It follows that gG, = hG, and 
that y is one-one. In view of the correspondence between cosets and the 
elements of [x], it follows that the number of cosets, namely [G:G,], 
equals the number of elements in [x] and this proves the theorem. 

For emphasis, we state an immediate consequence of the 
preceding theorem. 


7.4 Corollary. If the finite group G acts upon the finite set X, then the 
number of elements in a G-equivalence class is a divisor of the order of G. 


We now have a relation between the number of elements in a G- 
equivalence class in X and the index of a subgroup of G. The next step is to 
"count" the elements in X using this information. Let 


7:5 X = [x] u hau vo [x] 


be the partition of X produced by the equivalence relation. Since every 
element of X lies in one, and only one, of the sets [x;], the number of elements 
in X is the sum of the numbers of elements in the sets [x;]. Let m; = [G:G,,], 
so that m, is the number of elements in the class [xi]. If we let |X| denote the 
number of elements in X, it follows from 7.5 that 


7.6 |X| =m, +m, + +m. 


This gives a formula for the number of elements in X as a sum of certain 
divisors of |G}. ; 

Let us give an illustration of how these formulas may be used to give 
purely group theoretic information. i 


7.7 Theorem. Let G be a finite group and let A and B be subgroups 
of G. Then the number of cosets of B which have the form aB,a € A equals 
the index [A:A ^ B] of the subgroup A ^ B in A. 


PROOF. Let X be the set of all cosets of B which have the form aB with 
aeA. Our goalis to count the number of elements of X and express this 
number in terms of an index. Let the group A act upon X by the rule 
g(aB) i (ga)B, for g, a € A. It is almost immediate that this does define 
anaction of A upon X. There is only one A-equivalence class in this case; 
every element of X is A-equivalent to B. Hence the number of elements 
in X equals the number of elements in the equivalence class [B] which, 
by Theorem 7.3, equals the index in 4 of the subgroup which fixes B. An 
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element a e A fixes Bif and only if B — aB; this holds if and only ifa e B. 
Since a already is in A, this holds if and only if ae A ^ B. Thus X has 
[A:A ^ B] elements as required. 


EXERCISES 


1. Let G be the cyclic subgroup of S; consisting of the powers of x = (123)(45). Then G 
has order six and operates on X — (1,2,3,4,5]. Explicitly write down the G- 
equivalence classes and from each equivalence class, select one element x, and 
determine G,. Verify the Equation 7.6 for this example. 1 


2. Let G = S, be the symmetric group of all permutations of (1,2,3). Let X be the set 
of all ordered pairs (i, j) with i,j € { 1,2, 3). Then G acts upon X as in Example 2. 
Explicitly give the G-equivalence classes of X and obtain the decomposition 7.5. 


3, Let G be the subgroup (e, f, ^] of Ss, where fi is the cycle of length three, f = (123). 
Repeat Exercise 2 using the X given there and this Gin place of 55. 


4. Let G bea finite group which has subgroups A and B of orders m and n, respectively. 
If the intersection A ^ B has d elements, prove that the number of distinct products 


ab, with a € A, b € B, is mn/d. 


5. Let Z, be the field with three elements and let G be the group of all two by two 
matrices of the form 


e Al abcd e Z5, ad — bc #0, 


and let X be the set of all “columns” z = [7 with u, v any elements of Z;. Define an 
v 


operation of G upon X by the rule 
a blf{u|_jaut bv 

9-7|. allo] Leu del. 
() Verify that this does define an action of G upon X. um 
Gi) Determine the G-equivalence classes in X and for each class [1], determine the 

subgroup G, for one element of [u]. \ ; 3 

(iii) In this example G has order 48 and X has 9 elements. Verify Equation 7.6 for 
this example. 


6. Let G be a finite group which acts upon the set X and let x, y € X be elements in the 
1G,|. In fact, more is true: If geGis 


same G-equivalence class. Prove that |G,| = 


such that g(x) = y then 9G. = Gy- 
7. Let G be a group of order 7 and let X be a set with 5 elements. Prove that the only 
x for all g e G, all x € X. 


action of G upon X is the one defined by g(x) = 
f prime order p, and X isa 


8. Generalize Exercise 7 to the case in which G is a group o! 
theonly action of G upon 


set with fewer than p elements. The conclusion is the same; 
X is the trivial one, g(x) = x for all g and x. 
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9. Let G be a finite group and H a subgroup of G with [G: H ] = r. Suppose the order of 
G is larger than r!, the order of $,. Prove that G has a normal subgroup N with 
N # (e), and N # G. [Use the action of G on the cosets of H as described in Exam- 
ple 5 to obtain a homomorphism of G into S,. Consideration of the orders shows 
this cannot be one-one. Make use of Theorem 6.56.] 


7.2 GROUPS OF PRIME POWER ORDER 


If a finite group G has order p^, for some prime number p, then every 
divisor of the order of G is either equal to 1 or is itself divisible by p. This 
simple fact has surprising consequences which will be explored in this section. 


7.8 Theorem. If pisa prime number and G isa finite group of order 
p" for a positive integer n and if G acts on a finite set X, then either 


(i) the number of elements in X is divisible by p, 
or 


(ii) there is some x € X such that g(x) = x for every g € G. 


PROOF. Suppose that condition (ii) does not hold. We must prove that 
condition (i) does hold. For each x € X, there is at least one element g € G 
such that g(x) # x, for otherwise statement (ii) would hold. Thus G, # G 
and so [G:G,] = p* for some s > 0. In particular, this means that the 
number of elements in the G-equivalence class of x is divisible by p. Now 
we refer to Equations 7.5 and 7.6 to conclude that |X| is divisible by p, as 
required by statement (i). 


When G acts on the set X,a point x € X with the property g(x) — x for 
every g € G is called a fixed point or a G-fixed point. The theorem states that 
when G has prime power order, then any set on which it acts must either have a 
fixed point or the number of elements in the set is a multiple of p. We may 


improve this theorem by giving some information about the number of fixed 
points. 


7.9 Theorem. Let p be a prime number and G a group of order p". 


Suppose that G acts on the finite set X and that the number of G-fixed 
points is f. Then |X| = f (mod p). 


PROOF. The element x € X isa fixed point if and only if the equivalence 
Class [x] has exactly one element. All classes containing more than one 
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element must contain p* elements for various integers s > 0 because the 
number of elements in such a class is a divisor of the order of sim) 
a divisor of p". When wecount the number of clements in X by using 7.6, 
we see that |X| is a sum of f 1’s and other numbers which are powers 
of p > 1. It follows that |X| = f (mod p). 


Let us give an application of this result to prove a fact about groups of 
prime power order. 


7.10 Theorem. Let p bea prime and G a group of order p" > 1. Then 
there is an element x in G with x # e, the identity, and xg = gx for every 
geG. 


PROOF. Let G act upon the set G by conjugation (see Example 3 in 
Section 7.1) so that for each g € G the action of g is g(x) = gxg ‘An 
element x is a fixed point of G if x — gxg ! for each g e G. This is 
equivalent to the condition xg — gx for all g e G. There is certainly at 
least one fixed point, namely, the identity e of G. So if f is the number of 
fixed points we know f 0. By Theorem 7.9 we also know f = |G| = 0 
(mod p). This means that p divides f and so f = p;in particular, there is a 
fixed point x other than the identity. As already pointed out above, this is 
all that is required to complete the proof of the theorem. 


For any group G, the center of G is the set 
C(G) = (x|x € G, xg = gx for all g e€ G}. 


Using this terminology, Theorem 7.10 says that the center of a group having 
order p" > 1 contains a nonidentity element. 

We know already that a group of order p, p a prime, must be cyclic. We 
now use this last result to prove something about groups of order p^. 


7.11 Theorem. If Gisagroup of order p?, pa prime, then Gis abelian. 


PROOF. If G contains an element of order p^, then G is cyclic, and hence 
is abelian. Suppose that G does not have any element of order p?. Then 
by Lagrange's Theorem, every nonidentity element of G has order p. Let 
x be a nonidentity element in G which is promised by the conclusion of 
Theorem 7.10. Since x has order p, there must be some element y in G 
which is nota power of x, and in addition y has order p. We have xy = yx 
by the choice of x. Also the number of elements of the form x'y/ must be 
p?. There are several ways to verify this point. Here is one such way. Let 
A be the cyclic group generated by x, and B the cyclic group generated by 
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y. Then A ^ B = (e) because A # Band both are groups of prime order; 
hence the subgroup A © B of A must have order 1. Now by Theorem 7.7, 
there are p cosets x/B, and so there are p? elements of the form x'yJ. 
Since G has order p?, every element of G is equal to a power of x times 
a power of y. Now using the fact that xy — yx, it is easy to verify that 
(xlyJ)x*y5) = (x^y*)(x!y/) for all integers i, j, r, s. Hence the commutative 
law holds for every pair of elements of G, and G is abelian. 


This shows that groups of orders p or p? are abelian; there are 


nonabelian groups of order p?. In fact, the octic group with multiplication 
table 6.15 has order 8 — 2? and is a nonabelian group. 


n= 


e 


EXERCISES 


. Find the center of the octic group (6.15). 
. Let x = (123)(456) and f = (347) be permutations in $5. Both a and f? have order 


three. Use Theorem 7.8 to reason that a and f are not contained in any subgroup of 
order 3" in S,. [This can be done in other ways but the use of Theorem 7.8 does not 
require any multiplication of permutations.] 


. Let G be a group of order p" such that the center of G has order at least p"^ !. Use the 


ideas [rom the proof of Theorem 7.11 to show that G is abelian and so the center of 
G equals G. 


. Suppose that a group contains the elements g, h; and gh which all have order two. 


Show that (e, g, h, gh) is an abelian group of order four. 


7.3 SYLOW'S THEOREM 


In this section we shall apply the results of the previous sections to 


prove the existence of subgroups of order p" in a finite group whose order is 
divisible by D", where p is a prime number. The first step in the proof of this 
theorem is called Cauchy's Theorem; it has been proved in many different 


ways. The one we give here, based upon an idea of J. McKay, is perhaps the 
most elegant and the shortest. 


7.12 Cauchy's Theorem. If H isa finite group and p is a prime divisor 
of the order of H, then H contains an element of order p. 


PROOF. We use the elements of H to construct a set X, and then 


define an action of a cyclic group of order p upon X and then apply 
Theorem 7.9 to obtain the desired conclusion. 
Let 


X = {(hy,ha,...sh,)| he H and hh h, = e). 
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We first count the number of elements of X. The first p — 1 entries in an 
element of X, I,..., A ,, may be selected in a completely arbitrary 
manner from H; thus the number of choices is |H|^ ! The last element 
h, is completely determined since it is the inverse of the product 
h; his ch, a; thus |X| = 1H|^^!. Since p divides |H], this number is 
divisible by p. Now let c be the function defined on X which cyclically 
permutes the entries by the rule 


olh, ha... hy) = ig hs pi). 
Notice that g maps X into itself because 
hyh, “his hy(h, thy aU hp)hz! = hy(e)h;! =e. 


Moreover, g” is the identity mapping, so the group G consisting of all 
powers of c is a cyclic group of order p which acts on X. Let f be the 
number of fixed points of this action. Since we have already seen that | X| 
is divisible by p, Theorem 7.9 implies that f is divisible by p. Now we see 
that (e,e,...,e) is surely an element of X which is fixed by c, so f # 0. 
Since f is divisible by p, f > 1 and there must be a fixed point other than 
the one with all e's as coordinates. Let (h;, ha, .... hy) be a fixed point 
under c. Then we have 


(h ha, ses hp) = Gases) = pases i) 


from which it follows that h; = li; =" = h, = h. It follows that h #e 
and h, ha'th, = h? = eso that h is the required element. 


One conclusion of Sylow's Theorem is that whenever p" divides the 
order of the finite group H, then there is a subgroup of order p". Cauchy's 
Theorem makes a start in this direction by providing a subgroup of order p. 
The next step is to find a method of enlarging this to a group of order p?, then 
to p>, and so on until a subgroup of order p" is obtained. At first one might try 
taking a subgroup P of order p and an element x of order p with x € P and then 
considering the smallest subgroup which contains both P and x. Unfortu- 
nately, this method will not always succeed as can be seen by the Exercise 3 
at the end of Section 7.2. This idea will work if P and x satisfy an additional 


condition — namely, xPx* = P, as we now show. 


7.13 Theorem. Let P and A be subgroups of the finite group H. 
Assume gPg`' = P for each g € A. Then the set 


AP = (xy|xe 4 y e P) 


isa subgroup of H having order [4:4 ^ P]IPI. 
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PROOF. The set AP is the union of cosets of the form gP, g € A and by 
Theorem 7.7, the number of such cosets is [4:4 n P]. Since each coset 
has |P| elements, the set AP has [4:4 ^ P]|P| elements. Now we must 
show that AP is actually a subgroup. The condition gPg ! = P is 
equivalent to gP = Pg for allg e A. It then follows (see the proof of 6.53) 
that 


gPhP = ghP g he A. 


We may interpret this as saying that the product of two elements— one 
from gP and one from hP— lies in ghP for all g, h in A. Since every 
element of AP lies in a coset of P, this is the same as saying that AP is 
closed under multiplication. Since H is finite, this implies by Theorem 6.4 
that AP is a subgroup. This proves the theorem. 


7.14 Corollary. Let A and P be subgroups of the finite group H. 
Suppose that each of A and P have order a power of the prime p and in 
addition that gPg ^! = P for everyg € A. The AP is a subgroup of H which 
has p power order. Moreover, if A is not contained in P, then AP is larger 
than P. 


PROOF. The Theorem 7.13 implies that AP is a subgroup of order 
[4:4 o P]|P|. Since |A| and|P| are powers of p, the order of AP is also a 
power of p. Thus AP is a group of order a power of p contained in H. 
This group will equal P only if gP = P for every g € A; this is the same as 
saying every element of A is already in P. Thus whenever A is not 
contained in P, the group AP is a larger group than P. 


Gal zbi 


"fhis Construction provides a critical step in the proof of Sylow's 


Theoret Which we shall present in a moment, First, we introduce the 
following idea: Let G be any group and A a subgroup of G. 


vil ipie Hoimializer of A in G is the set 


* 


a seh Ng(A) = {glg € G,gAg^! = A). 
WI St vd nom i 
his setis.a sub Toup in which A is contained as a normal subgroup. This can 
be proved directly but, in fact, it follows from facts already proved. If welet G 
operate upon the set of all subgroups of G as in Example 4 of Section 7.1, then 
Ng(A) is the subset of G which fixes A, that is, G, in earlier notation, and this 
has been shown;to.be a subgroup, 
Tse ont nod 
7.15 Sylow’s Theorem, Let H bea finite group of order p*m, with p a 
prime not dividing tHe'intégér mand k > 1. Then: 


(i) H contains a subgroup of order ^ for each i = TAN 
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(ii) For each i with 1 < i < k, a subgroup of order p' is contained in a 
subgroup of order p'* '. 

(iii) If P and Q are subgroups of H each having order p*, then there is some 
he H with P = hQh '. 

| (iv) The number of subgroups in H having order p* is an integer of the 

| form 1 + pt for some t and 1 + pt is a divisor of m. 


PROOF, We know by Cauchy's Theorem that there is a subgroup of 
order p in H. Suppose that U is a subgroup of order p, 1 & i « k. We 
shall prove that there is a subgroup M of order p'** which contains U. , 
Let X be the set of all cosets yU, y e H. Then X has [H:U] = p m 
elements and, since i < k, the number of elements in X is divisible by p. 
Let U operate upon X by the rule u( yU) =(uy)U and let f be the 
number of U-fixed points in X. Then f > 0 because the coset U =uU 
for every u € U, so U isa fixed point. It follows from Theorem 7.9 that p 
divides f. Next we show that the set of elements of H which lies in the 
cosets fixed by U forms a subgroup; in fact, the subgroup is N,(U). If gU 
is fixed by U,thenugU = gU org ‘ug e Uforeveryu e U. This says that 
g'' is in N,(U); since the normalizer is a subgroup, g € N;,(U). 
Conversely, if g € Ny(U), then UgU = gU and so gU is a fixed point. 
Thus f = [N4(U): U] and this number is divisible by p. Now consider 
the factor group N,(U)/U, the group whose elements are the cosets of U 
in N,(U). This is a group having order divisible by p and so by Cauchy's 
Theorem there is a subgroup of order p. Such a subgroup must be cyclic, 
so let xU bea generator. Then x” is an element of U and so it has order a 
power of p. Let Q be the cyclic subgroup of H with generator x. Since x is 
in N,(U), Q is in N4(U). Thus we have two groups Q and U of p power 
orders, gUg ! = U for every g € Q, and [Q: Q n U] =p. Apply Corol- 
lary 7.14 to conclude QU is a subgroup of order p'* +. This proves (ii), 
and by repeating the same line of reasoning, we eventually reach a 
subgroup of order p^, which proves (1). 

Now we begin the proof ot (iii). Let P' and Q be subgroups of H 
each having order p*. Let X — (gQg^' |g € H}; this is the set of all 
subgroups conjugate to Q in H. We first want to count the number of 
elements in X. Let Q operate on X by conjugation; that is, for x e Q and 
S € X, the action of x upon S is x(S) = x8x- 1; It is readily verified that 
this does define an action of Q on X. There'is a Q-fixed point of this 
action; namely, Q € X and xQx^' = Qforeveryx € Q: There is no other 
fixed point, however; suppose Sisin X and x$x^! = $ for all x in Q. 
Then Corollary 7.14 implies QS is a group of p power order containing 
Q. Since |Q| = p^, and no power of p larger than p“ divides | H |, it follows 
that there is no subgroup of order p* with s > k, In particular, QS = Q 
and so S € Q. Since S = gQg_', for some g € H, it follows that |S] = 
|Q] = p* and so S = Q. So the number of Q fixed points is f — 1 and 
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the number of elements in X is 1 + pt, for some integer t, by Theorem 7.9. 
Now we act upon this set X using the subgroup P. The action of an 
element y € P upon an element Sin X is also conjugation; y(S) = ySy~ B 
If there are no P-fixed points in X, then Theorem 7.8 implies that the 
number of elements in X is divisible by p. However, |X| = 1 + pt is not 
divisible by p and so there is some element S = gQg~! in X which is fixed 
by P. By the same reasoning, we conclude PS is a subgroup of p power 
order which cannot be larger than P. Hence P = S = gQg This proves 
(iii) and also proves that every subgroup of order p“ is in X. Hence the 
number of subgroups of order p* is 1 + pt, which proves part of (iv). All 
that remains to be proved is that 1 + pt divides m. We use the set X one 
more time, but now we act on X with the group H. Since every element of 
X has the form gQg~', for some g € H, there is only one H-equivalence 
class in X. The subgroup of H which fixes Q is N4(Q) and the number of 
elements in X, by Theorem 7.3, is [H :N4(Q)] = 1 + pt. Clearly this 
number is a divisor of the order of H, p'm; since p* and 1 + pt are 
relatively prime, it follows that 1 + pt is a divisor of m. This completes 
the proof of Sylow's Theorem. 


If H is a group of order p*m, with p a prime not dividing m, then a 
subgroup of H which has order p* is called a p-Sylow subgroup of H. The 
theorem says that a finite group has a p-Sylow subgroup for each prime p 
which divides its order and, moreover, any two p-Sylow subgroups are 
conjugate. In particular, this means that any two p-Sylow subgroups are 
isomorphic. It is not true that any two subgroups having equal p power orders 
are isomorphic (see the exercises at the end of this section). 


EXERCISES 


- 


For p=2 and 3, explicitly list the p-Sylow subgroups of the symmetric group $3- 
a on par P,Q, of p-Sylow subgroups, find an element « in $ with the property 
TUT =f. 


nN 


. Let x be the set of 2-Sylow subgroups of the symmetric group S,, and let S, act by 
conjugation on X. Since |X| = 3, S4 acts as permutations of these three elements. 
Number the elements of X as 1, 2, 3 so the action of S, may be viewed as a 
homomorphism of S4 into S,. Determine the kernel and the image of this 
homomorphism. 


w 


. Show that a 2-Sylow subgroup of S, has order 2? and contains two nonisomorphic 
subgroups of order 2?. 


4. Determine all the primes p for which the following statement is true: The p-Sylow 
subgroups of S, are isomorphic to the p-Sylow subgroups of Ss. 
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5. For any subgroup A of a group G, give a direct proof that the normalizer of A, 
N«(A) = (alg e G, gAg ! = A}, is a subgroup of G. 


6. For any subgroup A of a group G, define the centralizer of A by 
C,(A) = (g|g e G, ga = ag for every a € A). 
Prove Cg(A) is a subgroup of G contained in N(A). 


74 APPLICATIONS OF SYLOW'S THEOREM 


We shall give only a small number of the many possible applications of 
Sylow's Theorem in this section. For a first application, we show how the 
theorem may be used in special instances to prove that a p-Sylow subgroup isa 
normal subgroup of a group. 

If G is a finite group and P is a p-Sylow subgroup of G then gPg ' is 
also a p-Sylow subgroup of G. If itis known in advance that G has only one 
p-Sylow subgroup, then it follows that gPg ! = P for allg € G, and hence Pis 
a normal subgroup of G. Conversely, if P is a p-Sylow subgroup of G and P 
is normal in G, then there is only one p-Sylow subgroup of G because any 
p-Sylow subgroup can be expressed as gPg'^! for some ge G, by Theo- 
rem 7.15(iii), but gPg^' = P. when P is normal. The numerical information 
contained in Theorem 7.15 can sometimes provide this information. 

Consider a group G of order |G| = 37-5 2 45. The number of 3-Sylow 
subgroups has the form 1 + 3t, for some integer t, and 1 + 3t isa divisor of 5. 
Clearly the only possibility ist = 0, and so the number of 3-Sylow subgroups 
is 1; that is, the 3-Sylow subgroup is normal. Next consider the number of 
5-Sylow subgroups of G. This number is 1 + 5s, for some integer s; and is a 
divisor of 32. Again, the only possibility for siss = 0. Thusin a group of order 
45, both the 3-Sylow subgroup and the 5-Sylow subgroup are normal in G. It is 
not too difficult to show from this information that a group of order 45 must 
be abelian. We shall indicate the main step in this argument in Exercise 1. 


Here is an application to a wide class of groups. 


7.16 Theorem. Let pand q be primes with p < 4. If H is a group of 
order pq, then either H is abelian, or p divides q — 1. 


proor. Since q p; the q-Sylow subgroup Q is normal; that is, the 
number of q-Sylow subgroups in His 1 + qt, for some integer t, and 1 + 
qt divides p. If t # 0, then 1 + qt > p. SO t 2 0. Now let P bea p-Sylow 
subgroup. For any x in P, xQx^! = Q because Qis normal and so P acts 
as a group of permutations of the q elements of Q. If all the P- 
equivalence classes of this action contain only one element, then xy = )* 
for every x € P, y € Q. But there are pq elements of the form xy, X € P, 
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y € Q, so it follows that G = PQ and one may now easily verify that G is 
abelian. If there is some P-equivalence class in Q which does not have 
just a single element, then let y be an element in Q such that xy x yx for 
some x e P. Then the P-equivalence class of y consists of the p elements 
Xyx'^!,, x e P. Since y # e, the p elements xy'x t, xe P are all different 
for each i = 1, 2,...,q — 1. Of course the equivalence class of e contains 
just one element, so an application of 7.6 yields q = 1 + pr, for some 
integer r; in other words, p divides q — 1. 


It follows from this theorem that any group of order 15 = 3: 5, 33 = 
3:11, 35 — 5:7, and so on, must be abelian. It is true that whenever p 
divides q — 1, p and q primes, there is a nonabelian group of order pq. A 
construction of such a group is given in the exercises. 

We shall give here a construction of a group of order 2-7; the idea may 
be generalized to produce a nonabelian group of order 2n for any positive 
integer n. We present it as a subgroup of the symmetric group 55. Let 


a = (1234567), 
B = Q7)36)45); 


then f? = «7 = e, the identity, and most importantly we have 
Bap * = (1765432) = a^! 


If welet A be the cyclic group generated by a, and B the cyclic group generated 
by Bl, we find xAx~! = A for every x in B. By Theorem 7.13, AB is a subgroup 
of S, having order [B:B ^ A]|A| = 14, inasmuch as |A| = 7, and |B| = 2. 
This group is called the dihedral group of order 14. There isa dihedral group of 
order 2n for every positive integer n which has the form AB for a cyclic 
subgroup of order n in S, and a subgroup B of order two in S,. If œ is a 
generator of A and f a generator of B, the equation aff! = «^! holds. The 
reader is invited to write down the appropriate permutations for a few choices 
of n, and perhaps even for the general case of arbitrary n. 


EXERCISES 
1. Let M and N be normal subgroups of a group G such that M ^ N = (e). Prove that 
mn = nm for every n € N and m e M. [Hint: Show mnm !n-! lies in M n N.] 


2. Let F be the field Z,,, for a prime p > 2 and let r be any prime divisor of p — 1. Use 
Cauchy's Theorem to show that the polynomial x’ — 1 has exactly r roots in F and 
that all these roots form a cyclic group of order r. 


3. Let F be the field Z,,, for a primep > 2. For each pair of elements a; b € F witha + 0, 
define a function T, ,:F + F by the rule 


T(x) = ax + b. 
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(i) Show that T,,, is a permutation of the set F. 

(ii) Show that the set G={T,,|a,b¢F,a #0} is a group under the usual 
composition of functions and its order is p(p — 1). 

(iii) For any prime divisor r of p — 1, let A be the cyclic group of all elements of F 

which satisfy x’ = 1 (see Exercise 2). Let H be the subgroup of G consisting of all 

elements T, , with a e A and b e F. Show that H isa nonabelian group of order 


pr. 
(iv) Describe one r-Sylow subgroup of H, and determine the number of r-Sylow 
subgroups of H. 


4. Let G be the set of al two by two sition y =| ‘| with a, b, c, de Z, and 

ad — bc #0. 

(i) Show that G isa group of order p(p* — 1)(p — 1). [Hint: The first row of g may 
be any of the p? — 1 elements (a, b) # (0,0) and once a and b have been selected, 
the second row (c, d) can be any of the p? — p pairs other than (ua, ub) with 
ueZ,.] 

(ii) Let U be the set of all those g which have a = d= l1andc = 0. Let L be the set of 
those g which have a = d = 1 and b = 0. Show that each U. and L are p-Sylow 
subgroups of G and find an element y in G such that yUy '= L, 

(iii) Show that there are p + 1 p-Sylow subgroups of G. 


5, Let p be a prime and o = (123: :-p) a cycle of length p in the symmetric group S,. 
Show that the cyclic group generated by c isa p-Sylow subgroup of S,. How many p- 
Sylow subgroups of S, are there? [Hint: Count the number of cycles of length p and 
the number of these in each p-Sylow subgroup. ] 


Chapter 8 


Finite Abelian Gfoups 


The problem of defining all finite groups is a difficult and, in fact, an unsolved 
problem. However, in a sense to be made precise later, it is possible to 
determine all finite abelian groups. The purpose of this chapter is to prove the 
fundamental results in the theory of such groups. 

Let G be a finite abelian group. Throughout this chapter we shall use 
addition as the operation in G. Of course, everything could just as well be 
stated in terms of multiplication as the operation. Unless otherwise explicitly 
stated, we shall always assume that the group G under discussion is a nonzero 
group, that is, that it does not consist of the identity alone. 

Let us recall the following essential facts which will be used frequently 
in the sequel. Since G has finite order, each element a of G has finite order. If a 
has order n, Theorem 6.26 shows that n is the least positive integer such that 
na — 0. The order of the zero element is one, all other elements have order 
greater than one. If a has order n and k €Z, then ka = 0 if and only if n|k. 

The proofs of some of the results in this chapter could be shortened 
slightly by making use of some of the results from Chapter 7 (Cauchy's 
Theorem, in particular). In order to keep this chapter self-contained, however, 
the proofs given will be independent of these earlier results. 


8.1 DIRECT SUMS OF SUBGROUPS 
If G, G,,..., G,àre subgroups of the abelian group G, we define the sum 
Gi + G+ +G, 
of these subgroups to be the set of all elements of G which can be expressed in 
250 
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the form 
a, +a, +0 +a, a; € G, (i = 1,2,..., 7). 


This set is seen to bea subgroup of G, and each G; is contained in this subgroup 
since the identity 0 of G is an element of each G;. Actually, this sum is the 
smallest subgroup of G which contains all the subgroups G;. 

We now make the following definition. 


8.1 Definition. If G; (i= 1,2,...,7r) are subgroups of the abelian 
group G, thesum G; + G, +++- + G, is said to bea direct sum if and only 
if the following condition is satisfied: 


(i) If a; € G (i= 1,2,..., r) such that 
a, +a, + +a, =0, 


then each a, = 0. 


We shall indicate that a sum G, + G; +>- + G, is a direct sum 
by writing it in the form 


GOGO OG. 


It is worth pointing out that condition (i) is equivalent to the 
following condition: 


(ii), If aj, b; & G (i = 1,2,....r) such that 
aita, + +a = bitbit +b, 
then a; = b; (i = 1,2,...,r). 
The equivalence of (i) and (ii) follows readily from the fact that the 
equation a, + à3 -- :: +a, = b, ba +--+ b, may be written in the form 
(a, — by) + (a, — b3) t +--+ (a, — b,) = 0. 


We leave the details of the proof of the equivalence of conditions (i) and (ii) as 
an exercise. ; 

The condition (ii) for a sum G, + G4 +*+ G, to be a direct sum is 
often expressed by saying that the sum is direct if and only if each element of 
the sum is uniquely expressible in the form 


4,04, +a, a, € G, (i= 1,2,....7). 


If G; has order n,, we see that in a sum of the type just written there are n 
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choices for a;, and the uniqueness property just mentioned shows that the 
order of a direct sum G, 6 G; € ® G, is the product nn, -:n, of the 
orders of the respective subgroups G;. 

Since addition is a commutative operation in G, it is clear, for example, 
that G, € G, = G, 6 G,. In general, the order in which the subgroups G, are 
written in the symbol for their direct sum is immaterial. 

As a simple illustration of à general property, suppose that G, and G, 
are subgroups of G such that G — G, ® G;. Now if G, = H, ® H, and 
G: = K, 6 K3, where H, and H, are subgroups of G,, and K, and K; are 
subgroups of G;, then all of H,, H;, K,, K, are subgroups of G and 


G-H, 6 H, 6 K, @K;. 


It will be clear that a similar result holds for any number of summands. (See 
Exercise 3.) This fact will be useful later on. 


G,,.. o G, are any additively written abelian groups (not necessarily subgroups 


(21, 22,...,a,), 
with a; € G, for i = 1, 2,...,7, and with addition defined as follows: 


(4;,43,...,4,) + (b1,b2,...,5,) = (0, + bya, + b2,...,4, + b). 


Now if the G, are subgroups of a group G and their sum is direct as defined in 
8.1, it is not difficult to prove that the mapping 


(41,42,...,4,) + a, +a, toa 


is an isomorphism of the direct sum as defined in Section 6.1 onto the direct 
sum as defined in this section. Prove it! This fact justifies the use of the term 
direct Sum in two different situations. Sometimes, the direct sum as defined in 
8.1 is called an internal direct sum (since all groups G, are subgroups of a given 
group G and therefore their direct sum is a subgroup of G), and the direct sum 


_ Now let G be an abelian BrOup of order n = pt'ps:-.. pe« where the p's 
are distinct primes, k > 1, and each €; > 1. Thus gy He H ees the Mibtinct 
Prime divisors of n, Let G(p,) be the set of all elements of G having order a 
power of p,. The order of the identity 0 of G is 1 = p? and hence 0 e G(p,). 
Actually, G( Pid isa subgroup of G Since one can see as follows that G(p,) is 
closed under addition. If a, b € G(p,), suppose that a has order p? and b has 
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order p;. If t is the larger of n and m, then pi(a + b) = 0, and the order of a tb 
is a divisor of pj; hence the order is a power of p,. It follows that a + b € G(p;), 
and by Theorem 6.4 we see that G(p;) is a subgroup of G. Our next goal is to 
prove the following theorem. 


8.2 Theorem. Let G be an abelian group of order n, and let p,, 
D», Py be the distinct prime divisors of n. If G(p;) is the subgroup of G 
consisting of all elements having order a power of p,, then 


8.3 G = G(p,) € G(p;) D- ® G(pj). 


Much later in this chapter we shall prove that no one of the subgroups 
G(p;) consists of the zero alone. In fact, if pê‘ is the highest power of p; which 
divides n, we shall show that G(p,) has order Di. 

Before proving Theorem 8.2, let us introduce some lemmas that will be 
helpful in carrying out the proof. 


8.4 Lemma. Suppose that the element a of an abelian group G has 
order dividing n. If m is an integer such that (m, n) = 1, then ma = 0 implies 
that a = 0. 


PROOF. Since (m,n) — 1, there exist integers x and. y such that 1 — 
xm + yn. Hence a = xma + yna. We are assuming that ma = 0, and 
na = O since a has order dividing n. It follows that a = 0, as we wished 
to show. 


8.5 Lemma. Jf the element of the abelian group G has order n = kl 
with (k,l) = 1, then there exist elements b and c of G such that a = b + c, 
with b and c having respective orders k and 1. à 


PROOF. Since (k,1) — 1, there exist integers s and t such that | =sk+ tl. 
Thus we have a = ska + tla. Let us show that ska has order l. Clearly, 
Iska = sna = 0. Moreover, if z € Z such that zska = 0, then n |zsk. But 
n — kl, so we conclude that k|zsk or 1| zs. Now the equation 1 —sk4-tl 
implies that (s,!) = 1 and therefore /| z. Accordingly, we conclude that 
ska has order l. Similarly, tla has order k and if we set b = tla and 
€ = ska, we have a = b + c, b of order k and c of order l. This com- 
pletes the proof. 


We leave as an exercise the proof by induction of the following 
generalization of the preceding lemma. 
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8.6 Lemma. If the element a of the abelian group G has order 
n = nn; 7: ny, where (n, nj) = 1 for i + j, then a can be expressed in the 
form 


a=b; +b, o +b, 
where b, has order n; (i = 1,2,...,k). 


PROOF OF 8.2. Let us now return to the proof of Theorem 8.2 and show 
first that the sum G(p,) + G(p;) +- + G(p,) is a direct sum. To this 
end, suppose that 


8.7 4,4; +: +a =O, a; € G(p;). 


By definition of direct sum, we need to prove that each a; = 0. For 
convenience of notation, let us concentrate on proving that a, — 0. Each 
a; has order a power of p;, so let us assume that a; has order p; 
(i = 1,2,...,k). From Equation 8.7, it now follows that 
Pip$ pra, = 0. 

Since this coefficient of a, is relatively prime to the order of ay, it follows 
from Lemma 8.4 that a, = 0. Similarly, each a; = 0, and this proves that 
the sum is direct. 

Clearly, G(p;) € G(p2) D --- € G(p;) € G, so we only need to 
obtain inclusion the other way. By Corollary 6.37, every element a of G 
has order a divisor of the order n of G, and therefore the order of a has no 
prime divisors except for some or all of the p, (i = 1,2,...,k). For 
convenience of notation only, suppose that the order of a contains only 
the prime factors p;, p»,..., Pu, U < k. By Lemma 8.6, a is expressible as a 
sum of elements of G(p,), i = 1,2,...,u. In particular, every element of G 
is a sum of elements of some or all of the G(p,), i = 1,2,...,k. We 
therefore conclude that G € G(p,) ® G(p2) ® ---  G(p,), and this 
completes the proof of the theorem. 


82 CYCLIC SUBGROUPS AND BASES 


We shall continue to let G be a finite abelian group. If a € G, let us 
denote by (a) the cyclic subgroup generated by a. If a has order n, then 


(a) = {0,a, 2a,...,(n — 1)a}. 
8.8 Definition. If a), a,,...,a, are nonzero elements of G such that 


the sum (a,) + (a2) + =- + (a,) is direct, we say that the elements a,, 
45,...,d, are independent or form an independent set. 
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Suppose that a; has order n;(i = 1,2,...k). Then, by definition of direct 
sum, the a, (i = 1,2,...,4) are independent if for integers z;, 


2,4, + 224, +° +244, =0 


if and only if z;a; = 0, that is, if and only if n;|z; (i 221,2,..;.k). 
Observe that a single element a of Gis independent if and only if a # 0. 
Clearly, any nonempty subset of an independent set is also independent. 


8.9 Definition. The set {a;,a2,...,a,} forms a basis of the abelian ` 
group G if and only if the elements of this set are independent and , 


G=(a,) € (a2) € -~ € (a) 


Otherwise expressed, the group G has a basis if and only if it is 
expressible as a direct sum of a finite number of cyclic subgroups. 

We may remark that if G = H, ® H2, where H, is a subgroup of G 
having basis {b,,b,-...5,} and H, is a subgroup of G having basis 
{C1,C25+++)C}, then G has a basis (b, ba... bas 01, C2... 6]. (See Exercise 6.) 

One of the principal theorems which we shall prove in the next section 
is the following. 


8.10 Theorem. Every finite abelian group has a basis, each element 
of which has order a power of a prime. 


In view of our definitions, an equivalent formulation of this theorem 
would be the assertion that every finite abelian group can be expressed as the 
direct sum of cyclic subgroups, each of which has order a power of a prime. 

By a generalization of the remark made above, the result of Theorem 
82 shows that Theorem 8.10 will be true in general when we have established it 
for each of the groups G(p;). In the next section we study in some detail a class 
of groups which will include those of the form G(p;) as defined in Theorem 8.2. 


EXERCISES 


1. Prove the equivalence of conditions (i) and (ii) in connection with Definition 8.1. 

2. Suppose that G,(i = 1,2,...,r) are subgroups of the abelian group G such that the 
sum G, + G, ++: + G,isdirect. If, for each i, H; ìs a subgroup of G;, prove that the 
sum H, + H, ++ + H, is direct. 

3. Suppose that G = G, € Gz, where G, = H, & H, € H and G, - K, 6 K;. 
Prove that G = H, 6 H; 6 H; € K, ® K;. Choose an appropriate notation 
and generalize to an arbitrary finite number of summands. 
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4. Let G be the additive group of the ring Z;,. In the notation of Theorem 8.2, 
determine the elements of G(2) and of G(3). Verify that these are subgroups of G 
and that G = G(2) © G(3), thus directly verifying Theorem 8.2 for this particular 
group. 

5. Give an example to show that in a finite nonabelian group the elements which have 
order a power of some fixed prime need not be a subgroup. 


6. Suppose that G, and G, are subgroups of the abelian group G such that G — 
G, ® Gz. If {a,,a2,...,4,} is a basis of G, and {b1,b2,...,b,} is a basis of G;, 
prove that {a;,4,,...,4,,b,,b2,...,b,} is a basis of G. Generalize to direct sums of 
an arbitrary finite number of subgroups. 


n 


- Illustrate Theorem 8.10 by verifying that for the group G which is the additive 
group of the ring Z;,, a basis of the required kind is {3,8}. 


. Prove Lemma 8.6. 


* 


Prove that a cyclic group of order p*, where p is a prime and k > 1, cannot be 
expressed as a direct sum of two nonzero subgroups. [Hint: Consider the maximal 
order that an element can have.] 


10. If (a) is a cyclic group of order kl with (k,1) = 1, prove that there exist elements b 
and c of (a) of respective orders k and l, such that (a) = (b) & (c). 


If band care elements of an abelian group G with orders k and | respectively, and if 
(I) = 1, prove that the sum (b) + (c) is direct and that (b) & (c) is a cyclic 
subgroup of G of order ki. 


83 FINITE ABELIAN p-GROUPS 
Let us begin with the following definition. 


8&1 Definition. Let p be a fixed prime; A group is said to be a p- 
group if the order of each of its elements is a power of p, 


We may observe that the identity element (the Zero) has order p°. Every 
other element of a p-group has order p" for some positive integer m. Thus a 
nonzero element a of a p-group has order p" if and only if p"a = 0, p"-!a + 0. 
Moreover, if a has order p" and the order of an element b of the p-group is less 
than or equal to the order of a, then p"b = 0. 


The main goal of this section is to prove th followi i f 
Theorem 8.10. 1 i SUR: Tm d 


8.12 Lemma. 4 finite abelian p-group has a basis. 


Throughout this Section, let p be a fixed prime and G a finite abelian p- 


group. As a first step in the proof of Lemma 8.12, we collect a few useful facts 
for easy reference. 
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Let H bea subgroup of G and suppose that ais an element of G of order 
p". Since p"a = 0 e H, there exists a smallest positive integer z (necessarily less 
than or equal to p") such that za e H, Throughout this section it will be 
convenient to have a distinctive name for this positive integer z. We call it the 
order of a modulo H. This terminology is explained by the fact that the order of 
a modulo H is the order of the coset a -- H in the factor group G/H, of G 
modulo H. 


(A) (i) If z is the order of a modulo H and n € Z, then na € H if and 
only if z |n. In particular, if z is the order of a modulo H and za — 0, 
then z is the order of a. 

(ii) Jf a has order p", and z is the order of a modulo H, then z |p" and 
therefore the order of each element of G modulo any subgroup of G is a 
power of p. i 


PROOF. To prove (i), let us use the Division Algorithm to write n = 
qz + r,where0 < r < z. Thusna = q(za) + ra. Now za e H, soif nae H, 
it follows that ra e H. Since z is the smallest positive integer such that 
za e H, we conclude that r = 0 and therefore n = qz. Conversely, if z | n, 
it is trivial that na € H. The last statement of (i) follows from the 
observation that the given conditions imply that z and the order of a 
divide each other. 

Part (ii) follows from (i) by observing that p"a = 0 € H, and 
therefore z| p" and z must therefore be a power of p. 


(B) Suppose that H is a subgroup of G and that a € H. If the order p" 
of a is equal to the order of a modulo H, then the. sum H + (a) is direct. 


PROOF. To see the truth of this statement, suppose that h + xa = 0, 
where h e H and x e Z, and let us prove that h = 0 and that xa = 0. Now 
xa eH and since a has order p" modulo H, part (i) of (A) shows that 
p" | x. But this implies that xa = 0 since p" is also the order of a. The 
equation h + xa = Othen shows that h 2 0. The sum H + (a) istherefore 
a direct sum, as we wished to show. 


The proof of Lemma 8.12 is carried out by the process of induction. We 
illustrate the approach by a fairly detailed account of the first two steps in this 
procedure, and then pass on to the general situation. 


Let a, be an element of G of maximum order, say p"'. If it 
happens that G = (a,), we have found a basis {a,} of G consisting of the 
single element a,. Suppose, then, that G # (a,). Since a, has maximum 
order among the elements of G, we see that p"'c = 0 for every element c 
of G. 
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Since G # (a,), we proceed to seek an element a; of G such that 
a, a, are independent and therefore (a,) ® (a2) € G. 

Let b be an element of G of maximum order, say p", modulo (a,). 
Since p"'b = 0 e (a,), it follows that p"? < p"', that is, m, < m,. Since b 
has maximum order modulo (a,) we see that p™c c (a,) for every 
element c of G. Thus if c € G, there exists y € Z such that 


8.13 p"c = ya,. 


We proceed to show that p"? | y. Multiplying the preceding equation by 
p™ ^"*, we find that p™c = p"! "ya. But p™c = 0, and since a, has 
order p™, we conclude that p"'|p"'-"*y, that is, that p™|y. Thus 
y =up™, where ue Z. Now applying what we have just proved to 
the special case in which c is an element b of maximum order modulo 
(a,), we find from 8.13 that there exists u € Z such that 


8.14 p™b = p""ua,. 
We now set 
8.15 a, =b—ua,, 


and observe that if z € Z, then za; € (a, ) if and only if zb € (a;). Thus the 
order of a; modulo (a,) is p", Now 8.14 and 8.15 imply that p"; = 0, 
and it follows from (A) (i) that the order of a, is p"*, We now know from 
(B) that the sum (a,) + (a5) is a direct sum, and we have G > (a;) ® (a2). 
If G = (a,) ® (a3), we have exhibited a basis {a,,a2}. Otherwise, we can 


. continue this process. We have just completed the case k = 2 of the 


following induction procedure. 4 
Assume that we have found elements âi, 45,...,d, of G of 
respective orders p™, p™,..., p"* such that all of the following are true: 


(i) m >m >: > ny. 

(i) If c € G, there exist integers y,,..., y,.., such that p""c- ya, 
so UU iid - ys and p™ | y; (i= 1,2,...,4 — 1). 

(iii) a, 45,..., a, are independent. 


For convenience, let us set G,-, = (a1) ® (a2) € ^: @ (a,.,) and 
G, = (a,) € (a2) € +: @ (a). If G + G,, we propose to find another 
element %,+, Of G such that all of the above three properties are true 
with k replaced by k + 1. 

We may point out that (ii) above states not only that if c € G, then 
pc € G1, but even gives some additional information in that the 
integers y; are all divisible by D 1 

Let b be an element of G of maximum order, say p"**', modulo 
Gx. Thus, if c € G, then p™+1¢ e G,. Observe that since p"*b e G,., € 
Gi p"**' S p™ and m, > m, ,,, so (i) holds for k + 1. 
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If c € G, since p"**'c e G,, there exist integers 2,,..., z, such that 
8.16 p"**'e 2,0, + z;05 7 + Zka- 


We propose to show that p"**'|z, for i= 1,2,...,k. By (ii) of our 
induction hypothesis, there exist integers y;,..., y, , such that 


8.47. p™c = yj, ti + Yea P™ |i = 52... k) 


If we multiply 8.16 by p"* ^ "***, we obtain p™c = p™ "**'z,aay t^c + 
p™-™*17,q,. By equating the right sides of the two preceding equa- 
tions, we obtain 


(pm men E y,)a, 7 E (p™ Zp — Yeas 
ES pre mina 0. 


Since, by assumption, a,, 4;,...,a, are independent, for each i the 
coefficient of a, in this equation must be divisible by the order of a; In 
particular, p"* | p"«-"**'z, and this implies that p"**i|z,.Nowfor1« 
i < k, we have p™ | (p"* 7 "**z, — yj). Buti < k and so m, >= m,, and thus 


Do | (pori m yp 


But as indicated in 8.17, we know that p"*|y;. It follows that 
p™| p"*7 "^ *'z, and hence that p"**' |z;. Since this is true for 1 < i < k, 
and we have already shown that plz we conclude that p"**' 
divides every z, in 8.16. This establishes part (ii) of our induction 
statement for the case in which k is replaced by k + 1. 

Now let us apply what we have just proved to the special case in 
which the element c in 8.16 is chosen to be a particular element b of 
maximal order p"**' modulo G,. Thus, since prt? |; there exist 
integers u,,..., uy such that 


8.18 pmb = p"**'u,a, + p"**'u5d5 Mr p™* Way. 
We next define 
8.19 Oye, = b—Uya, — 77 — Hex, 


and observe from this equation that a,,, has the same order modulo 
G, as does b, namely, p"*''. The last two equations show that 
p"**:a,,, = 0 and it follows from (A)(i) that the order of a,4, is p"** '. 
By (B), the sum G, - (a, ,) is direct and it follows that ay, 45... 4x41 
are independent. We have shown that if a,, a5,.... dy satisfy the induc- 
tion hypotheses (i), (ii), and (iii), and if G # (a,) € ::- € (a,), there exists 
an element a,,, such that a),...,a,4; satisfy (i), (ii), and (iii), with k 
replaced by k + 1. In particular, G 2 (a,) € *: € (a,,1). Since G is 
assumed to bea finite p-group, these steps must come to an end, andthus 
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for some positive integer r, there exist elements a,, 82, ..., à, such that 
8.20 G = (a) € (a2) € ^: € (a). 


This completes the proof of Lemma 8.12, which states that every finite 
abelian p-group has a basis. 


In proving 8.20, we have obtained the basis elements a), @3,...,4, 
such that their orders are respectively p", p"^,..., p" with m, > m, 2*2 
m, > 1. It follows from 8.20 that the order of G is the product of the orders 
of the cyclic groups (a;), namely p', where t = m, + m; +: + m,. In parti- 
cular, this shows that the order of a finite abelian p-group is a power of p. 

Before returning to the study of arbitrary finite abelian groups, let us 
discuss the question of the uniqueness of a basis for a p-group. Clearly, our 
construction of a basis indicates that a basis is not unique since, as a simple 
example, a; might have been chosen to be any element of maximal order. 
However, we shall prove the following result. 


8.21 Theorem. Any two bases of a finite abelian p-group have the 
same number of elements. Moreover, the orders of the elements of one 
basis coincide, in some arrangement, with the orders of the elements of any 
other basis. 


PROOF. In proving this theorem, we shall assume that the p-group G has 
a basis (4,,4;,...,a,), with a, having order p"; and that G also has a 
basis {b,,b2,...,b,}, with b; having order p". Moreover, we assume 
that the notation is chosen so that m; > m> >m, 21 and 
" vil = Pe n, = 1.We proceed to prove that r = s and that m, = n: 
a be aa 

It will be convenient to consider subgroups pG and G, of G, 

defined as follows: 


pG = (px|x eG}, 
G, = {x|x e G, px = 0}. 


Thus pG = {0} if and only if G, = G. 
Making use of the basis {a;,a,,...,4,} of G, we leave it to the 
reader to verify that 


T ima pmo ndo penta 


is a basis of the p-group G,- Since each of these basis elements has order p 
and G, is the direct sum of the cyclic groups generated by these elements, 
we conclude that G, has order p". In exactly the same way, using the basis 
{b1, ba,...,b,} of G, we see that G, has order p°. Hence p” = p’,andr = 5. 
This completes the proof of the first statement of the theorem. 
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The proof of the second statement is by induction on the order of 
G, and we therefore assume as an induction hypothesis that the 
statement is true for all p-groups with order less than the order of G. We 
now make two cases; in the first we do not need this induction 
hypothesis. 


CASE 1. pG = {0}. In this case, every nonzero element (in particular, 
every basis element) of G has order p. Hence, m; = n; = 1 (i = Do 55 


case 2. pG + {0}. In this case pG is a nonzero subgroup of G. 
Moreover, the order of pG is less than the order of G, since G necessarily 
has some elements of order p. Why? Using the notation in which the 
order of a, is p™, not all m, can equal 1. Suppose that u is a positive 
integer so chosen that m, 2 mz > `: >m, > m4, =" = Mm, = 1. It 
may now be verified that pG has a basis 


8.23 {pay,---Pau}- 


In like manner, making use of the. other given basis {b;,...,b,} of G, if v 


is the positive integer so chosen that n, 2m2 SMP M41 == 
n, = 1, we see that pG has a basis 


8.24 {pbs pba}. 


Thus the p-group pG has bases 8.23 and 8.24. By the first statement of the 
theorem, already proved, we conclude that u = v. Using the fact that the 
order of pa; is p"'^' and the order of pb, is p™ !, the induction 
hypothesis as applied to the group pG shows that m, — 1 =n, — 1 for 
i= 1,2,...,u. Since all other m; and n, are equal to 1, we have that m; = 
n, (i = 1,2,...,7). This concludes the proof of the theorem. 


84 THE PRINCIPAL THEOREMS FOR FINITE 
ABELIAN GROUPS 


Henceforth we shall let G be an arbitrary finite abelian group. Let us 
assume that G has order n with distinct prime factors pi, 2. -.-, Py. Thus 


825 n- pp "Pes 


where e; > 0 for all i. If G(pi) denotes the subgroup of G consisting of all 
elements of order a power of p;, we have proved in Theorem 8.2 that 


8.26 G=G(p;) O°" 0 G(py). 


Now G(p,) is a p-group and, as indicated shortly before the statement of 
Theorem 8.21, its order is a power of p;. Moreover, from Equation 8.26, the 
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order n of G must be the product of the orders of the groups G(p;). In view of 
the unique factorization of ninto a product of primes, we conclude from 8.25 
that the order of G(p;) must be pf‘ (i = 1,2,... ,k). We have therefore proved 
the first statement of the following lemma. 


827 Lemma. . Let G be an abelian group of order n. 


(i) If pisa prime divisor of n, let p be the highest power of p which divides 
n. Then the subgroup G(p) of G which consists of all elements with 
order a power of p has order p°. In particular, G(p) # (0). 

(ii) If p is a prime divisor of n, then G contains an element of order p. 


proor. The proof of part (ii) follows at once from the observation that 
if a is a nonzero element of G(p), then a has order p' for some positive 
integer t. Hence p'~ ‘a has order p. 

The results of the preceding section show that each subgroup 
G(p,) occurring in 8.26 has a basis, say (241. 42>- -+> à;,, ), and clearly each 
clement of this basis has order a power óf pı. Using this information, 
Equation 8.26 shows that G has a basis 


8.28 (2/12/3301 ys tay, 50341: ders ks n 


and each element of this basis has order a power of a prime. This result 
was stated as Theorem 8.10, one of our principal goals. We have 
therefore proved part (i) of the following fundamental theorem. 


8.29. FUNDAMENTAL THEOREM ON FINITE ABELIAN GROUPS 


(i) Every finite abelian group G has a basis, each element of which has 
order a power of a prime. 

(ii) Suppose we have any two bases of a finite abelian group G, with each 
basis element having order a power of a prime. Then the two bases have 
the same number of elements and the orders of the elements of one 
basis are, in some arrangement, the same as the orders of the elements 
of the other basis. 


PROOF. To prove part (ii) of this theorem, suppose that one basis of Gis 
given by 8.28. If G has order n, given by 8.25, the order of every element 
of Gis a divisor of nand hence the only possible primes a power of which 
can occur as the order of any (basis) element are py, p». -+ Pr Suppose 
that in a second basis of G, the elements b,,..., b, are those whose orders 
are a power of p,. Then the elements of G whose elements are a power of 
p, are precisely the elements of the direct sum 


8.30 (b) e ++ © (b). 
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It follows that the direct sum 8.30 is equal to G(p,). Since from 8.28 we 
also have 


831 G(pi) = (411) € "+ € (415). 


we may apply Theorem 8.21 to the p;-group G(p,), and conclude that t 
= r,, and that the orders of b,,..., b, coincide in some arrangement, 
with the orders of a,;,...,@;,,. Thus the number of basis elements 
having order a power of p, is the same in the two bases, as are also the 
orders of the elements of the two bases. The same argument applies 
equally well to each prime pi, and this completes the proof of the 
theorem. 


Let us make the following definition. 


8.32 Definition. Let G be a finite abelian group. The orders of the 
elements of a basis (repetitions being allowed), in which each basis 
element is required to have order a power of a prime, are called the 
invariants (or elementary divisors) of G. 


Thus, for example, if we say that G has invariants 3, 2°, 2, 2, it means 
that G is expressible as a direct sum of cyclic groups of these respective orders. 
Thus for this group G, we have 


G = C, @ Cr ® C2 9C; 


where C, represents a cyclic group of order n. 
The concept of the invariants of an abelian group is important because 
of the following theorem. 


8.33 Theorem. Two finite abelian groups are isomorphic if and only 
if they have the same invariants. 


PROor. One part of this result follows fairly easily from results 
obtained above. Suppose that 0: G — G' is an isomorphism of the finite 
abelian group G onto the finite abelian group G'. If {a,, 45,...,0,] isa 
basis of G, with each a; having order a power of a prime, the orders of a;, 
à5,...,a, are then the invariants of G. Now (6(ai). 8(a;),... .. 0(a,)) is à 
basis of G' (see Exercise 5 below), and under the isomorphism 9, a, añ 
8(a;) have the some order: Hence G' has the same invariants as G. : 
Conversely, suppose that G and G’ have the same invariants. This 


means that 
G-D,0D,O0:: OD, 
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and 
G «E, 6 E; 0: O E, 


where D, and E, are cyclic groups of the same order (a power of a prime). 
Now, by Theorem 629, two cyclic groups of the same order are 
isomorphic. Let 6; D; > E, be an isomorphism of D, onto E;. Then it may 
be verified that the mapping 0:G — G’ defined by 


834  0(d, + dp +°: + dy) = 6,4) + 02(d2) t + ACAN 


where d; € D; is an isomorphism of G onto G’. (See Exercise 4 below.) 


As asimple application of this theorem, let us determine all nonisomor- 
phic abelian groups of order 24. Since the product of the invariants must be 24, 
we find the following possible systems of invariants: 3, 29253222; 3, 2, 2,2 
Thus there are three nonisomorphic abelian groups of order 24. If, as above, 
we let C, denote a cyclic group of order n, these three nonisomorphic abelian 
groups of order 24 are respectively isomorphic to 


C,9 C5, C3® C2 ® C2, C3 OC, OC, 6C; 


Let us make explicit a few facts which are implied by the previous 
results. Suppose G is a cyclic group of order n. Then by Theorem 6.30, every 
subgroup of G is also cyclic; in particular, G(p) is cyclic for every prime divisor 
p of the order of G. Since G(p) is cyclic, there is just one invariant of G which is 
a power of p and, if n is given by 8.25, there are exactly k invariants of G— 
namely, the numbers pf‘ for i = 1,..., k. 

Now we may give a characterization of cyclic groups. 


8.35 Theorem. A finite abelian group G is cyclic if and only if for 
each prime p dividing its order, G has exactly one subgroup of order p. 


PROOF. If Gis cyclic, then there is one subgroup for each divisor of its 
order and so, in particular, there is just one subgroup of order p for each 
prime p dividing its order. 

Conversely, suppose that G is a finite abelian group with just one 
subgroup of order p for each prime p dividing its order. Then for each 
such p, G(p) has only one subgroup of order p. If G(p) has two or more 
invariants, p”, p*, each greater than 1, then G(p) has a subgroup (a) & (b) 
with (a) of order p" > 1, and (b) of order p* > 1. Each of these has a 
subgroup of order p which conflicts with the assertion that there is only 
one subgroup of order p. Hence G(p) has just one invariant. It follows 
that the invariants of G are exactly the same as the invariants of a cyclic 
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a uv 


group having the same order as G. By Theorem 8.33, G must be 
isomorphic to a cyclic group, and hence G is itself cyclic. 


We shall use this characterization in the next section. 


EXERCISES 


. If an abelian group G has invariants 22,5, 5, verify that there exist elements G of 


order 20 and none of higher order. Determine the number of elements of order 20. 


In the notation used in the proof of Theorem 821, prove that the set 8.22 is a basis 
of G,. 


. In the notation of the same proof, prove that the set 8.23 is a basis of pG. 
. Verify that the mapping 0 defined in 8.34 is an isomorphism of G onto G. 


5, Prove: If (21,4;,....4,) is à basis of an abelian group G and if 0:G > G' is an 


10. 


11. 


12. 


13. 


isomorphism of G onto G', then {0a;, 025 ,...,0a,) is a basis of G', and G and G' 
have the same invariants. 

Y Pis Pass Pk Oe distinct primes, show that any two abelian groups of order 
pipi Pe are isomorphic (and therefore isomorphic to the cyclic group of this 
order). 

Suppose that an abelian group G has order n = pp? pe, where the p’s are 
distinct primes and each e; 2 1. If among the invariants of G the highest powers of 
these primes which occur are pit, p... pe, prove that there exists an element of G 
of order p pj: p and no element of higher order. [See Exercise 14 at the end of 
Section 7.4. Observe also that Exercise 1 above involves a verification of a special 
case of this result.] É 

Verify that there are exactly four nonisomorphic abelian groups of order 100. For 
each of these groups, determine the maximal order of an element. 


Show that if a cyclic group G has order p" (p a prime) and if t e Z such that 


0 <t < m, then G has a subgroup of order p'. 

Prove that if p and t are as in the preceding exercise, any abelian group G of order 
p" has a subgroup of order p'. [Hint: Consider the invariants of G, the result of the 
preceding exercise, and Exercise 2 of the preceding set.] 

Use Theorem 8.2, Lemma 8.27, and the results of the two preceding exercises to 
prove the following general result: If an abelian group G has order n and k |n, then 
G has a subgroup of order k. 

If an abelian group G has order n and k |n then G hasa 
is an abelian group of order k. 


homomorphic image which 


Let G and H be finite abelian groups which have the following property: For each 
G which have order k equals the 


positive integer k, the number of elements in 
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14. 


number of elements in H which have order k, Prove that G and H are isomorphic. 
[Hint: Prove G and H have the same invariants. ] 

The partition function, P(n), is defined for positive integers n as the number of ways 
of writing n as the sum of one or more positive integers with two sums being 
counted as the same if they differ only in the order in which summands are written. 
For example, P(5) = 7 because 


$—-44123422341412242«41-22414 141 
sl+i+140+1. 


Show that the number of nonisomorphic groups of order p", for a prime p, is P(n). 


8.5 THE MULTIPLICATIVE GROUP OF A FINITE FIELD 


Now that we have proved results about finite abelian groups, we are 


able to complete some of the ideas which were studied in Sections 5.5 and 5.6. 
For a field F, we denote by F * the set of nonzero elements of F. Then F " isa 
multiplicative group. 


8.36 Theorem. Let F be a finite field. Then the multiplicative group 
F* is cyclic. 


PROOF. Suppose that F has order r (necessarily a power of some prime) 
so that F " isa finite abelian group of order r — 1. We shall prove there is 
only one subgroup of F * having order q for each prime q dividing r — 1. 
If His a subgroup of F * having order q, then every element in H satisfies 
the equation x* = 1, 1 being the identity of F. By Theorem 4.46, the 
polynomial equation x? — 1 = Ohas no more than q solutions in F. Thus 
there cannot be another subgroup of F * having order q, for if there were 
such a subgroup, its elements would also be roots of this polynomial. 
Now Theorem 8.35 implies that F * is a cyclic group. 


This can be used to give some additional information about finite fields 


and irreducible polynomials. 


8.37 Theorem. Let p be a prime and F a field of order p". Then there 
isan element x € F such that F = Z [a]. Moreover, this « is the root of an 
irreducible polynomial of degree n in Z,[x]. 


PROOF. Let æ be a generator of the cyclic group F*. Then every 
nonzero element of F is a power of x and so the field Z,[a] must equal F. 
The kernel of the evaluation map 0,:Z,[x] — F is generated by an 
irreducible polynomial which has degree, d, say. Then, by the discussion 
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of Galois Fields in Section 5.5, we know that Z,[a] has p^ elements. 
Since Z,[a] = F has p" elements, it follows that d = n, and a is the root 
of an irreducible polynomial of degree n in Z,[x ]. 


8.38 Corollary. Forany prime p and any positive integer n, there isan 
irreducible polynomial of degree n in Z,[x]. 


proof. For any given prime p, and any positive integer n, there is a field 
with order p", by Theorem 5.41; so by Theorem 8.37, there is an 
irreducible polynomial of degree n. 


EXERCISES 


1. Let F be a finite field of order p^, p a prime. For any positive integer r, show that 
thereis an irreducible polynomial of degree rin F[x]. [Hint: Consider the field K; of 
order p". Use Theorems 5.44 and 5.50 to argue that it may be assumed that 
F c K. Now use an evaluation map 6,: F[x] + K just as in the proof of 8.37.] 


2. Let L be any field (not necessarily finite) and let G be a finite subgroup of the 
multiplicative group L" of nonzero elements of L. Show that G is cyclic. 
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